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Inelastic Scattering of Neutrons by Rotational Excitation 


Satio HAYAKAWA and Shiro YOSHIDA* 


Research Institute for Fundamental Physics, Kyoto University 


(Received May 30, 1955) 


The collective nuclear model of A. Bohr is applied to the interpretation of inelastic scattering of 
neutrons, as was briefly described in our previous report®). The present paper deals with the detailed 
theory of the inelastic scattering of neutrons by a direct excitation of the nuclear surface rctation, as 
well as by the resonance scattering via compound nuclei. The cross section for the former process is 
Proportional to the square of the intrinsic quadrupole moment and depends strongly upon the amplitudes 
of neutron waves at the nuclear surface. This strong dependence makes it difficult to compare our 
theory with experiments. Conversely the strong dependence may be employed to know the optical 
potential which distorts neutron waves. It is pointed cut that the contributions from the direct and 
compound nucleus forming processes can be distinguished by observing the angular distribution. 


§ 1. Introduction 


The inelastic scattering of neutrons has thus far been analyzed mostly in terms of the 
statistical theory of nuclear reactions. However, for the reaction in which only a few energy 
levels are excited in a residual nucleus, the statistical assumption is no longer valid for the 
final nucleus, so that the properties of the fincl levels make a significant influence on the 
scattering cross section. This fact is taken into account by Hauser and Feshbach” who 
gave the cross sections for given initial and final nuclear spins and parities. In their theory 
an impinging neutron is assumed always to form a compound nucleus whose level density 
is high enough to permit the application of the statistical assumption for the intermediate 
nucleus. The assumptions are justified, provided that the interaction of a neutron with a 
nucleus is so strong that the neutron is always absorbed once it hits the nuclear surface, 
and provided that the level distance of a compound nucleus is small compared with the 
level width and with the energy spread in the neutron beam. 

The latter is not satisfied in a recent experiment by Kiehn and Goodman® who were 
able to observe the resonances which are thought to show the contributions from the indivi- 
dual levels of compound nuclei. The strong absorption may not strictly hold if one takes 
into account the rather weak interaction shown by Feshbach, Porter and Weisskopf” through 
the analysis of elastic scattering of neutrons. As the resonance reaction may be accounted 
for in ordinary terms of the resonance theory, we are mainly concerned with the reaction 
in the case of the weak interaction between a neutron and a nucleus. 


What is important in this case, is the cause of transition between initial and final 


* Now at Department of Mathematical Physics, University of Birmingham. 
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states. The transition may be caused by the excitation of the single particle motion, as 
discussed by Hayakawa and Sasakawa” cr by that of the collective motion, as reported by the 
present authors’. The latter mode of excitation plays a significant role in the nuclear reac- 
tions taking place at the nuclear surface, since the interaction assumed by A. Bohr” takes 
place only at the surface and its strength increases with the nuclear quadrupole moment. 
As this generally becomes larger, the heavier the nucleus, the relative importance of the 
surface interaction is expected to be constant, or rather to increase with mass number of a 
nucleus, whereas the relative number of nucleons at the surface decreases as AS ae Tbs 
behaviour seems to have been observed through various experiments and the role of the 
collective excitation has been suspected in some occasions. The validity of this idea must, 
however, be examined by means of the quantitative calculation of the cross section. 

In the previous report” we presented formulas for the cross section in Born approxt- 
mation, as well as in the method of distorted waves. The Born approximation formula was 
compared with the inelastic scattering of 17 Mev protons by Fe”. The qualitative agree- 
ment between the experiment and our theory, though there was a discrepancy of factor two 
or so, seems to assure the role of the collective (rotational) excitation. The distorted wave 
method is found very sensitive to the potential which distorts the neutron waves, so that 
the quantitative prediction of cross sections could hardly be made, unless, of course, the 
behaviour of neutron waves at the nuclear surface were known better than at present. 
Nevertheless, one may be able to see from our calculation how much important the collective 
excitation is. 

In the present paper we describe the derivation of the formulas given in the previous 
report. In § 2 the formal derivation of the cross section is presented, following the method 
described by one of us (S.H.)*’ The potential which causes the distortion of neutron waves 
is not restricted to the real one, as employed in reference 5, but is allowed to be the 
complex optical potential. Its imaginary part is considered to be due to the formation of 
compound states. This naturally leads us to the resonance formula that may account for 
the experiment of reference 2. Needless to say, only a part of the compound states are 
the collective states to which the theory developed by one of us (S.Y.)"” is applicable. 


Leaving the detailed work for the resonance reaction for the future, we are mainly concern- 
ed to the direct reaction. 


§ 3 is devoted to the calculation of the cross section in reference to the theory of 


Bohr and Mottelson™. Three possible cases are considered: (i) the target nucleus forms 
a core by itself: (ii) the weak coupling approximation; and (iii) the strong coupling ap- 
proximation. 

In § 4 our theory is compared with experiments and the contributions from the direct 


and the resonance parts are discussed. The resonance reaction formulated by Bohr and 
Mottelson™ is related to our theory in the Appendix. 


§2. Derivation of cross section 


Following the method of reference 8, the Hamiltonian, H, of the total system, i.e. a 
target nucleus plus an impinging neutron, is separated into three parts, 
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H=H,+H,+V. (2*T) 
Hi, is a function only of the impinging neutron coordinate, r, and consists of its kinetic 
energy K and the smeared spin-independent potential U(r) : 
H,=K+U. (272) 
H, is the Hemiltonian for the target nucleus and defines energy levels €, and eigen func- 
tions D, by 
(Hi, (x) —€,) 9, (x) =0, (2-3) 


where x means all the coordinates of individual nucleons of the target nucleus. V represents 
the interaction between a neutron and a nucleus, which is not represented by the smeared 
potential U, i.e. the total interaction between the neutron and the nucleus minus U. 

At infinite separation of the neutron from the nucleus U and V vanish, so that the 
initial state is described by 


Fi (r, «) =exp (ka: r) ©, (x). (2-4a) 


bk, is the momentum of the incident neutron and M, the initial (ground) state of the 
target nucleus. The energy of the initial state is given by 


E= (6k? /2M,) +6, (2-5) 


where M, is the reduced mass of the incident neutron. 


With this initial state the scattered wave is written as 


UO) = Fit : —(U4+V) BL, (2-6) 


Eh) 


where 7 is a small positive quantity indicating the outgoing wave. Owing to the interac- 
tion, V, the nucleus is excited to a state @, and the scattered neutron has a momentum 


bk, Then the final state, in analogy with (2-4a), is described by 

P(r, x) =exp Gh, 7) 2, (), (2-4b) 
with energy 

Ey= Gk 2M) 6 =E 2 (257) 
The reduced mass M, is practically equal to M,, so that they are denoted collectively as 
M. 

The matrix element for the transition from states a to 6 is given by 

Tas (F,|U+V | 2 o)« (2-8) 
This can be reduced to more convenient forms in the following way. We introduce the 
ingoing wave distorted by U. 

i 


ae fa(-) 5 
GO (r, )=95 (r) D, (x) ia paket By OG (2-9) 
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Now, U may contain an imaginary part and may be regarded as an optical potential. Eli- 
minating F, from (2-8) with the aid of (2-9), we have 


Ta (GO|V| EO) + (gf |Ulexp (tka: 1) ) Osa (2-10) 


The last term is concerned only with the elastic scattering due to the potential U. In the 
inelastic scattering we have only to consider the term (G|V|%_"*), but the explicit 
form 7‘) can hardly be obtained. Its formal solution is written as 


PHO = GOL 1 


ae ay Hf C55 (2-11) 
E,—H+% 


where G‘*? is the outgoing wave distorted by U analogous to GS in (2-9). Thus the 
amplitude for the inelastic scattering, ab, can be expressed as 
f 1 
Tj 86GO WAG 1G) hae VG 2-12 
WGP VIG) + (67 via) (2-12) 
This is the expansion of the amplitude with respect to V. For V being small, the 
first term of the right hand side may provide a good approximation, 


1 cmGs [lor je (2-13) 


This means the direct interaction of the neutron with the nuclear surface and the cross 
section derived in reference 5 is based merely on this term. 

The second term consists of two parts, the one being the multiple interactions at the surface 
and the other the formation of compound states. On account of the smallness of V compared 
with U, the former effect is considered to be of little importance. The latter is supposed 
to explain the excitation curve observed in reference 2. Leaving the detailed discussions on 
this effect, in connection with the treatment of Bohr and Mottelson", to the Appendix, 
only a brief account of the resonance is given here. 

The compound states are described by an orthogonal set of wave functions, Y ,, denoted 


as |j) for brevity. A compound state is not stationary, but decays through the interaction 
V. Thus the eigen value of H is complex, i.e. 


|i) =W,=E,+ (i/2) 7» (2-14) 


E, is the energy level in the absence of V and a complex quantity, 7;, is given, to the 
second order in V, by 


fs GMD APD | 
ot E—-Ee ’ (2°15) 


where |t) means a state of an entrance channel. The real part of 7; tepresents the level 
width. With this approximation the last term of (2-12) is reduced to 


T8=T (Gx |V]j) (jIVIGi?) ) 
v7 E,—W, 


d 


(2-16) 


In evaluating the cross section we carry out the partial wave analysis, following the 
method developed by Blatt and Biedenharn'. Since the spin-orbit coupling is neglected, 
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their channel spin can be replaced by the spin, I, of the target nucleus, its Z component 
being M. We choose an eigen state in which the orbital angular momentum, /, and nuclear 
spin, I, form a total angular momentum J with Z component NN, these being diagonal. 
The coordinates of a neutron, r, are expressed by the radial part r and the polar coordinate 


w. The eigen state for the angular part is then expressed as 
TJN)=S (LJ Nm M)i ¥o)|LM), (2-17) 
mM 
where m is the Z component of /. i’ should be introduced for the correct time reversibility? 
With this eigen state, abbreviated as |A) or |B), G,'*? is expanded as" 
Go > i dia). (2-18a) 
Fach factor in the right hand side can be obtained in reference to the partial wave analysis 


9a” (r) =27(k, 1)" She i, (1) Ya (Wa) Y%2g(w); (2-19) 


where w, is the polar coordinate of Kk, and is taken to be zero. wz,(r) is the radial wave 


distorted by U and is expressed, with the notations employed by Blatt and Weisskopf" as 


Ma tg Of, ee) ee), SR): (2-20) 
Thus we have 
|) = VM/P he, ir! ur, (1) |la Ta JN) (2-21a) 
and 
(a| A) = (27b/~ Mk,) (la T, OMA|JN) Ya (wa), (2-22) 


where (I, I, 0 M,| J N) is the abbreviated expression of the Clebsch-Gordan coefficient ap- 
peared in (2-17). The normalization of (a|A) is slightly at variance with reference 13. 
That is, the number of states per unit energy is 27. This choice results in the unitarity 
of the S-matrix and the correspondence to reference 11 becomes manifest. 

Corresponding quantities of the final state are obtained as follows. The eigen state is 


|B) =VM/# b, ir vn, (7) |b, Lb JN), (2-21b) 
where vz, (r) is the radial part of the ingoing wave, expressed as* 
Dig (1). = — ry? (7) tn, * (Fo) tae (7) (2 -20b) 
Stir) (Tek) 
In terms of |B), G,‘~ is expanded as 


G'? =31]B) (BIs), (2-186) 


with 


« This solution can readily be seen from (2-9), if one compares it with the equation for Ga‘) which 


leads to u;(r). 
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(B\b) = (276/~ Mhk,) (Ll Ip my My|JN) Yr, °* (or) » (2-22b) 


where w, indicates the polar coordinate of the scattered direction. 


With the aid of (2-21) and (2-22), we are able to express the transition matrix as 


Tra=>}(Blb)*(B|R| A) (Ala) 
AB 


= ey ap 0M,|JN) (L, I, m, M,|JN) Yi, () (B|R\ A), 
M~* k, 47 


(2-23) 


where Ya (0) = Y (21,41) /47 is utilized. In this expression S=1+R has the unitary 
character and is diagonal with respect to J, but nondiagonal with respect to / and I. 
Evaluating the square sum of (2:23), we obtain the differential cross section, as _re- 


presented in reference 11, 
do /dw,= (2I,+1)"k, *S}B, Pr(cos 45) (2-24) 
where 0, is the zenith angle of k,, and B, is given by 


Be C( 2) 7914/4 re the i Pi ag PBT Ad? Jt i iy rae Pa 
X RL (Bl R’| A) (B’|R”|A’)*]. (2-25) 


Here Z is the Z-coefficient defined in reference 11, but with the difference in its phase 
as remarked by Huby”. 

The theory of Hauser and Feshbach” consists in taking the average over such an, 
energy range, that the interference between different J’s and /’s disappears and the inter- 
mediate states are described in terms of the statistical theory. The neglect of the interference 
results in the angular distribution symmetric about 6,=7/2, because odd L’s do not appear. 
One can, therefore, reach the formula given by Hauser and Feshbach*. 

In the present work we do not impose the statistical assumption and maintain the in- 
terference. Hence the angular distribution is not always symmetric about 7/2, but the 
total cross section has the same form in both theories.** This difference in the angular dis- 
tribution will provide a criterion, for deciding which of the two interactions, direct or com- 


pound nucleus formation, is more appropriate. 


§ 3. Rotational excitation by the direct interaction 


In evaluating the matrix element (2-13), we have to know the interaction energy. This 
should come out as a result of very complicated interactions which can hardly be estimated. 


* In the formula given in (3-17) of reference 3, the two Z? are identical, so that the expression becomes 
simpler than that given there. 
** By the same form we mean that the cross sections expressed as (2-24) with (2-25) have the same 


looking. Needless to say, however, the contents of matrix elements are different, depending on the interactions 
assumed, 
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If, however, the core of a nucleus is replaced by an_ irrotational, incompressible fluid as 
done by Bohr and Mottelson™, the interaction can be simplified as 


. V=—WR0(r—R) DV be,/2C, Yk (w) (by + (—) "5 ,-y*). (3-1) 


This creates a phonon of energy /w, with angular momentum 2 and its Z component 4 
by an operator b,_,*, and destroys such a phonon by 6,,. W may be equated to the 
depth of a square well potential, U(r), with range R and the hydrodynamical constant C, 
may be taken from B-M. 

As long as the interaction (3-1) is adopted, we do not have to consider the spin of 
neutrons, because the spin-orbit interaction is neglected. Moreover, the states of such nucleons 
in the nucleus that do not form the core remain unchanged in the course of reactions. 
These facts, implied in assuming (3-1), considerably simplify our calculations. 

The nuclear state can be described in the following three ways. In the first case the 
target nucleus itself consists of a core. In the other cases a nucleus is considered to consist 
of a core with nucleons outside the core, and the interaction between them is described by 
the weak and the strong coupling approximations. 

(i) The target is a core. A state of the core, P(N), is characterized by the num- 
ber of phonons N, their angular momentum A and yp the Z component thereof. In the 
initial state the target or the core is in the ground state, N=A=p=0. In the final state 
the lowest order of excitation (N=1, A=2, p=0,+2) is taken into consideration. 


Hence 
P,=$ (0), P=¢,"(1). (3-2) 


Now [,=0 and I,=2, so that only A=2 in (3-1) remains. Hence we may drop the 
suffices of w, and C, without confusion. 
On account of (2:21) the R-matrix can be calculated as 


bw Mw at ual ie 
= B A =—wr/ a © Bl ae btLa 
(B|R|A) = (B|P|) se pO 


«| 2G (2I,+1) io 200|f, 0) W (Lz la Ip ys J 2) utg(R) 044 *(R), (3-3) 
AT 


where W (Ig la In l,; J 2) is a Racah coefficient. The substitution of this into (2-25) 
yields*? 


bo M? 22,+1 
2C°R Roky 1 4% 


2," Srey 


x (L, 200|f, 0) (,! 200|l’, 0) Z (la ba ba’ La’ s OL) (3-4) 
KZ phat Vee Dime (R) wig" (R) vis" (R, ts (R) = 


* In our previous report) a phase factor (—)?0*/0/ is erroneously introduced. However, this is 


insensitive to the total cross section. 
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(ii) Weak coupling approximation. For a target nucleus composed of a core and 
some nucleons outside, one may treat the nucleus by the weak coupling approximation. 
Since this approximation seems in many cases unable to give a satisfactory agreement with 
observed nuclear properties, we shall present a method only for the case of one nucleon 
outside the core. 

The target nucleus with spin I, whose Z component is M,, is described by the su- 
Perposition of core states as 

O.= >) ay,(No) (ja maple Mu) 9,"9() $82(NQ)- (3-5) 
aaa 
¢’(i) "3 is the wave function of the ith nucleon with total angular momentum j and its Z 


component m, dj, (N) is the probability amplitude for the assigned nucleon and core 


states. The eaten Stee expression holds for the final nuclear state. It is permissible to 
restrict the core states to N=0, 1 and A=0, 2. A similar treatment can be applied to 
the case of many nucleons outside, provided that the mixture of single nucleon levels due 
to the interaction between nucleons is neglected. 

Since no interaction with the impinging neutron is assumed to exist for the i-th nucleon, 


the integral of |,” 


> over the i-th coordinate yields simply unity. The core part results in 
those elements of V which give rise to the transitions from /,=0 to 4,=2 and from /,=2 
to 4,=0. The existence of the core state with /,=0 implies j=, and m;=M,. Since j 
and m, are conserved, the final state of 7,=0 is allowed only for I,=J, and M,=M,. 
The fact that the nuclear spin is composed of the spins of a core and a nucleon forbids 
the expression for the cross section as simple as in (i). However, the conservation of j 
allows us to discard the presence of the nucleon outside the core, just as one can neglect 
the spin of an impinging neutron in the absence of the spin-orbit coupling. Thus ¢/%(N) 
can be regarded as a nuclear state instead of Y, but a weight factor 4,,(N). Thus we 


have only to attach the following factor to the cross section in case (i) : 


lar,*2 (1,) 47,0(0,) +7," (0,) ar42(1,) Orary|*- (3-6) 


(ii) Strong coupling approximation. Following B-M, it is appropriate to express V 
in (3-1) as 


eee y a Vy CONROE: Tee 
V= WR0(r R) S1Y5 (ce) 21Dyy (7) gy (2). (37) 
Now the interaction is not represented by the creation and the annihilation of phonons, but 
by the rotation of the nucleus through DAY (s) and the vibration of the nuclear surface 


through g,(0). = and o represent the coordinates indicating the nuclear orientation and 
the surface deformation respectively. 


Correspondingly the nuclear state is characterized by the combination of the following 
eigen functions. 


Pa= (VY 241/47) {£04 (j) Dutarate() 


+ (—) a ee (7) DM y-Kqt4 (zt) } Pre (c) ‘ (3. 8) 
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Sx is the eigen function of a symmetrical top with angular momentum I whose com- 
ponents to the space axis and the nuclear symmetry axis are denoted as M and K respec- 
tively. The angular momentum I, that is the nuclear spin, is composed of the rotational 
angular momentum of a core, /, and the total angular momentum of an outer nucleon, j. 
The outer nucleons are described by Yo(j), where 2 is the component of ; to the nuclear 
axis. The cases of j=1/2 and 3/2 are exceptional and will not be concerned here. If 
there are more than one nucleon outside, j in (—)~? is replaced by the simple sum of 
individual j’s and 2 by that of individual ’s. Two terms in the curly bracket are required 
for the symmetrization. For 2=0 and K=0, however, this is not needed and only the first 
term remains, but with a factor #2 for the correct normalization. ¢,(o) indicates the eigen 
function for the surface vibration and n represents the vibrational quantum numbers. In 
the present work we are not concerned with the vibrational excitation because of its secondary 
importance, so that n is conserved in the course of scattering. 

As the initial nucleus lies in the ground state, in which the rotation is not excited, 
we can put [,—K,=,, except for K,=2,=1/2. Since there is no interaction with outer 
nucleons in V, we have 2,=2, as well as K,=K, and the spin change of the nucleus is 
due entirely to the addition of the rotational angular momentum, whose magnitude is now 


restricted to A=2. This situation can be seen from the integral over orientations 
(Daryx,to* Dik Datgw glade = (87°/ (21, + 1)) (—)*-* AL, —YK,| Ks) 
<x CI,—M,|[,M,)- (3-9) 
The last factor is the same as that which arises in the decomposition of @M, in case (ii), 
corresponding to (3-5). Because no vibrational motion is assumed to be excited, the 


matrix element of g, is expressed in terms of the deformation parameter, Q,, of order », 


as 


§ Pno* qr Pngdo = (“572/3ZR’) Os Onaras (3 i 10) 


where Z is the nuclear charge number. V is restricted to zero, because of K,=K, and 
(4I,—YK,|I, Ky) in (3-9). Hence there appears only Q,, the intrinsic quadrupole moment, 
which is intimately related to the static quadrupole moment. 

Now we are ready to give the matrix element of R, by comparison with case Gi) as. 


/57Q Vt lytIq-J 
| lA ia eo —————— iO ea b a 
(BIR A) = —WRSEOS gai (—) 


fe Cus ieee (1, 200|f, 0) W (la Ta by Ty3. J2) 


x (Chim OK,|f, K,) Viz ‘i (R) Ug (R). (3 S 11) 


. . . . . O 
For odd-odd nuclei a special consideration is needed, because of the degeneracy in -/, but 
we are not concerned with this case, since there are few such cases. 


(3-11) into (2-24) with (2-25), we have the differential cross section. 


Substituting 
we give the explicit expression, 


As the strong coupling approximation is of the most practical use, 
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do — ae’. —— rai e i, Li Le OL) Z(l, L ly li ; 2L) 
diy, 4k, 


XP, (cos 0,) (WR) 1 ¥5z QVM __(¢ 200) 1,0) (1,'200|d,'0) 


be ek wl oe, ke 
X (21, OK Ip Ka)? vr *(R) ttq (R) 01, ‘(R) t2,"* (R)- (3:12) 


The total cross section is obtained, by taking terms of L=O, as 


jes, tabs w>( oOeVA(7TeUR Ay her 
ko Bik ky i sag 


31(2l,4+1) (2, 200|1,0)?|uz, (R) |*|v2, CR) |?. (3-13) 


led 
§ 4. Comparison with experiments 


In comparing our theory with experiments, we are particularly interested in even-even 
nuclei as targets. The ground state of these nuclei has zero spin, I,=0, and the first 
excited state is assigned to be a rotational state of spin two, I,=2. The cross section is, 
therefore, simplified on account of (2 [, 0 K,|I, K,)=1. As an example of this case we 
have considered the inelastic scattering of 17 Mev protons by using Born approximation”. 
The agreement with the experiment of reference 7 is not satisfactory, but is good enough 
to account for the qualitative feature of the inelastic scattering in terms of the rotational 
excitation. 

As we gave in reference 5 only the result of the strong coupling approximation, here 
we compare the three approximations discussed in § 3 with each other. 


If the target itself is a core, there arises a factor 
bw/2C—=3A-"8 (1 —Z?/50A) 7” (4-1,i) 


in the cross section, as given by B-M on the basis of the hydrodynamical model. In com- 
parison with this, the weak and the strong coupling approximations are considered for [,= 
0 and [,=2. The corresponding factors in the cross section are 


| a93 (1) ayo|"v/2C (4-1, ii) 
and 
™ (Qo/3ZR*)*=0.9 X 10°Q,°/Z? A’® (Q, in barn) (4-1, iii) 
respectively. 

Numerical values will be discussed for an example of “Fe. As A=56 and Z=26, 
we get from (4-1, i) bw/2C—3 1072. According to the shell structure, the orbits of 
outer nucleons are supposed to be (fi) ~° for protons and (psp, fs)” for neutrons. In 
the weak coupling approximation one has to know the magnitudes of the a’s. These are 
estimated by B—M as giving a factor of 1/10~1/5 multiplied by bw/2C. 


In the strong coupling approximation, the value of Q) can be obtained from the static 
quadrupole moment, Q, through the formula 
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Q/Q= (21-1) L/ I-+1) (21+3). (4-3) 
As this vanishes for [=0, Q, for “Fe is estimated from the Q’s of "Mn ([=5/2) and 


59, = . . . . 
Co (I=7/2). This is justified on account of the smooth variation of Q, against mass 
number. In both cases we have 


Q)=1-1~b, (4-4) 
with errors due to the Q’s,+0.6b and-+0.4b, respectively. Hence we may regard the value 
of Q, in (4-4) as the Q, of Fe. Then (4-1, iii) gives us 0.8X10~*, which is a little 


a ee fae ' ‘ : : 
ger than (4-1, ii). If the intermediate coupling nature is taken into account, however, 


it seems better to take 
Q,=0.7 +0.3 b. (4-4’) 


This choice of Q, gives 0.3X107° to (4-1, iti), in rough agreement with (4-1, ii). 
This should be expected, because the values of a’s are estimated on the basis of the in- 
termediate strength of the coupling. Thus we may adopt 3107* for (4-1), which ap- 
pears in the cross section as a factor. 

With this numerical value of (4-1), the total cross section (3-13) is written as 


2 


vi, (R)|?, (4-5) 


5 an, lJ? "E 
= R ete Ao t ) ( 2 1 - 
oy 16 Elk, 7a ( pS (CLE5 n dG 200|1,0) |r, (R) 


where E,=0°k,?/2M and E,=?° k,?/2M are the initial and final energies of neutrons res- 


pectively. 
In our previous report” , we adopted the following numerical values 


R=1-4A4'"<10-“cem, W=33 Mev (4-6) 


and compared the total inelastic cross section with experiments at E,=2.50 Mev and £,= 
1.65 Mev. Consequently o is obtained as 51072 S} barn, where 5} stands for the 
summation in (4-5). This is to be compared with experimental values, about 1-5 barn.” 
In order to explain the experimental cross section in terms of the direct rotational excitation, 
S} has to be as large as 30. This requires considerable magnitudes of resonances of 
neutron waves due to the potential U. 

In our previous report”, the potential U was taken asa square well of depth 33 Mev. 
The cross section obtained at E,=2-5 Mev was about 1 barn, which was due chiefly to 
the sharp resonance of a G-wave. The contribution from non-resonant waves gives the order 
of unity to >} in (4:5). Indeed, for the depth of U equal to 30 Mev the resonance of 
the G-wave disappears and the cross section turns out to be about 20 mb at the same 
energy. The situation is similar if the potential of depth 33 Mev is added to an imaginary 
part of depth 1 Mev. Even such a small imaginary part is great enough to eliminate the 


sharp G-wave resonance and the cross section is reduced by about two orders. The main 


contribution is found to come from L=G="; 


The analysis of neutron total cross sections by Feshbach et al® has led to the optical 


potential of depth and radius 
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W (1 +il) =42(1+0.031) MeV, R=1.45 X 4’? X 107% cm (4-7) 


respectively. This gives rise to a strong S-wave resonance at A=56. Assuming the same 
potential both for the entrance and the exit channels, we obtain a medium value of >} 


(2:5 at 2.5MeV) due to the S-wave resonance. The contribution to the cross section 


comes almost exclusively from [,=2 and [,=0. Since |v,(R) |? has a resonance maximum, 


the cross section also shows a broad maximum. This resonance character governs the main 
behaviour of the cross section even for £=0.1. 

The numerical examples discussed above are considered to show that the cross section 
is quite sensitive to the potential which distorts neutron waves. Therefore, this calculation 
can not predict experimental cross sections unless the potential is known with a good accu- 
racy. This sensitivity to the potential may be employed to know the detailed shape of the 
potential if the description in terms of the optical potential holds also in inelastic scattering. 
Strictly speaking, however, the optical potential should depend on neutron energies and be 
different for elastic and inelastic processes, as shown in the Appendix. 

Thus far we have confined ourselves to the discussion of the direct rotational! excitation. 
Looking at the excitation curve observed by Kiehn and Goodman”, however, the resonance 
scattering through compound nuclear states seems largely responsible for the inelastic cross 
section. In that case the cross section is expressed by the resonance formula, or the formula 
given by Hauser and Feshbach” if compound nucleus levels are closely spaced. In the 
former case, if there is no interference betwen resonance levels, the angular distribution is 
given by (2-24), but with 


ByS 47 (=) IZ, JJ, LODZ bh 
x |(B|R| A). Ga) 


The matrix element (B|R|A) can be obtained from the knowledge of reduced widths. But 
we do not attempt to evaluate them in this paper and only discuss the case, in which an 


interaction such as (3-1) takes part in th resonance reaction. 

The absolute magnitude of the cross section is now not far from that predicted by 
Hauser and Feshbach. The resonance effect as well as the detailed knowledge of reduced 
widths may alter the cross section by a certain factor. If the direct process competes with 
the compound nucleus formation, an interference between these two should arise. In order 
to see which of the contributions from these two causes is more important, the observation 
of angular distributions is awaited for. 

The authors are grateful to Professor Goodman for his illuminating discussions on the 
interpretation of his experiment and his kind advices on this work. They are also indepted 


to Messrs S. Okai and M. Yasuno for checking calculations and Miss K. Uemura for 
numerical computations. 


Appendix 
Some possible effects of compound nuclear states 


Bohr and Mottelson formulated the resonance elastic scattering problem by taking ac- 
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count of the interaction given in (3-1) in Appendix V of their paper. Their method 
is here extended to the case of inelastic scattering by taking account of the direct interaction. 
For simplicity and in order to preserve the similarity to Bohr-Mottelson, we confine ourselves 
to the case of two open channels only; one is an entrance S-wave neutron channel and 
the other is the channel for inelastically scattered neutrons. 

The whole of space is divided into two parts by a sphere of radius R, inside of which 
an orthogonal set of compound nucleus states, Y ,(r, x), are defined. They should be chosen 
so that all VY, are orthogonal to the product of a target state, @,, and a single particle 
neutron state, 7, r'y,(r), where ¢ indicates a or 6 according to the initial or final state, 
and 7, is the angular part of single particle wave function ; for the case of t=a4, %7,= (47) 7. 
In analogy with Appendix V.1 in reference 10, the wave function for the total system is 
expanded as 


W (rsx) = (40)? 2" (2) D(x) Hey Xp 7' On(r) Ps (x) 
3 20, »)- (A-1) 


¢,(r) obeys the following equation : 
(K+U+E—E) G(r) =0 (rR) (A-2) 


except at r=R. Now U is a real potential. For the entrance channel, t=a, Y,(r) con- 
sists of a partial wave of an incident plane wave and an elastically scattered wave, so that 
it corresponds to ga in § 2. For the exit channel, t=6, only the divergent wave is 
taken into account. In this case we have 9,(r)=wz,‘*?(r) together with the scattering 
amplitude ¢,, where ur,°(r) is the same as in (2-20a). Because of the singular interac- 


tion, V, the logarithmic derivative of ¢,(r) is not continuous at r=R, but 


RL (d/dr) G:)/¢t\r2n- =f (Ex) and Ri (d/dr) 9\/$i\r=n-=f- Ee) (A-3) 
are different. f,(E,) can be expressed by A and s introduced in reference 14 as 
fi. (Es) =4o +15 - (Aa) 


f_(E,) is obtained from interior wave functions, as in reference 3. 


The energy eigenvalue of the compound state is given by 
(\(\U* HE dxdr=W . (A:5) 
The coupling energy between the open channel and compound states is defined by 
Weg AM Gal COM (x)V(r, x) Bsr, x)dr dx. (A-6) 
Furthermore the coupling between the entrance and exit channels also causes scattering. Its 
energy is defined, analogously to (A-6), as 
Voa= (AR)? ( S* (co) FE G@)V Gr, ») Palx)dr dx. (A:7) 


Now we ate ready to reduce the Schrédinger equation for @ to a set of coupled equa- 


tions. Analogously to Bohr-Mottelson, we have 


14 S. Hayakawa and S. Yoshida 
=) FI) Ed WR toy] Rc e® + DMa= 0 (ABs) 
R jee Body fe 
NES? $,(R) —a/ 2 eerste tional (E;) ]¢2(R) + 2a V,;=0, (A: 8b) 


Wl Bie eal) +e) BVE $4 ® +6, -E) =0. (A-8c) 


Eliminating ¢, and c; from (A-8), we obtain 


MR — |Vi3l" MR’? 
E,) —f-(E.) =— >) HS 
er: 7 E—W, ate 


Viet 2) Vag ¥ taf (E— Wy) ( 


x 2 Et ALS) 
,+is,—f- (E>) — (MR?/#) S\V,;|2/ (E—W)) 
P 


By using this logarithmic derivative at r=R,, the radial wave function for the entrance 


channel is expressed as 


Ga (r) =exp (ik, 7) —7q exp (ik, Tr), r> R, 


where 


_ fe(Ea) +ikR 
fi. (E,) —ik,R 


This 7, gives us the S-matrix for the elastic scattering. If we take an energy average of 


Na 


Na over energy range which is very broad compared to the average distance of the compound 
levels but very narrow compared to the energy distance of the single particle level, the energy 
average of 7,, (7a), may be approximately interpreted as due to the complex potential 
which is given by U plus an imaginary part which is considered to come from the energy 
average of the effect of compound states. This complex potential is nothing but the so- 
called optical potential. If the channel 6 is neglected, the modification to f_(E,) is only 
(MR*/h*) || |V45|"/ (E—W,) | which is the same as the result given by reference 10, and 
is valid for the pure elastic scattering. 
From (A-8b) and (A-8c) the scattering amplitude is solved as 


Gg 


MR * Sy 
pM ee es : 
bk, A, +15, —f_ (E,) — (MR’/b") pe V,\°/ (E— W;) | 


Aa Ee 
x IZ +54 


JeutR) punitoe( Als IN) 


where ¢7(R)%,(R) =5,/(k,R) is taken into account. If the potential is modified to the 
optical potential to take into account the (MR’/b") S[|Vi3|?/ (E—W,)] as in the case of 
the pure elastic scattering, one can see the correspondence to the ingoing wave, i.e. 
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gS* (R) =p RGF (R) a AAD 
Zi, =f (E,) = UR /PVSIV, FEW) 

If 2,(R) is solved on account of the logarithmic derivative given in (A-9), (A-10) is 

nothing but (2-12) in the text. In (A-10) the first term in the square bracket represents 

the direct process, while the second term the resonance process. 
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Nonstatic Corrections 
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The nonstatic corrections to the second plus fourth order potentials are studied in the symmetrical 
Ps(ps) moson theory. The potentials are constructed by means of canonical transformation, and 
the nonstatic corrections are obtained by the use of the expansion in powers of (p/2M)~(k/2M)~ 
(2/2M), the validity of which is examined for the special case of the no-pair contributions. 

The nonstatic corrections are negligible for the large separation r > 1/ between two nucleons, 
and are large in the interior region but would not alter the main features of the static potentials 
except for the central force in triplet odd state and the one-pair contributions. The results for the 
small separation should be accepted only qualitatively because of the inadequacy of the power series 
expansion in this region. 

It is shown that the separation of the no-pair contributions from the one- and the two-pair con- 
tributions leads to the unreasonable results for the velocity dependent potentials, and that the more 
careful traetment is needed for the inclusion of the effects of the pair suppression. The spin-orbit 


coupling in the two-pair contributions obtained by Klein is found to be cancelled by the inclusion of 
the one-pair contributions. 


Fir. lly, it is remarked that the potentials determined by this canonical transformation give the 
correct results for the scattering problem up to g’. 


$1. Introduction 


The low energy properties of two nucleon system are found to be explicable in terms 
of the second plus fourth order static potentials in the symmetrical Ps( pv) meson theory 
or the second plus fourth order ne-pair potentials in the Ps(ps) theory.??®” Therefore, 
it is important to study higher order corrections and nonstatic corrections systematically, 
the former of which has been evaluated by many authors.” It has been shown that 
the higher order corrections are effective when the separation between two nucleons is small, 
but are negligible for the large separation r >0.6//2 and that in this region (r > 0.6/1) 
the potentials can be approximated by the second plus fourth order terms at least as 
regards the no-pair contributions. 

In this paper we investigate the nonstatic corrections to the second plus fourth order 
terms in the symmetrical Ps(ps) meson theory. We consider the exchange of mesons 
between two nucleons, and neglect the processes in which the meson emitted by one 
nucleon is re-absorbed by the same one. The latter must be cancelled by the appropriate 
renormalization. We construct the potentials by means of the canonical transformation 
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method which was presented in the previous article” *, and evaluate the nonstatic corrections 
by expanding the expression for the potentials in powers of p/2M~k/2M~ p/2M, where 
p is the momentum of the nucleon. The validity of this expansion is discussed for some 
special cases. 


§2. Evaluation of the nonstatic contributions 


We start with the Hamiltonian for meson-nucleon system with the symmetrical Ps(ps) 
coupling which is invariant under nucleon-antinucleon conjugation, instead of the hole- 


theoretical one as in I. 


H=1/2-(/F@)(r 2+ MO) FF Org +MY (r) |dr 


+1/2-|SV[6i(r) (—P*) 4.7) +i (7) dr + ig/2 | [Fo)rse OS.(F) 


+9 (r)pc7f! (7) 6 (7) Jer 
— (zero point energy of the free nucleon, antinucleon and meson fields) 
Rene CHE, anil dE( GS man grime eG wi GE Cm oC) 
and Ce C= le (2) 


We expand the field operators in (1) as follows : 


far) = (27) “S| ud (py BE (BEM dP + S|" WEE" (Pee) 
Jar) = (22) SD) asttbe (pe rdp +S ws" (PIB CP) *"Ap} (Be 
5 (r) = (20) (au) hak (Be Gy) dh @) 


7, (7) = (27) S| (ax (—k) —a,(k)) "iw, (2@,) "dk. 


Here b4*(p) and 6% (p) are the creation and destruction operator for the free states of 
nucleon and antinucleon with momentum +p and o- and <c-spin p, and aj‘(k) and a,(k) 
are the creation and destruction operator for the meson with momentum k and isotopic 
variable 2 (= 1, 2; 3).8 che yspinor u**(p) is constructed from ut’ (0) which corresponcs 
to the zero momentum state: 

ut (p) = (E,+ M/2E,)'As(p)¥** (0), 


end (4) 
Ax (p) = {E, + (4:p+hM)} /2Ep. 


* Hereafcer we refer to this paper as I. 
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Then the Hamiltonian (1) can be written as 


ia bi (p)E,bs(p)dp+ >| oF (tien <by ak 


+ ig (27) seal [B% (py) 7: {P1/P1 “X (pi) X4 (ps) — p>/ ps Po (po) xX, (pd) \b, (Ps) 


—b* (py) 77 {pi/pi*X_ (pi) X+ (pe) — Po/ Po" X— (po) X+ (ps) } 6- (Pr) 
+fb* (py) te {Xs (pr) X+ (po) + (iF) (P.O) /Pi Po X— (pr) X— (po) } = (ps) 
+fb_(p:) 7 {Xs (pr) X (po) + (pid) (ps) /p: po» X— (pr) X— (p2)} 64 (Pe) ] (5) 
- (a¥ (—k) +4; (k)) (20) "0 (p, — p.—k) dp,dp.dk, 

where E,=(p+M’),", a=(R+)'", Xz (p) = (Ep + M/2E,)"”. 


Here a parameter f is introduced to specify the interaction through pair creation or an- 
nihilation. The indices for the spin and isotopic spin components are dropped and the 
summation over these indices is implied. Of course, @ and Tt are the usual o- and c-spin 
2-2 matrices. (5) is same with (1.2.8) except that the order of 6* and 6_ is changed 
in consequence of the invariance under nucleon-antinucleon conjugation. The decomposition 
into the four free nucleon-antinucleon states is used instead of the Tani-Foldy transforma- 
tion in I. 

To the Hamiltonian (5) we apply the canonical transformations, the detailed descrip- 
tion of which was given in I. We eliminate by the successive transformations 1) the 
terms of first order in y, 2) the terms corresponding to the double production or absorp- 
tion of mesons, and 3) the terms which represent the second order interaction through 
the pair creation or annihilation, and obtain the potentials 1) V,+V,?, 2) V,7 and 3) 
V° respectively. Then expanding these potentials in powers of p/2M ~ k/2M ~ p1/2M, 
all the terms up to ~(/2M)" (and up to ~(u/2M)° in the no-pair terms for the 
sake of comparison with the Ps(pv) coupling theory) are retained. 


The results are as follows: (V%’s are given in I) 


V ee Vi + Vie" + Viet Fit Veta monet |< F monst | Vs cig 
Piette Bes 1/2 “7? / (27)° ‘| Spas (pay? (p,') (7@ “7%) (1/2M)* 


[Go +k) G6 -k) {(p,+ py’ +k)?/204'+ (py + pr! +k)?/20,4 
—5 (pit pi? + p+ p.”) /4ez'} 
—3/4- {Go +k) (io + p,+ p,!) (py+ pol» —k) /w2 
+ G6" <p, + py’) (io +» —k) (pt py! +k) /a,7} J 
bY (p.) bY (py) 6 (py' — p:—k) 9 (p,' — p. +k) dp,'cp.'dp,dp.dk, (6) 
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V7 janonst 2 -g'/ (27)*. | 60) (py) bE (p,’) 


[6 (1/2M)"f! {p,2+ py?+ p+ po? — (ky ks) } 0,0, (o, +0) 
+3/2-(1/2M) ‘fi {(—io™- (k, +h) X (py +py')) + Go + ey + he) X (p+ py’)) 
— (pi + pi’)? — (po+ po’) *} /o102(@, + @:) 
+3/2+(1/2M)*f4{ (pi + py! hy + hs)? + (pot pal hey +h) 7} /oyo(w, +0») 
—3/2-(1/2M) $f? {(io™ «ke, X key) (py + py! -Iey) — i +e, X eg) (po + ps! + ky) 
+2 (ky +hey)*} /oy'o. (+ 2) 
+3/2+(1/2M)'f? {(io —io™ -k, X ky) (py + pi’ + pot pe! hy + k,)} /o'eo, + @2)'] 
b, (ps). (px) 9 (pr! — pix — Bs) 9 (pel — Pat he, + he) dp,'dp.'dp dp. th dk, 
(7) 
y promt m= 1 /2-g'/ (2n)°-| BE (p/)bE” (pr) 
[6 (1/2M) *f? { (io «Ie, X ky) (pi + pil“) — iG + ey X Fy) (Po + pr! +e) 
—4(k,-k,)*} [/wpos 
+ (1/2M)* {3 +2 (4 -2)} {ig —ig® «Fey X hee) (py + Pr’ + Pot Pa! *Fz) Cher Be) 
—2. (Ky - ky) *} wre" 
b, © (ps) b. (p,) 0 (pi! — pr— Bey — kez) 8 (pe! — Pot hy +s) dp'dp.!dp dp dk dh, 


(8) 
Vi nonst eo 0, (9) 


or in configuration space 
yon 2x — [2 (92/47) | PE PEC) (2-2) (1/23/1202) 


[5 (pet pi? t+ pe + pe”) {Si2(d/x+3/x+3/x) + (GEO yx, 
+5,.{(3 (p, + pil +%)?/2° +3 (pot pa! **)?/*} (1/3 +2/x+5/*+5/*) 
— ((p: +p’)? + (pot po’)?) A/xt 3/¥ +3/x)} 
4+ (6-6) {(3 (pit pil -x)?/* +3 (pot po! **)*/*) (1/3 +1/x+2/x +2/x') 
— ((p,+ pi’)? + (pot ps’)”) /3 
+434 (6-p,t+ py) (6 +) (ppt pi) + (6° +x) (6% > pot pe’) (p+ pz’ *%) 
—2(6 Pot py’) Gicke -%) (p2+ Pps **) —2(6° -x) GG, ‘Pit Py) (p,t+pi':*)} 
x (1/2+3/x'+ 3/%) 


at {3 (o -p,+ py’) (6 -p,+ py’) +3(0+p,+ py’) (6 -p.+ po’) } (1/x°+ 1/x°) | 
x eh, (ry) 4. 1) dr dr (10) 
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yom me yo/2- (98/42)*| $2 (0) $8 (Ps) (4/2M) 
[1/z+ {((30f'—138f?) /x'+ (12f'—72f°) /x) K; (2x) 
+ ((30f'—138f*) /x*—24f?/x) K,(2x)} (11, a) 
+ (/2M) (3-+2(t%-t)) {(1/x+ 3/2 + 12/8 + 30/x'+ 36/x°+ 18/2") 
—S,o/3+ (2/¥ +11/%° + 28/x' + 36/x% + 18/2°) 
+2(6% 6) /3+ (2/48/84 16/x'+18/%+9/x) |e (11, b) 
+3/ap- {(6-%X (py +py)) — (6 +X (py + po’) )} (2Ko(2x) /x' + 3K (2x) /x’) 


a 7) (11, ¢) 
+ (1/2) B4+2(7%sr))) (C—O <a X (pyr py ot Pat Pa oy ad 
K (1/8 +4/e8+ 6/2 + 3/2) e* (117d) 


+f? (1/27p°) {2 (pp +p,?+py+p,”) (3K, (2x) [x-9Xy (2x) /x) 
+12 (p,: pi’ + Po: Po!) (Ky (2x) /x+ K, (2x) /%) 
+3(3 (pit pi -«)*/*— (p+ py)? +3 (pet pe -*) (x —( pat pe) ) 


+ (—2K,(2x) /x— K, (2x) /P +2/x2+ | dyKy(y) 


x 


eet yi | dy 4K )}] 


4. (3) gh. (r,) drdr, (11, e) 
where 
$h.(r) = (22) ~*" | b, (p)e"dp (12) 
x=(r,—1,) (13) 
and Se= (3.(0% +x) (6+ x) /x<— (a .c*)), (14) 


p and p’ in (10) and (11) should be understood as the differential operators standing 
at the right-hand and the left-hand end respectively. 

The spin-orbit coupling term (11. d) shows the peculiar p-dependence which is not 
Galilei invariant,* and will disappear by the inclusion of the one- and the two-pair terms to 
this order ~(4/2M)*. This fact suggests that the careless treatment of the supression of the 
pair formation may lead to absurdity. The same thing can be said concerning the spin-orbit 


* The presence of this term has been pointed out by S. Otsuki and by S. Sato for the Ps(py) coupling 
theory. S. Sato has shown that this term disappears by the inclusion of the 6; 7% coupling in addition to 
the of coupling, and that there remains the usual L-S-coupling with the sign favorable to the shell model. 
The author thanks Mr. S. Sato for communicating his results in advance of the publication. 
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tetms (11. c). 
After tedious calculations, it can be shown that the potentials defined in this manner 
in terms of the canonical transformation give the same results with that of the covariant 


perturbation theory for the scattering problems up to 9’. 


§ 3. Qualitative discussion on the nonstatic contributions* 


(10) and (11) contain the terms which show the complicated dependence on the 
momenta of nucleons. However, to our regret we have no method at hand to treat such 
interactions other than the Born approximation. Hence, we shall discuss only the main 
features of the velocity independent terms (11.a,b) and the spin-orbit coupling terms 
Wid, d). 

While the two-pair terms are small, the one-pair terms are large enough to suppress 
the repulsive potential which arises from the leading one- and two-pair terms obtained by 
Klein.*) (see Fig. 2) We obtain two spin-orbit terms in addition to the peculiar terms above 
mentioned. The one arising from the two-pair terms cancels the other which arises from the 
one-pair terms, provided we do not take into account the suppression of the pair formation 
(f-=1). Ifthe coupling through the pair formation is damped (f°< 1), there will remain 
a spin-orbit coupling term with the sign favorable to the shell model together with the 
term which violates the Galilei invariance. But we have no simple prescription to treat 
this damping effect. The magnitude of the resultant spin-orbit term, if it existed, would 
be at most a few tenths of the central potentials. The no-pair terms do not change the 
qualitative features of the T. M. O. (Taketani, Machida and Onuma) potentials” except 
for the case of the central force in triplet odd state, where the T. M. O. potential is 


200 200 200 
200 
: 1-odd l-even 
Vc 3-even Vise 3-odd VC 
if 
Vist V2 Ks 
100 100 100 100 
: ae. aw Ve wis - 
hae 1.0 T 2 ES 0.5 1.0 a 
Vs VC 
Wires 
VE ns yc 
- 100 — 100 — 100 — 100 
Vit 
— 200 —200 — 200 —200 


Fig. 1 Velocity independent no-pair potentials : 
V=p)2-(g' /4n)2(ul2M)3(VE+VTS2) for f?=0, (9°/4z) (u/2M )? =0.08. 


Vo: 2nd order static, Vs: 4th order static, Vs: nenstatic contributions. 


& The main contents of this paragraph have been reported in this journal.” 
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4 
eye 200 200 200 


100 


— 100 


200 -200 L -200 


Fig. 2 Velocity independent potentials : 
V=p/2- (92/42)? (n/2M)4A(VE+VTS\o) for f2=1, (9°/4z) (u/2M)?=0.08. 
V2: 2nd order, Vy: 4th order contributions. 


small because of the cancellation between the second order and the fourth order contri- 
butions. Further, the sixth order contributons are also large in this state, and more 
thorough investigations are needed. The potentials in the two extreme cases with f°-=0 
and f°=1 are shown in Figs. 1 and 2. 


§4. Validity of the expansion in powers of p/2M 


In the evaluation of the nonstatic corrections we use the expansion in powers of p/2M. 
We discuss the validity of this approximation taking up the no-pair contributions as an 
illustration. The approximation used consists of two steps. At first (w,_»,-+ (E,—E,,)) 7! 
is approximated by {17+ (E,—E,,) 
[@p—pt} /Wp-pr’ and then By by 
p/2M. The first approximation is 
not so bad, but the second is 


formidably crude for large values 


10 


0.5 of p. The final contribution is of 
the form 
1 
Ti (Eg Boog By Ea pem)/20y 
(15) 

0 - 

6) 08 40 he ae 20 which is approximated by (k-k’) 
Fig. 3. The ratio of the nonstatic corrections calculated with /2Moiy. This approximation is 
and without “cutting off” factor : valid for k,, ky, p<WM and the ex- 
V~(3/2+(t+2)), Vor~ (3/24 (4 +2)) (+g), pression (15) is vanishingly small 


Vs~(3/2+ (¢) «#)) Syo. if one of k,, k, and p is very large. 
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Hence, we multiply (kk’)/2Mw; by a factor a‘/(a®+k)(a?+k”) to improve the 
approximation. Then the contribution corresponding to large k, and/or k, is strongly damped. 
We put a=7y: and perform the integration over k, and k, Here it must be noted that 
this “‘ cutting off” is not of physical nature, but merely a mathematical approximation. 
The ratio of magnitudes of the integrals with and without “ cutting off factor” is shown 
in Fig. 3. The errors in the nonstatic contributions estimated by the use of the “ cutting 
off’ procedure are about 20% at x~ 1 and 10% at x~1.5. Although the errors in 
other contributions may not be the same with this value, it may give some indications 


concerning the magnitude of the errors introduced by the power series expansion. 


§ 5. Concluding remarks 


From the above consideration the following is concluded. The nonstatic corrections 
are small and negligible for the large separation x > 1.0 They are large for the small 
separation. But in this region the approximations used are not reliable quantitatively, and 
other effects such as the higher order corrections and the existence of heavy mesons are 
supposed to contribute to the nuclear forces. Concerning the nonstatic corrections evaluated, 
they would not alter the qualitative features of the static potentials except for the case of 
the no-pair central force in the triplet odd state and of the one-pair contributions. The 
spin-orbit coupling terms obtained by Klein®) are cancelled by the inclusion of the one- 
pair terms. As seen in § 2, the separation of the no-pair terms from the one- and the 
two-pair terms is not admissible and leads to absurdity in the evaluation of the velocity 
dependent potentials. The velocity independent no-pair contributions (11.b ) correspond 
to the first order velocity independent corrections in the Ps( pv) theory, but the velocity 
dependent terms (11.d) are not so. The effects of nucleon recoil to the potentials 
have been studied by I. Sato” and by G. Eder'”,* but the differences in the approxi- 
mation methods adopted and in the types of processes considered do not allow the 
direct comparison with our results. Nishijima and Sindo"” have evaluated the effects of 
nucleon recoil for the 7,06-74; coupling, but their results do not seem to be in agreement 
with ours. 

Similar attempts to obtain the nonstatic corrections in the Ps(pv) theory by means 
of the normalized Tamm-Dancoff method’ have been performed by S. Sato?’ and by 
K. Itabashi and I. Sato™ independently. S. Sato has used the coupling 7,(6-V,4+- 17%) 
and has obtained the Galilei invariant spin-orbit coupling. K. Itabashi and I. Sato have 
used the 7,0-V7d, coupling only and have treated the so-called probability operator separately. 


The author would like to express his sincere thanks to Professors M. Kobayasi, S. 
Takagi, M. Taketani and Dr. S. Tani and his colleagues for their kind interest. 


* Eder’s method seems to lead to the velocity dependent potentials which are nonhermitic 
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Appendix 
Evaluation the of potentials in § 2 


To evaluate the integral 
| Fis kes ps Dg (he’s havent”? dl de (A-1) 


we interchange the order of integration and differentiation (although it is not permitted 
for this integral in the strict sense) 


p 


\ fk ke, p, 0)9 (k2, bo") ht"? dk, dk, > f(V,/i, V2/i, p,o) 
x | gk’, beyeltoneten dle (A-2) 


The results in § 2 are obtained by combining the following formulas. 
(k,-k,) >— (r, +r.) D,D, (A-3) 
(k,+ky)? (17, °T2)°DPDy + (r,)°DPD,+ (1.)°D, Dy + 3D,D, (A-4) 
(k,+k,)° > — (r,-1.)°D,°D,§ — 3 (17, + Ts) (7,)°D FD." — 3 (7, +12) (re) °DPD.* 
—15(r,:r;)D2De  (A+5) 


(io -,) (io +k) > (6 -r,) (6 -r,) D?+ (6 -0)D, (A-6) 
(9 -ky) (6 - p) (hyp) > (Gr,) (0 -p) (per) Dy 
+ (o-p) (6 -p)D, (A-7) 


(is -k,) (io +k) (kp)? — (6 +r) (6° «1,) (p-r,)"°D! 

= 12(0%-p) (6 -r,) (p-ry) +2(6™ +r) (0 -p) (p-r;) + (p-ry)? (6-6) 

+ (p)?(o «r,) (0 -1r,)} D?— {(p)?(6 -6) +2(6-p)(o-p)} D2 (A-8) 
(io «he, X ky) (10 + ey X fey) > — (6 or, Xp) (6 «FX Py) DED! 

+ (omer) (o™ «r,) — (r,)*(6%.0™)} DID. Ato O: re) (oe) 

— (r,)2°(6 -6)} D,D2—2(4 -6) DD, (A-9) 
(i6 +, X Key) (16 +e, X Keg) (Key hy) > (ry 7) (6 +, X14) (GF, Xp) DED! 

on (7,15) (re -o® area te CO eT 

Ta rily) (re) (O'S "(ri arg) (Oe sre oe 

ta2(riets) (FO .0) — (G.7,) (6.7) — (6-7) (0 9.) DAD? (A; 10) 
(i -k, X ky) (p+ k,) >— (p-ry) (0-1, Xr.) D,De— (o-r; X p) D,D, (A-11) 
(io hy X hy) (p+ ky +h.) > — (p-1,) (+1, X74) DEDy— (p-¥y) (6 +7, Xr) D,D 

+ (O-pXr,—p Xr.) D,D, (A-12) 
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(10 -k, X ky) (ky ky) (p+ ky) > (0-1, X12) (Ty +72) (p-ry) Dy'D," 
+ {(6-r, X72) (r,+p) + (G-1, Xp) (Fy+12)} DD. + {(O-r, X p) 
as (o-pXr,) |D,D,, (A213) 


where D,= (1/r,+9/9r,) and Di=(1ye,0//0rs)5 
U7. 27)" \ dk,e™'* /wf > 1/4m-e""/r (A-14) 
1/(27)* | ah el" Jay > 1 /8a pte (A-15) 


1/(27)°- \ dk, dk e1* 2" / (wa, + 2) ~—1/ (27)® \ dk dhe ttt 8a") [wads ) 
7, 1/(27)°- (2/172) K,(u(4 +7) )- (A-16) 
Ly, (27)*- \ dk dk e"**"2/w,a, (a+) > Nf (Biv (4/1472) K,(z (,+1)) 
(A-17) 
1/(2z)*- \ dhe dhe > [o" (G3) 
— 1/(27) Be {(p/ryr,) € OK, (pr) — (4/ ni) Ki Uris) yam 18) 
Ty (27)"= \ dk, dhe * "2 /w Pag (W, + We) 
fat 1/ (27)*- fe {re #7 Ky (pr) Eres Ky (pr) — (r, +12) Kye (4 +7)) F 
(A-19) 
1/(27)°- \ dk,dk,e"* "2 /@°a,(@, + 2) 
=> 1/(27) Oa aie dg (pre) + (+ to) Ky(u(44 +12) ) } (A-20) 


1/(27)°- \ dhe, dke™* "2 / Wg (W, + Os) : 


51 /(an) 4udne tre) [nr \a Feo Ove 


ah 


pel rit+72| 


+4y|r2—r|/n7 . | &xK,@) [/x—4 (4 +7) ato \ dx (° dyK,(y)}. 
|71—r2 
’ (A-21) 
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Explicit Formulae of Beta-Gamma Directional Correlation 
Masato MORITA 
Kobayasi Institute of Physical Research, Kokubunzi, Tokyo 
(Received April 15, 1955) 


The B—y directional correlation function is expressed as a series in the Legendre polynomials: 


CD (6) = STi eS), 6822, Pan (cos 8) 
S42 


2 - - : . . . 
where ci)? are the numerical coefficients which depend upon the spin assignments of the nuclei 


and the multipolarities of y-ray. Their numerical values are tabulated for the most interesting transi- 
tion schemes. The parameters for the $-ray, bee are also given in the convenient formulae to 


analyse the experimental data. 


§1. Introduction 


Many convenient formulae and tables are prepared nowadays for the analysis of the 
7—y angular correlations,’ * for experimental physicists to analyse their data easily with 
the help of these formulae and tables. There are, however, few literatures suitable for this 
purpose in the case of #—7 directional correlation. The theory of P—7 directional corre- 
lation was first constructed by Falkoff and Uhlenbeck”? which suffer, however, from the 
following three restrictions: 1) Nuclear charge Z is zero, 2) pure interactions assumed, 
3) only one reduced matrix element responsible for //—decay. 

We know that the formulae of f—decay in the approximation Z=0 are usually not 
available for the analysis except in special cases. Moreover, from our experience, we are 
certain that it is necessary to take the mixed interactions and consequently to consider the 
interference terms between reduced matrix elements. In view of this unsatisfactory situation, 
the theories of @—7 directional correlation are developed both by Yamada, Kato and the 
present author,” and by Fuchs, Biedenharn and Rose” with none of the above three 
restrictions. g. 

Until now, there are seven elements K”,” AsO. Rie OSD) Se te daar. 
Tm'”, for which an anisotropy of @—7 angular distribution has been observed ex- 
perimentally. They were not yet fully analysed theoretically, except Sb“? and Thee 
by the theoretical research group of /#-decay at the University of Tokyo. This is due, as 
Frauenfelder™ writes in Siegbahn’s book, to the complexity of the formulae for /—-decay. 
The aim of the present paper is to construct the formulae more suitable for the analysis 
of the experimental data on the P—7 directional correlation. 

In Section 2, we reformulate the theory which was developed in reference 5. In Section 


* Both the directional and the polarization correlations. 
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3 we give the formulae and the associated tables, and in Section 4 we mention some remarks 
on their applications. The formulae for VTP, the selection rules for reduced matrix 
elements and the correction factors for /#-ray spectra are also given in Appendices. I, II and 


III, respectively. 


§2. From Clebsch-Gordan coefficients to Racah coefficients 


In this section we try to rewrite the formalism of Yamada and Morita”* in terms of 
the Racah coefficients," because in their formulae the summation over the magnetic quantum 
numbers in the Clebsch-Gordan coefficients” are somewhat tedious.** We use the same 
notations as theirs. 

A nucleus transits from an initial state with J, m to an intermediate state with J’, 
m’, emitting the first particle under the influence of the interaction alT (XD 1G 
Teil AD. After the lapse of very short time, this nucleus transits again from the state 
with J’, m’ to a final state with J’’, m’’, emitting the second particle under the influence 


of the interaction a’ [TX] Pea (X,) Y*y1,1(A,). The relative probability amplitude 


/ 


in this successive transition, J, m—J’, m’—]’’, m’’, is 
a[T (X,)]M(X,) JL,mM,| JL, J’ m') YF, (Ad 
-a'[T (X,) | MCX) (CJL! m' My | J’ LJ" m") We Ag , (1) 


There is also an alternative way of transition in which these two particles are emitted : 
J, mJ’, m!"’— J’, m'’, under the influence of the interactions alt (X,) | eet Xe) ge (A,) 
and FAW EO. CN ic: TOS Y* y1(A,). The relative probability amplitude is however the 
same as in the case of eq. (1) with suitable change of the suffices. Consequently, the 
directional correlation function (('(0), the relative probability that two particles are emitted 
in the directions making an angle 0, is 


U0) =8,8, oy Or ny ALT KG) lalT (X,) Ja’*[T(X) Je’ [T XD] 
an a 


-MN* (X;) MX) M* (X,) M(X,) Yrs, (Ae) Y 8,425) 

FD rant (An) Yi we (Ay) (JLymM,| JL, J'm’) (Jam My| JL J’) 

J Ly ml MJ! Ly! mn!t) (IL Sm! My LE! mn) , (2) 
which corresponds to eq. (1) of YM. 


If we choose the direction of motion of the first particle as the fixed axis, the inter- 
ferences between m’’ and m!’’(=-m’’) vanish.” Then, M,=M,. We shall hence omit 
the suffices of M and M’ hereafter. 


We define the angular distribution function as follows : 


" THX) TatXy) [T (X;) Ja T (X,) | (X;) MCX,) 


: is at (Ai) Yrs (Aj) +c.c.} , (3) 


* We refer it as YM hereafter. 


Jor : 
Though, for each given state of total angular momentum, the summaticn is rot actually so treuble- 
some as it is apparent in the general expression. 
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with €=1/2 for square terms, 
eVavet | sta | for cross terms. 
Here we can take L,<L, without losing generality. This equation becomes by the reduc- 


tion of two solid harmonics and parity condition”, 


Fir. (9) = es) ™ (Lp L,— MM | L, L,2n0) bf7?, Pon (cos 8) , (4) 
with L,—L,S2n<L,+L,, n=integer. 
Here bf"), is parameter which depends upon the properties of the emitted particle. 
Substituting eg. (4) in eq. (2), ((#) becomes, 
BO) Sh Pe gt A) FO flee | Jig f'n!) Jig J Laan) 


TqSla Iatelal nal mm! ITM MI 
. Pee AIT En0) (J! Lim! MV J'L J!” Cia me MT LST a”) 
» (Ly! Ly! — M! M"| L/L )'20!0) oF 7) OF 1 1a1 Pont (cos) , (5) 
with Lo—L,S2nSL,4L, and L!—L,! S20! <L/+L,. 
After summing over the magnetic quantum numbers and omitting the irrelevant common 
factor we obtain the following expression of (0) : 


oy es eS a LJ 20) We Le: J 20) 


IySla ISI! “m 
Fe Oye P»,, (cos @) ’ (6) 
which corresponds to eq. (29) or (31) of YM. 

n’ is equal to n from the orthogonality of the Clebsch-Gordan coefficients. The sub- 
sidiary conditions for n are just the triad restrictions for the arguments of Racah coefficients. 
Moreover, well known condition,” 2nygx<Min (L,+L,, L,/ +L’, 2J’), is obtained from 
these triad restrictions. Especially, the angular correlation is isotropic when the intermediate 
state has spin J’=0 or 1/2. Strictly speaking, must be distinguished by the groups 
of L,, L,, L,', L,', so that it should be written as i lirankgvlota lo am) VW eunese sume over 
n for a group of (L,, L,, L,’, L,'), and then for another group of (L,, L,, L,’, L,’), and 
so on for every possible group. 

From eq. (24) of YM and eq. (4), b&”).’s of the 7-ray ate: 

Dipole : £9 = —2V3 |al?, £9 =— V6 |al?. 

Quadrupole: §P=2V5 ||; 6 =-5¥2/7|A%, 1Y=—47 1077/9". 7) 

Interference between dipole and quadrupole : 69 =2 V 30 Re(af*). 


These parameters, b°r),, do not depend on “ electric or magnetic” radiation. a@ and f 
are the reduced matrix elements of the dipole and the quadrupole radiations, respectively. 
(2n) ? 


b°”) ’s of B-ray are given in the subsequent section. The relations between 65”),’s and 


@n) »s which were introduced by eqs. (19)—(23) of YM are obvious, and will not be 


ayy Le 
repeated here. 


§3. Explicit formulae and associated tables of §—7y 
directional correlation 


In this section we derive the explicit formulae and their associated tables to analyse 


30 M. Morita 


the experimental data of the @—7 angular correlation. 

To simplify eq. (6), we make a restriction based on the experimental evidences,’ 
ie., the second emitted particle, y-ray, has a unique multipolarity, L,/=L,/=L’. The 
f8—y angular correlation function is defined by 


W (0) = St Sch", bE", Pn (cos 4), Founuiel 


IiSJ2 7 
where the summation over n is performed for every possible pair of L, and Ly. 
CC WL hg ea WLyp ey J aay oa 
is numerical factor given in Tables and depends upon the spin assignments of the nuclei 
and the multipolarities of y-ray. 6/7), is parameter for 7—-ray given by eq. (7). bya is 
parameter for f-ray given by the following formulae. 
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In the experiments’"'? up to the present, the nuclei in which an anisotropy of ?—7 


directional correlation is observed have the final state with spin J’’=0. Hence, we tabulate 
the values of cf”), only for these transition schemes. In addition, if the final nuclei are 
even-even ones, their first excited states have spin J’=2* in most cases. Accordingly, the 
cP").’s which correspond with the dipole radiation in Tables I and II are perhaps un- 
necessary. 

If the decay is an allowed transition, the theoretical (A) is isotropic. Hence, 
the parameters for —ray are given for the first and the second forbidden transitions. Moreover, 
the interaction of §—decay is perhaps ST or STP based on the experimental evidences of 


e—» angular correlations on He'®,*) P*®) and Ne". We express here 6§"),’s only for 


STP. 
Parameters for [-ray in the case of STP 

F7,,(0)’s* of B-ray were piven in terms of Ly"Miyy Ne '3cL,, Me; ING? ae 
M,,;, N,;? and Lj, Nj. From those formulae of F7%,,(@)’s and eq. (4) we calculate 
byr?,s in a small (@Z)* approximation” which is usually used in the theory of $—decay. 
1) First forbidden transition 

The following parameters 6{""), must be multiplied by the factor | 9N(Po Xr) |°, which 


will not be written explicitly. The ratios between the reduced matrix elements are introduced 
as follows: 


GpM (B75) /GrM (Po Xr) = (aZ/2p)v, M(Bo-r)/M(PoxXr) =m, 
Gs M (Br) /G,pM (Bo Xr) =—ix, M(Pa)/M (Bo Xr) = (aZ/2p)y, 
Mt (B},) /M (Bo Xr) =iz, 

where v, w, x, y and z are all real numbers”. 


Formulae II 
by = (a@Z/29)* (vt+-w)*?+ (aZ/2) | —K+ (p?/W) } (20/3) (v-+») 
or (1/9) CRA?) = (OK /97) tar, 
bY = — V3 [(@Z/27)?(x—y+1)? 
t+ (@Z/2p) | (2K/3) (x—1) (y—x—1) + (2p°/3W) (x41) (x+1—y) } 
+} (1/6) (K°+ p*) (2x7-++1) + (2Kp?/9W) (1—x) {], 
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bP) = V3/2[ (a@Z/2p) (2p°/3W) (2x—1) (x+1—y) 
+ {(2Kp?/9W) (1—22) (x—1) + (p°/6) (4-1) 1], 
b@ = (1/6 )[ (aZ/2p) (2p2/W) (vt w) + | (2p"/3) — (2KP/3W) Jn], 
b@ =[(aZ/2p) (p°/W) (e—y +1) + | (Kp?/3W) 1-2) + (27/2) Hz, 
b= (5 / 2 epee == 7-772 67/12) 2, b= 0-. 
In the first forbidden transition, there are nine transition schemes, if the y-ray is the 


dipole or the quadrupole radiation and the final state of the nucleus has spin J’’=0. 


(2n) 


Crz,s are given in Table I. 


Table I 


aVb |/cVd must be read as aVb [(cVd). cS"),’s are normalized arbitrarily. Vanishing 


; ; 
values of c”),’s are not written. 


B : First clo cy cp che chy ci 3) 

7: Dipole 
3-1-0 1 1/V’70 
a 1-0 1 1/10V 2 3/10V2 | —VW3/5 | W21/10”2 
1-1-0 1 Afi Sei k/206. Wy ALIIO oi Sj2¥ 10) 1/5. V7 (10V2 
o—1-—0 1 1 Vio, 

7: Quadrupole 
4=2=0 1 —V10/7V7 
3-2-0 1 Sve 1/3 /7aN 1735 1| —Rekeeinne7- 
2-2-0 1 =1/V3 | —1/2V6 | —1/V/14 | -1/2V'14| 1/V5" 3/14V 14 
1—2-0 1 —1/2V2 L2ae =i 3/5 || 73 j2v iA 
o—2—0 1 —vV 5/14 


2) Second forbidden transition 
The following parameters 62”, must be multiplied by the factor [DR (T},) 12, which 
will not be written explicitly. The ratios between the reduced matrix elemer ts are introduced: 


as follows : 
GM (Ri) /GpM(T3) = —i(x/2), MA) /DU(Ti,) = (2/20) (9/2) » 
M (Si) /M(Ti;) =1z, 
where x, y and z are real. 
Formulae III 
$0 = V5 [(aZ/2p)?\ (K2/48) (2x—y +2)? + (p°/48) y+ 1)7} 
+ (aZ/2p) | (K*/60) (x—1) (y—2x—2) + (K°p’/36W) (x+ 1) (2x+2—y) 
+ (Kp?/36) (x—1) (y—x—1) + (p'/60W) (x+1) (9H) § 
+ | ( (1/360) (K+ p") + (K°p"/108) ) (3x°-+2) 
+ (1/90W) (K*p’+ Kp’) 1—*) 5], 
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b9 = —V7/2[ (aZ/2p)?(p?/48) (x—y +1)? + (aZ/2p) | (K*p’/36W) (2x+2—y)x 
+ (Kp?/36) (1—x) (1+-x—y) + (p'/84W) (2% + 3x—2xy—y+1)} 
+ { (K*p?/90W) (1—x) x+ ((K*p’/108) + (p'/252) ) (3x°+1) 
+ (Kp'/126W) (—2x°+x+1) }], 
bY = (V35/3V2 )[(aZ/2p) (p'/70W) (3x +x—3xy+2y—2) 
+ { (Kp'/105W) (—3x°+5x—2) + (p'/420) (9x—4) }], 
62 = — V7/30[ (aZ/2p) § (K2p?/18W) (2x—y+2) + (p'/42W) (x—y+1) } 
+ {((K*p?/45W) + (Kp'/63W) ) (—x+1) + (K°p"/27) + (p*/63) $]z, 
b99 = V7/3[ (aZ/2p) (p'/84W) (x—y+1) + § (Kpt/126W) (—x+1) + (p*/126) §]z, 
bY =—(V7 /72) { (1/15) (K*+p*) + 2K p"/9) $z, 
ar Oe eer Awa i i OSar ied nha wee & ar 
pO= (VII p/ S400 14)z, bo=07 
In the second forbidden trans’tion, there are four transition schemes, if the 7-ray is 
the dipole or the quadrupole radiation and the final state of the nucleus has spin J’’=0. 


py),'s are given in Table II. 


CIiLe 
Table II 
The remarks are the same as those of Table I. 
B : Second ry ce AS ce cS) ci) @ > 
7: Dipole 
Axle) 1 1/4V3 
3—1—0 1 1/Vi0 1/Via —Vs7i | VisyaV7 | 
7: Quadrupole 
5—2-0 1 —54V3s —V2jnVit 
4—2-0 1 —Vi0/7V7 —V2/63V7 | V5 /14V7 | —sViyesV7_ | —Vb77 | -5Vi6/28V7 | —2Vino/6sV7- 


Example of application 

We shall consider the transition scheme, 4.—2,—0,. In this case the S-decay is 
first forbidden and 7—ray is quadrupole radiation. 

From Table I, cf?=1 and @=—V10/7V7. 

From Formulae II, 6! = (“5 /12) (K°+p)2 and 69 =—V7/2 (p°/12) 2. 
We substitute these values as cf”),’s and 6¢”),’s in Formula I. Then, the B—y directional 


correlation function is 
© (8) = (“5 /12) (K2-4+p*) 2+ (V5 /7) (p°/12) z?P, (cos) . 
Omitting the irrelevant common factor, (U() becomes, 
@ (8) = (K°+p*) + (p°/7) P,(cos8) , 


where p and K are the momentum of the electron and the energy of the neutrino, respec- 
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tively. This is the final result to be compared with the experimental data. 
Similar procedures are applicable for the other cases of the transition schemes. 


§ 4. Some remarks for application 


As we have shown in the example in the last section, the procedure of the applica- 
tion of Formulae and Tables to the analysis of #@—y7 directional correlation is obvious. 
Firstly we assume that the transition scheme, i.e., the spin assignment, is already known. 
We substitute in @ (0), Formula I, the values of c¥}.’s, Table I or II,-and 6%%),’s, 
Formulae II or III. The parameters for fray, b¢",, can be calculated, when Z, W, and 
W are known. To our regret, this theoretical (0) has ambiguities based on the ratios 
of the reduced matrix elements, v,----:- , % which can not be calculated exactly for the lack 
of our knowledge of the wave functions of the nuclei. However, some of the ratios are 
estimated” as nearly equal to 1 or 2, and they can be calculated approximately” by the 
single particle shell model or the Bohr model.“ Naturally the selection rule (see, Appendix 
II) of the angular momenta reduces the number of these ratios. Comparing the 
theoretical (0) with the experimental one we obtain the values of ratios, v, ------ pee 
which give the good P—jy directional correlation. In this case, we must also treat the 
cortection factor of the f-ray spectrum with the same values of u, «+--+: , x. This procedure 
reduces also the number of the ratios. These values may give us some informations for 
the model of the nuclei and for the interaction of /—decay. 

To the contrary, we assume that the values of v, ----:: , % ate known. In this case, 
the theoretical W (0) changes variously by the spin assignments of the nuclei. Consequently, 
we can determine these spins from the comparison with the experimental W (0). 

Generally speaking, the (@Z/ 2/)° terms have an important role in ((0) as in the 
correction factor. (@Z/2/) is nearly equal to 10 for the medium nuclei. If we evaluate 
the theoretical ((0) only with (a@Z/2/)° terms, it becomes isotropic or reduces an 
anisotropy, because there are no (@Z/2)° terms in 6, for the first forbidden transition 
and in 6%,, for the second forbidden transition. As the almost first forbidden spectra 
(JJ=0, +1) have an allowed shape except in a few cases, one usually takes these 
(aZ/20)° terms” for the correction factor. However, the so-called cancellation effect” 
may occur in some nuclei. In such cases, we must take all terms of (a@Z/20)°'*""" for 
both the correction factor and the (U (0). In addition, we must consider the finite de 
Broglie wave length effect," the finite nuclear size correction,*”’ etc., for bf”?,’s in the case of 
the drastic cancellation. These corrections make the calculation of (0) very tedious. 

If the ;7—-ray is the mixed multipole radiations, we take eq. (6) as (0). 

The complete tables of c&")?s will be published for the transition schemes with non- 
zero J’’ on the issue of the Bulletin of Kobayasi Institute of Physical Research. (5, ae 25 
(1955)). The theoretical analysis of the P—7 directional correlation of K’, As’, Rb™, 
Sb’, °° is under way by us in connection with the branching ratios of decays on 
the shell structure and Bohr Model of these nuclei. 

I should like to express my cordial thanks to Professors S. Tomonaga, T. Yamanouchi 


for their kind interest, to Professor S. Nakamura and Mr. M. Yamada for their continuous 
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encouragement and valuable discussions. I am also greatly indebted to Professor H. 
Frauenfelder for sending me a preprint of the book’ before publication which stimulated 


me to carry out the present work. 


Appendix I. b/"?,’s for VTP 
We express here the Formulae for VTP, because it seems that some questions remain 
for this interaction. One of these questions is concerned with the meson theory of p- 
decay.” 
1) First forbidden transition 
The ratios between the reduced matrix elements are introduced as follows : 


Gy Mr) /GpM (Bo Xr) =ix, GMa) /GpM (Fo Xr) = — (aZ/2p)y’. 
v, w, y and z are the same as those of STP. x and y’ are also real numbers. 
Formulae IV 
b= bin STP, 
bP = — V3 [(a@Z/2p)*| (x—y')?+ (1—y)?+ (2/W) (y—-1) (x) | 
+ (aZ/2p) (2/3) { (K+ (p°/W) ) (x(x—y') +1—y) + (K/W ((x(y—2) +’) } 
+ { (1/6) (K?+”) (2° +1) + (2Kp’/9W) (P +1) }], 
bo? = V3/2[ (aZ/2p) (2p°/3W) | 2x(x—y’) —1 +9 
+ { (2Kp?/9W) (2x°—1) + (p°/6) (42-1) {], 
beer Os san eS LP 
6 =[(aZ/2p) (p’/W) (1—y) + | (Kp’/3W) + (p°/2) t]z, 
Povse bein STPis anse07 Bez. 
2) Second forbidden transition 
The ratios between the reduced matrix elements are introduced as follows : 


Gy M (Rij) /GrM(Tss8) =ix/2, Gy M(A,,) /GpM (Tf) = — (aZ/2p) (y'/2) , 
where x and y’ are real. z is the same as that of ST. 
Formulae V 
68 = V5 [(aZ/29)*\ (K*/48) ((2x—y')°+ (2—y)*) + (K2/24W) (2x—y’) (y—2) 
+ (p°/48) ((x—y')?+ (1—y)*) + (p?/24W) (x—y') (y—1) | 
+ (aZ/2p) | ((K*/60) + (K° p?/36W) ) (x(2x—y') +29) 
+ (K"/60W) (x(y—4) +y') 
+ ( (Kp’/36) + (p'/601) ) (x(x—y') +1 —y) + (Kp*/361) (x(y—2) +y’) | 
+ | ( (1/360) (K'+p') + (K?p*/108) ) (3x°+2) 
+ (1/90H7) (K"p?+ Kp") (+1) {], 
b9 = — V7/2[ (a@Z/2p)*} (p°/48) ((x-y')? + (1 —y)*) + (p?/24W) (1—y) (y’'—x) } 
+ (aZ/2p)) | (K? p'/36W) (2x—y!) x+ (Kp?/36) ( (xy!) x +. 1-9) 


1) 
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+ (p'/84W) (2x(x—y!) +1—y) + (Kp?/36W) (x(y—2) +7’) | 
+ | (K*p’/901W) x° + ((K°p?/108) + (p'/252) ) (3x°+1) 
+ (Kp’7 126) (22"--1) {], 
bS = (V35/3 2 )[ (aZ/2p) (p'/70W) (3x(x—y') +2(y—1)) 
+ } (Kp'/105W7) (3x°—2) + (p'/420) (9°—4) t], 
bS = — V7/30[ (aZ/2p) | (K?p’/18W) (2—y) + (p'/42W) (1—y) } 
T0179) | (KB/S) (Kips 3) a (Kp (70) + p'/ Zz 
bY = 7/3 (aZ/2p) (p'/84W) (1—y) + (1/126) | (p'K/W) +p'}]z, 
bo =e” in ST, n=0, 1,2, 3. 


Appendix II, Selection rules fer reduced matrix elements 


First forbidden transition 


V, -++++, have their non-zero values only in the following cases with parity change 


Yes. 1 signifies the pure IN(So Xr) term. 


2) 


OO NT ocr oil 
1°95 yo JJ kexcept 0O——>0) ,. J > J+ 1. 


Las (ES (except (=== =20), 1/2——>1/2), if —— feral (except 0<—1), 


Ibe s 
Second forbidden transition 


x,y, y’ and z have their non-zero values only in the following cases with parity change 


No. 1 signifies the pure IN(T,,;) term. 


1) 


2) 


pO Pay a es fed on wa 
an J<—J+2 (except 0<—=2), J-—J+3.- 


Appendix IIf. Correction factors of P—ray spectra 


First forbidden transition 
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COO 17350 1/562) it Ga XT) | Formula VI 


Second forbidden transition 


C= (V1 1/569 — V1/7 62) [MN (TH) |? Formula VII 
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21) 


23) 
24) 


25) 


26) 
27) 
28) 
29) 


30) 
31) 
32) 
33) 
34) 


35) 
36) 
37) 
38) 
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Theory of Sound Waves and Collective Description 


Toshiyuki NISHTYAMA 
Department of Physics, Osaka University 
(Received March 11, 1955) 


The linearized equation of the density matrix is applied to generalize the theory of sound waves 
due to Bloch and Tomonaga. It has been shown that the true scattering matrix is given by the 
oscillator hamiltonian obtained by this method. The generalized theory of sound waves, which may 
be considered as a generalized Hartree approximation, is not only capable of yielding the correct 
plasma frequency and the screening interaction of metallic electrons but facilitates the analysis of the 
higher-order perturbation. The relationship to Bohm ard Pines’ collective description is pointed out 
and a polarization field is introduced in place of the longitudinal electric-fleld. As an example, we 
consider the electron-lattice interaction, and it has been shown that the stability of the atomic lattice 
increases under the influence of the Coulomb interaction. The limit of applicability of this method 
is examined by the theory of transformation function. In the Appendix, the correlation energies of 
some alkali metals are obtained. 


§ 1. Introduction 


Since 1934 it has been stressed by Bloch,” Bohr,” Landau” and others that the 
hydrodynamical description is effective in dealing with such systems in which the interaction 
is so strong and the density is so large that the particle number is no more regarded as 
a good quantum number. These systems such as metallic electrons, nuclear matter and 
liquid helium are sometimes called quantum fluids. As has already been shown in our 
preceding papers,” we can obtain the hydrodynamical equations from the total hamiltonian 
of the system in question. Since these equations are essentially non-linear, we meet with 
great mathematical difficulties in solving them. The most tractable solution will be given 
by the sound approximation. Recently it has been shown by Tomonaga” that the hamiltonian 
of sound waves, once presented by Bloch,” proves to be equal to the true hamiltonian of 
fermions so far as the one-dimensional problem is concerned. In his proof, it is assumed 
that excited particles and holes are restricted in the neighborhood of the Fermi surface. 
Though this assumption prevails also in the three-dimensional case, the hydrodynamical 
picture collapses, because the fermion hamiltonian cannot be represented by that of sound 
waves, therefore the linearization of the hydrodynamical equation does not serve as a good 
approximation any more. From our point of view, it is not the density operator but the 
density matrix that is to be linearized. In Section 2 we shall summarize the results obtained 
in foregoing papers referred to as ! and it will be shown that the plasma frequency and 
its normal coordinate result from the linearized equations of density matrices. 

By making use of the linearized soluticn obtained in Section 2, we shall propose in 


38 T. Nishiyama 


Section 3 a method of canonical transformation in order to separate out the collective 
motion from the total system and to know what is the other motion of the system than 
the collective one. The results obtained there will be compared with those of Pines and 
Bohm.” 

In a preceding paper’ we considered the coordinate of the collective oscillation as 
representing an external variable describing a polarization of the medium. This polarization 
field was described by the creation operator 6* and the destruction operator 6, and the 
interaction energy of electrons with these oscillators was eliminated by the canonical transfor- 
mation which will be again applied in Section 3. There, in relation to the subsidiary 
condition, we shall point out the difficulty involved in Bohm-Pines’ theory. 

As mentioned above, the energy of oscillators proves to be equal to the correct fermion 
energy so far as the amount of the excitation energy is smaller than a critical value for 
the one-dimensional case. Is it true for three dimensional problems? Recently this question 
has been answered by Schafroth® for the free fermion assembly and his result leads to ours 
obtained in I. In our three dimensional theory there appears a set of oscillators whose 
momenta are parallel to a single direction, say z-axis. It will be shown that the true 
transformation function of the S—matrix can be obtained from the hamiltonian of oscillators 
given in Section 2. This fact enables us to find the higher-order correlation energy, and 
we can consider that this method is a sort of the Hartree approximation to take account 
of the higher-order correlation effects. 

As an example, we consider the electron-lattice interaction. By performing the sum- 
mation of the infinite series of the perturbation, it will be shown that the singularity 
involved in the expression of the second-order perturbation energy of Frohlich does not 
appear and the Coulomb interaction increases the stability of the atomic lattice so that the 
upper limit of the coupling constant F appearing in Fréhlich’s theory is shifted to a larger 
value compared with that in the absence of the Coulomb interaction. 

In Section 5, we examine the validity of the above-mentioned linearization approxima- 
tion in which excited particles and holes are assumed to be restricted in the neighborhood 
of the Fermi surface and the oscillators of different directions are treated as independent of 
one another. It will be shown that such approximation is justified for the cases, in which 
the excitation energy is not very large and the interaction is a long-range one, and further 
the wave functions in the momentum space are nearly uniform so that the wave functions 
are almost unchanged against small translations in the momentum space. Though these 
conditions seem to restrict the applicability of the theory so much, we think that the 
linearized solution of the density matrix is more useful as the first approximation than 
starting with the free particle hamiltonian in dealing with the many fermion problems. 

In the appendix the correlation energy of metallic electrons will be computed and 
compared with those given by Wigner and more recently by Pines.” 


§2. Linearization 


Our object is the hamiltonian of the form 
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H=K+ (1/2) 1G(&) p(&) p(—) —NG,/2,, (2-1) 
kh 
K= (0 /2m) SIR bi" Pus OCR) SP am Pisa» N=p(0), Gy=DiG(k), 


Bi 
where 4), and ¢/,* are the fourier coefficients of the quantized wave functions and G(k) 
is that of the interaction potential. 
With aids of the commutation relations 
[Pu Ge" | = Oy, ’ [Pas ¢,|,.=([¢,*, a0 > (2-2) 
we obtain the equation of the density matrix PE (ex cjo) which becomes 
Og (K, k) /Ot+ (ih/m) (K-k) 7 (K, k) 
= (1/26) >1G(q)Le(—9) ig(K—(q/2), &+q) —9 (K+ (4/2), &+4)} 
19 (K= G/2), Berg), —9 (K+ (9/2) 47 k-g) } (—@) 1, (233) 
where 
I (K, k) = Pe Hin Peru (2.24) 
On finding the second order derivative of y(K,q), we shall ignore the derivatives of 
operators p(q) and g(K, q) involved in the bracket of (2-3), then we are led to a 


linearized equation which assumes the form 
0°9 (K, k) /O + (b/m)*(K-k)°9(K, k) 
= (1/m) (K-&) {g (K+ (&/2), 0) —9(K—&/2), GH p@®, — (2-5) 

in which the last term has been derived by setting y(K, q)=9(K, 0)0,,. Here, in the 
meaning of the first approximation, we put 

g(K,0)=1, if |K|<k, (the maximum wave number), 

GUk,-0) =O, if RRL Rs (2-6) 
Then the last term becomes zero for small values of K and is appreciable only in the 


neighborhood of the Fermi surface. 
Now we introduce a number of operators p, (k) defined by 


p(k) = Dar (Kk), Dik = DUK’ — (K-k)’/R =r}, CD) 


in which the summation is carried out ity phase points lying on a cylindrical surface with 
its axis parallel to k and of radius r. From the equation (2-5) we get the following 
simultaneous equations (see Appendix I) : 2 
0°0, (k) [OP +R cy fr (k) + (S,/m) k G(R) Ss (k) =0 
¢-=h(ke—r)'?/m, 
in which S1*(K+k)°9(K, k) has been replaced by &(ky'—1’),-(k) and S, is given by 
$= [kb —P)"| SF Lo (K— W/2), 0) —9 (K+ &/2), 09} 
~ SF {g(K= (k/2), 0) —9 (K+ (4/2), 0)}] 
1 areneaiony as 


which means the number of phase points on the cylindrical surface. As mentioned in I 


> (2-8) 
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xevessins te 
the solution of these simultaneous equations is given by a set of normal coordinates 


€ = Die(e) pb) /@-Pe). (2-10) 
in which the normalization factor i determined by 
a(w)? >35,/m(o'—Fe")*=1, (2-11) 
or (oar) = (m/ NY? 0,2 ENCE /a'®, (2-12) 
and the eigenfrequencies are obtained from the dispersion equation 
1=D)(S, G(k) /m)/(w° Fe) , (2-13) 
from which the maximum Rearend the plasma frequency becomes 
Wmax (Rk) =0,§1+ (3/10) B (bk, /ma,)? +0 (6 |k| ko/ma,)*}, (2-14) 
~w,§14+ (k/o,)?/24, C= (3/5) (bk,/m)*. (2-14’) 


Other frequencies correspond to the excitation energies of the individual particles as will be 
shown in the next section. In the following we shall be concerned merely with the normal 
coordinate of the maximum frequency and its canonical conjugate variable a, which is given 
by 
o,= (a/m)>3S,7,.(k) / (w?—Fe,") , (2-15) 

where 7,.(k) is defined by 

m,.(k) = (inh/kr D’){ Sg (K, —k) — SGU —&)}, (2-16) 

UEA)>0 (K-F) <0 
ip.tk) tO tie 20a. RiP. (2-17) 


Using (2-11) which means the unitarity condition of the transformation to the set of 
normal coordinates, we can easily prove that o, is canonically conjugate to ¢, (see Ap- 
pendix II). 

An approximation, in which excited particles and holes are assumed to be restricted 
in the neighborhood of the Fermi surface, has been used in the above derivation. This 


assumption will require some weakness of the interaction energy. This point will be 
discussed again in Section 5. 


§3. Collective description 


We try to express the total hamiltonian in terms of the collective variables €, and CT, 
defined in the preceding section. For boson assemblies” we considered the interaction of 


individual particles transmitted by a collective oscillation field which was considered as an 
external field. There the canonical transformation of the form 


U=1— paps |k| G(R) [N/2mbeo]!"[o— (b/m) (K-k) |"'[9 (K, —&) b.*—9 (K, k) by | 
Gh 


Recently Bohm and Pines” have presented 
the so-called collective description introducing the longitudinal electric field in place of the 
collective oscillation field. Now we can go over to Bohm-Pines’ description starting with our 
classical view point and making use of the results given in Section 2. We believe that 


was applied to cancel the interaction energy. 
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the calculation has thus been much simplified. 
Firstly, the following transformation function is introduced. 

U,=exp (i/b-S Diss Pa)» [on Paine, ’ (3 “2) 
which is equivalent to (3-1) and px is the fourier coefficient of the canonical conjugate 
of the external variable subject to the subsidiary condition 

Gi—0. (33) 
With the aid of (3-2) the total hamiltonian turns out into 


H,=U;"HU,= K+S¥ pet (1/2) SE pap-1+ 1/2) GH p® p(—® —NG,/2, 


(3.4) 
and the subsidiary condition becomes 
Gn—F ,=0. (3-5) 
In the above the following identities are applied : 
£,= (i/*)[K, &]=ko (3-6) 


(i/b) [Fx FHP O.-1 5 (3-7) 
and 
p(k) = G/6)[K, (= S,7,.(—k) /m , 
1, (k) = (i/6) [K, 7,.(k) ]= —me,20,(—b) /S,. 
where the dotted quantities represent the change with time in the absence of the interac- 


tion energy. 
Next we go over to the collective representation by the transformation of the form 


U,=exp(—i/b-Sion4,) » (3-8) 


due to which the hamiltonian splits into the collective part H, and the individual part 
H,.2. as follows : 


H=H,+Fia., (3-9) 
He= (1/2) SE pepo (0/0 "444-0 » (3-10) 
Ai;4,= K— (1/2) Sie ono 2+ Ve» (3-11) 
V.= (1/2) 360 7 (k) 9(—k), 4 (k) =0(k) —Se» (3-12) 

where V7, represents the screening interaction and the subsidiary condition becomes 
ee (3-13) 

We have used in (3-10) the following relation 

(it) [ey o-1)= (a/m) SS,62/ (Be '=(o8 og) /B, 14) 


from which the dispersion equation (2-13) is obtained noticirg (2:11). The canonical 
relation appeared in the above facilitates the calculetions and the series of commutators 
appearing in the canonical transformation breaks up to the second order term. This is 
because of our assumption that the oscillators of different directions are considered as 
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independent of one another, and it resembles the random phase approximation by Bohm 
and Pines” (see Section 5). 


In the one-dimensional problem we get 


¢.=0 (r=E0), wa =k oe’, (A-13) 
E,= (m/N)'"p(k), o4= (N/m)! (k), (3-16) 
H,.2.= — (1/2) S36 |k| eo +-NE, (the mean Fermi energy). (3-17) 


Here we have applied Tomonaga’s theory to write K in terms of Ey and og and sy, 
becomes constant. Therefore the total hamiltonian is given solely in terms of the collective 
variables as already shown by Tomonaga. But the result becomes different if we follow 
the method of Bohm and Pines. They obtained the expectation value of H,., in the 
representation that K is diagonal and they ignored the subsidiary condition. However, the 
operator ¢, is not diagonal in this representation and [K, ¢,]=:0. In fact, some indefinite 
terms can be involved in their calculation since the diagonal element of $,¢_, is not zero. 
In the following it will be shown that the diagonal element of (3-11) does not give the 
correct eigenvalue even for the one-dimensional case, if we ignore the subsidiary condition 
(sri4ap 

The expression of the individual particle energy H;.,. can be interpreted in an intuitive 


way. Before the above canonical transformation has been applied, the collective energy 
A,o.= (1/2) Dono -at (w (k) /k)° S452) > € J 19) 


was given in terms of the wave functions (2-2) in the old representation. The expression 
of the remainder of the hamiltonian obtained by subtracting (3-19) from the total hamil- 
tonian becomes just equal to (3-11). In the old representation the collective part and 
individual part are not completely commutative with each other, while in the representation 
(3-9) they are commutative. In this new representation the subsidiary condition becomes 
necessary so as to hold the commutativity of the two parts of the hamiltonian. Expand- 
ing the denominator of (2-15) in the power series of (2c) B/w,? and taking the 
first order term, we get the diagonal element of the second term of (3-11) in the form 


_ (1/2) (aie O12. 1) ai.= r= (b°/2mN) 21 CK: k/R) "Na xin he — Nxy(72)) > (3 -20) 


* oh 


Nr=¢'x% K+ (3.21) 
Since the collective coordinate almost disappears for large wave numbers such as || > k,= 


(w,/c), the major contribution comes from the summation over k& within the limit of 


|k|=k,. In the one-dimensional case this term turns out to be 


—0,=— (1/4) bey Sj hl, (3-22) 
for the completely degenerate state, therefore the expectation value of (3-11) becomes 
larger than the value of (3-17) by the factor 0,, twice of which is the zero-point energy 
of the collective oscillation in the absence of the interaction energy. As mentioned in the 
above, K involves the term (c,°/2)S1€,&_,, the diagonal element of which is just equal 
to 0,, hence we overestimate the expectation value of H,,, by the amount 0, if we ignore 


the subsidiary condition (3-13). For the three dimensional case the corresponding quantity 
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to 0, is 
0)= (Li? /42Nm) > 3) lel 7G) 2= (37/16 m) by 1 RI, (3-23) 
k K,\K\=hko 


twice of which becomes the average of the sum of the zero-point energy of the total set 
of oscillators whose momenta are proportional to k’s: 
(Kb/42N) §c,S,drS}|k| =20, (3-24) 
We shall see in the next section that the energy of a set of oscillators whose momenta 
are parallel to a single direction, say z-axis, becomes one component (z-component) of the 
kinetic energy of electrons. However, it is difficult in the three dimensional case to get 
any more close relationship between the hamiltonian of the total set of oscillators and the 
kinetic energy of electrons. Here we give up to compare the hamiltonian of oscillators 
with that of electrons, and instead try to find the transformation function. The point of our 
method consists in dealing with the theory of transformation function to evade the difhculties 
with regard to the subsidiary condition and to estimate the errors caused by this sound 
approximation. 
A criterion for the applicability of this method is given by estimating the amount of 
the excitation kinetic energy defined by 
Kee Kay] N= Ema (Fermi, energy) (3-25) 
as mentioned in Tomonaga’s theory.” This criterion reveals that, as will be shown in 
Appendix III, the problem of the metallic cohesion is within the limit of the applicability. 
Another limit of the applicability appears in relation to the non-commutativity of 
operators of different directions in the three dimensional problem. The detailed account 


of these limits of the applicability will be given in the following sections. 


§4. An application of sound approximation 


In the above, the normal coordinate of the plasma oscillation and the collective re- 
presentation have been obtained by dealing with a set of oscillators represented by /, and 
z,. In the following it will be shown that the energy of these oscillators is useful in 
obtaining the energy eigenvalue of metallic electrons. 

We introduced in I a set of canonical variables defined by 


Ixy (k) a (m/N.y) a a (k) “ay (k) } ? (4- 1) 

Pay (A) = (ib2/kL) (N,,/m)'” {02 (—2) — Pa (—4)} > (4-2) 

Nya Le 59) /a, 

(Oe (k) Se Pn y,2-+h/2 > Pry (k) =D iPevne— ae Paya tH2 ’ (4-3) 
z>0 z 

[Gey (k) ? Pety! (k’) ] == ib O nxt Oxy! Ops . (4 : 4) 


The momenta of these oscillators are parallel to the z-axis and the equations of them are 


derived from the z-component of the kinetic energy ; 
K,= Gm) Soe Sa, Lua 2 ? (4-5) 
z “wy 


because the x- and the y-component of the kinetic energy are commutative with them. 
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By a similar treatment to Tomonaga’s theory, it can be shown that (4-5) proves to 
be identical with the energy of oscillators 

Ko.= Cccp tp 1B? Dey (R) Pry (—k) Fey Jey (F) Fey (—*) — Bk] coy} +E,/3, (46) 

Cy=b(ke—x—y)'?/m, E,=(3N/5)6, N= (EV6m ky, Cork fam, Was) 
where N is the total number of electrons and ¢ is the maximum Fermi energy. The 
operators of different directions are not commutative with one another, hence they are not 
independent. In our approximation, however, they are assumed to be commutative and 
there is no correlation between any two of different directions. Henceforth, all the quantum 
states are restricted to be isotropic in the momentum space. To get the equations of another 
direction, we must rotate the z-axis to the prefered direction. 

After these preliminaries, we consider the transformation functions of the many electrons 
interacting with the lattice-phonons. In the interaction representation the transformation 


operator becomes 
t 


Ut, 20) = S4(1/n!) (i/o) {|---| TL (4) HE) Hi CY] eed ce, 
n=0 
(4-8) 
where T is the chronological operator defined by 
TIA BCAA) eer s e 


PRP ) atl) Ora t =. (4-9) 
and 


H(t) =exp} (i/b) K,,} H,(0) exp{ (—i/b) K,,}. (4-10) 
For example, setting H;(t) =21¢a (4) Gry (k), we get 
H;(t) =e (¢) 1 Didene-aim Pe,y.2+ XP (i Cay kt) 
FSi ieiy.2- a7) Pry 2+ kIQEXP (iC Re) f, 
from which we can find the true expression by replacing c,, by bz/m for z>0 or —bz/m 


for <0. In this way the true transformation function is obtained, if H,(t) is expressed 
by a linear combination of q,,,(k). 


As is well-known the energy change is given by 
4E=U(0, —~)"HU(0, —o) —H+H,. (4-11) 


The point of our approximation consists in assuming that the interaction energy is separable 
with respect to the wave number ; 


H,=S7H,(k) /2, 
k& 


and any two quantities, \H, (k) dt and | Hk) de are commutative with each other, if 

/ : ‘ 
k==k’. Accordingly, the energy change JE becomes separable with respect to k and its 
each member JE, is calculated from 


F(R) = DUAR Prey (8) Puy (=) + coy Gey (B) Gey (—h) —B [kl Coot +Hi(A). (4-12) 


. bende a . ; 
In the following, instead of dealing with the transformation function directly, we try 
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to find 4E, by the perturbation method. Owing to this separation, the calculation is so 
much simplified that we can compute the higher order perturbation effects. This approxi- 
mation resembles Macke’s method” of the many electron problem, in which it is assumed 
that any state with a single excited particle of a given excitation momentum combines only 
with those in which a number of particles are excited in the same direction with the 
prescribed momentum. To illustrate this method, we deal with the electron-phonon interac- 
tion which plays an important role in Frohlich’s theory of superconductivity. 

If a conduction electron of wave number K absorbs or emits a lattice-phonon of wave 
number k, it gets the wave number K+k or K—hk, so the intcraction energy assumes the 
form 

H,= 3331 (20/6) M(&) g (K, k) q(—&), (4-13) 
M(k)?= (2F/3N,)bwl, F1, Nj: number of atoms, 
w: phonon frequency, 


where g(k) is the phonon coordinate and we write (4-13) in the form 


H,= (1/2) S)H;(k), (4°14) 
dk 
where 
FA) = 33, 2) ga hh) @(— ©) Ho (— 2) 7) |; (4-15) 
x,y 


Cry (R) = (20N,,/mb)'” Mk) . 


Now our problem is to find eigenvalues of the hamiltonian of the form 


H(k) =H, (4) +H, (&) (4-16) 
Hi, (k) sae {F pay CR) Pry (8) + Ce Jey (R) Jey (—) — 2B [RI Cay} 
+ p(k) p(—k) +u(k)*q(k) q(—&), rai) 
[g(t), PO J=ib aw, (4-18) 
and we get the eigenfrequencies from the dispersion equation 
Se o,! (b)?/ (2-27) =L—«*, 2,= iO REA ie (4-19) 
5 


and they are given by the perturbation method in the form 
OH he — Sy DR! 2, OP, OY (LI Ea Ge) 
an, act (4-20) 


except for terms depending on the surface of the tox confining the system. The total 
energy change is given by the following sum over s and k, and taking the principal value 


we get 
AE= (1/2) 133 AQ, (k)°R* Q, (k) Qs: (—4) 
= 1/2) SIS 4! 2114 DOP [22-0 F WHA, (4.21) 
D, (4) =2-Fw (0p — a (BF [1 — (2/22) B+ 2./ 2-2], (422 
VEIN/N,, 


: ant nee pony aos 
in which Q,’s are the transformed coordinates of oscillatcrs written in terms 0: the new 
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wave functions in the form 


Oy (8) = (m/ No) SVE yeaa Paget (4-23) 
The, disgonal< antetictal seca hea 
(JE) =S}DYF(K, [+ De QP Neen —Nevsn) » (4.24) 
= PUPS S k) [1 —Dg(k) +Dx(k)?-++ | Nace n2 1 —Nevap) » (4-25) 
F(K, &) = (eo(® /8) M(B)2/[6/m)2(K-B)?—0(8)'] (4-26) 


The first term of (4-25) is of the same form as that given by Frohlich’s theory. For 
values of K which make F(K, k) infinitely large, we get 
F(K, &)[1+De(k) 7! = M(k)2/2¥Fbo (k) =0/3N, , (4-27) 
which shows that the correction term Dx(k) acts to cancel the singularity in the perturba- 
tion energy. The above formulation may be considered as a Hartree approximation to take 
account of the higher-order perturbation effect. 
Next we consider the frequency shift of lattice-phonon and we get the observed 
frequency” by 
o! (k)?=(k)?[1—2F (1—94,) ], (4-28) 
0,,= (1—2»F)'” (a /k,) tanh" [k,/(1—2¥F)'"?o], o? = (mw/bk)?, (4-29) 
in which 0, is negligible since (o/k,)*>— 107°, and 2¥F becomes smaller than one lest the 
observed frequency w’ should be imaginary. On the other hand, Frdhlich’s condition of 
superconductivity reads 
1/3 <vF, 
so that the interaction conctant is restricted as follows : 
Laur <1 fon (4-30) 
As will be shown in the next section, the upper limit is somewhat extended due to the 
Coulomb interaction. 


§5. Concluding remarks 


The sound approximation presented in Section 2 and Section 4 is based on the as- 
sumption that 1) excited particles and holes are restricted in the neighborhood of the 
Fermi surface and 2) the oscillators of the different directions are regarded as independent 
of one another. 

The first assumption is reflected in the following points. As was obtained in a 
preceding paper” the dispersion equation and the normal coordinate are expressed by 


1= {RP G(k) /m} heb x, /[} w(k) —b(K-k) /m{?— (6 /2m) ol (5-1) 
iy ee ow) > Wie+ a2 Peary / iw (hk)? — (b/m)°(K-+k)?}. (5 +2) 


On finding the corresponding expressions (2-13) and (2-10), we have expanded the 
electron momenta at the Fermi top and set the number operator Nx to be unity whithin 


the Fermi sphere. Though the expression of the denominator of (5-1) is different from 
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that of (2-13), the maximum frequency obtained from (5-1) becomes identical with 
(2-14) up to the second order term. From (5-2) we get (2-10) by setting K involved 
in the denominator to be the Fermi top value. We can say the same thing with the 
transformation function and the true transformation function is obtained in dee chewe by 
this rule of replacing as already mentioned in Section 4. 

The second assumption is effective in dealing with the transformation which is ex- 


plicitely written in the form 


U(0, — 00) =1=F SMH Pe V xy [Be/ | O/m) (KB) —0(8) | 


+ B*,/} (6/m) (K-k) +a(k) §], (73) 
where the creation and the destructicn cperators are defined by 
ga= (6/200 (8)? (BE, +B)» pr=i(bo(h)/2)'" (BE-B.), (5-4) 


As was already shown by Kitano and Nakano,’” in the second order perturbation energy 


there appear such terms as 
late) M(k’) /2b)[} (b/m) (K+ (k/2)) ka (k) § 
— { (b/m) (K—# + (k/2)) kt (8) 67) Pe Pens Be By 
which take account of the inelastic scattering of phonons. These terms are ignored in our 
approximation, which would be justified if the wave function do not change abruptly from 
point to point in the momentum space. In fact, for such wave functions @’s, we may 


consider that 
a (Pam P xs copy — PEF xx) P=0. (28) 


If the summation were carried out over the whole space it would vanish completely, but, 
in general, it is not zero and there survive terms with their momenta in the neighborhood 
of the Fermi surface. Even in this neighborhood, we assume that the wave functions are 
unchanged against small translations so that (5-6) is satisfied with a sufficient accuracy. 

These assumptions require some weakness of the interaction energy and the interaction 
to be long-range. In other words, the fourier coefficient of the interaction potential becomes 
small as the wave number increases, therefore the wave functions with distant wave numbers 
are not combined with one another. In this respect some questions are left about the 
electron-lattice interaction, in which excitations with large wave numbers might be important. 

The Coulomb interaction might make some contribution to Frohlich’s theory. Introduc- 
ing the Coulomb interaction,» it has been shown that the upper limit of Fréhlich’s condi- 
tion is pushed up to the value of 1/2+A(k), A(k) = (e/k)°?(37.N,/VC), after making some 
elementary manipulations. For the cut-off wave number, the allowable range of »F is 
shifted from 1/2 to a certain value larger than one. For Na, /(&,) =0.8, and for Zn, 
A(k,) =0.6. As is shown by this calculation the Coulomb interaction acts to increase the 
stability of the atomic lattice. 

To the problems where the excitations associated with large wave numbers become 


important, the theory of sound waves is inapplicable. In fact, as pointed out by Schafroth,” 


it fails to give the diamagnetism. But it is always possible in our theory to come beck 
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to the usual treatment through the transformation function and to obtain the diamagnetism. 
The screening interaction of electrons and the mesonic interaction of nucleons are out of 
the limit of the applicability. But, even in these problems, the idea of the sound approxi- 
mation™ will be useful in the evaluation of the transformation function (see Appendix II). 

The author thanks Professor Husimi for his interest in this problem and he is indebt- 
ed much to Dr. Nakano and Mr. Kitano for the discussions. He sincerely appreciates the 
valuable discussions and the kind informations of Professor Tomonaga and of Professor 


Wentzel during the early stages of the work. 


Appendix I 
The second order derivative of the density matrix is expressed by 
°y (K, k) /8+ (b/m)?(K-k)29 (K, k) 
= (1/m) (K-4) 169) Jp (—9) 19 (K—4/2, k+-9) —9 (K+9/2, k+-9) SL 
== (17m) SG) lla-i(—9 'g(K—q/2, k+-q) —9 (K+q/2, k+9) SIL 
+ (1/m) S36) ][(k-+4) «| (K—4/2) (K—9/2, +9) 


— (K+q/2) 9(K+4/2, k+9) }e(— JL 
— eC Ba ib a e(—p) 1g (K—q/2+p/2, k+4q4+p) 


+9(K+q/2—p/2, k+q+p) 
—9(K+q/2+p/2, k+-q+p) —9 (K—q/2—p/2, k+q+p)sJUJL, (A+1+1) 
j(q) = 0/m) 31 Q0-an Poem 
where the notation |{AB]| means (AB+BA)/2. If we restrict ourselves to such states 
as subject to the condition (5-6), we have only to do with the following terms 


(1/m) (K-k) G(R) [p(k fg (K+/2, 0) —9 (K—k/2, 0) §][ 
— (1/6) G(b) J[k-j® 1g (K+4/2, 0) 
9K Ay2, 0) NIT G/2m) 35G(g) (hg) -alLig K—9/2, bE) 
+9(K+q/2, k+q) \o(—q) ][- (A+1-2) 
The last term is negligible since we are considering that the magnitude of k and q are 
small compared with k, The second term can also be ignored, since both & and j(k) are 


small quantities and k, j(k) is set to be zero, and finally summing up (A:1-1) with 


respect to k over the cylindrical surface mentioned in Section 2, we are led to the equation 
‘eayer 


Appendix II. Unitary transformation 


We have obtained in Section 2 a set of normal coordinates. The transformation of 


the set of normal coordinates is equivalent to an eigenvalue problem of the following 
quadratic form 
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¥(K) = DICE XE + (1/2) 33 (stN,N,/m*)'P LG (k) XX. (A-2-1) 


Therefore the transformation matrix is given by 


Ua (k) =a, (LSN,) 9" /m'” (wo? — Fes") , (A+2-2) 

_ and the normalization factor is determined by the unitarity condition such as 
1= 31." L5N,/m(o*— Be)", (A-2-3) 
a, = (m/N) "a! for “Waa. (A-2-4) 


Appendix Ill. Correlation energy 
By the sound approximation we can estimate the correlation energy of metallic electrons 
which is defined by 
Ccorr. =E, —E, ae 2 EM 5) (A-3-1) 
where E, is the ground-state energy and E, is the well-known Fermi energy. The exchange 
energy of the Hartree-Fock approximation Ex,cn, is given by 
Ee pte — 0.458 € Ty; (A-3-2) 
in which r, is the atomic radius. 
The expression of the perturbation energy corresponding to (4-24) reads (see (6-22), 
Section 6 of I”) 
(4E) = (1/2) oF G(k) {E+ Dr(b) 7 Nx(l1—Nxoa) — (27Ne?/VE ) Nxl> 


(A-3-3) 
Dx(k) =D) =? (Wt tanh?) , (A-3-4) 
R30, | Dea f= (K-k) pizim/ ko ll > (A-3:5) 


which is divided into two parts; the self-energy ¢, and the exchange energy €excn., hence 
the correlation energy in question is given by 

Cusunmatest Cexcn Berens s (A +3 6) 

Concerning the self-energy the calculation is straightforward and we get 
= (2ne/VN) SIDE + Da @® }2— (1/8) Nx 
kh K€ 
1 oo 
= (—#e/27) [de] X( RECO el 


—1 0 
= (—Jé/22) fax [eax] X X(0)de, (A-3-7) 
ON aa” Pert =20, ty, 0.83. (A-3-8) 
The integration over ¢ results in 


e, ~— (t,/2) eA (1) dy=— 1.13 H etg. » (A:-3-9) 


ot 
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within errors of as much as 3 percent. 
The expression of the exchange energy resembles that of the screening interaction 


studied by Macke” and Wohlfarth.’” Here we examine their results by performing the 


following integration 


ko Ko K+) 
oN | 4nK°dK | (22/K) K' dK’ \ kG(h) dk, G(k) =4re/V(E +2). 
0 0 \K- KK" 


(A- 3-10) 


For an electron of wave number K, the energy is given by 


°k 1 (/1—¥+P (1+x)?+P af 1+x 
OO {2+ 3 ( . )in ee —2/ tan (- =) 
—2/ tan7! (+=) ; (A-3-11) 


x=K/k,, [=1/ky, 


which is of the same form as that obtained by Wohlfarth. The integration over K yields 


3e"h, Ls ye, ~2 4 fon 
a sf P — }In(1+4/-*) ——_l ——}}. 
“a 4n p 6 +( Teepe de ty? ee ( l } 


(A-3-+12) 


However, in our case, / is not a constant value and it depends on ¢. The calculation is 
simplified by taking the average concerning the magnitude of the momentum and the rela- 
tive direction ¢t. The exchange energy is obtained by setting P= ()=#({X(t)*) /ho= 
#/2k, in (A+3-+12). In the sound approximation the self-energy has been over estimated 
since the magnitudes of electron wave numbers are assumed to be the Fermi-t>p value. 
Therefore the true energy value will be smaller than (A-3-9) by the amount of order 
1/4. The correlation energies of Li, Na and Cs are listed in the following table. 


Table A+1 
| | j ik | e | e€ 
oy 1/s + pe s | ae pene Corr. “COUT: me 
To Clay es 1&s €exch. | E xch €corr. | (Pines) (Wigner) 13) 
Li 172 0.82 — 4.05 — 1.10 | — 3.80 —1,.4 —1-01 — 0.94 
Na 2.10 0.91 — 3.72 — 0.80 —3.11 —1.4 —0.92 — 0.86 
(By 3.04 1.09 — 3.05 —0.08 | —2.16 —1.0 —0.81 — O73 
unit A A-l ceva) ; 


We have calculated the higher-order correlation energy which does involve the corrclation of 
antiparallel spins, which was obtained in I by Tomenaga’s theory. The correlziion of 
antiparallel spins is not only involved in the self-energy e,, but responsible for some part 
of the change in the Hartree-Fock exchange energy Ey... The other part of this change 
comes from the correlation of parallel spins due to the Coulomb interaction. These corre- 


lation effects reduce the exchange energy cooperatively. 


The first assumption of the sound approximation will be justified if the excitation 
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kinetic energy, the upper limit of which is given by e...., for the lowest state, is smaller 
than a critical value. In the three dimensional case, there appears the variable ¢ and the 
major contribution to e.», comes from the region of ¢ between 0.5 and 0.83, therefore 
we can find that the critical value lies between 0.2E, and 0.8E,. The correlation energies 


obtained are about 0.5E, so that we can say our problem is whithin the limit of the 
applicability. 
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Note added in proof Recently, after this paper was submitted, Prof. Tomonaga (Prog, Theor. Phys. 13: 
(1955), 467, 482) has presented a general theory of the collective description. Our method of auxiliary 
variables given in Section 3 has some parallelism with this theory. Instead of applying the random phase 
approximation of Bohm or our second assumption mentioned in Section 5, he has introduced the statistical 
concept of the mean deviation of an operator. This concept was useful in the hydrodycamical description 
of quantum mechanics in estimating errors arising from the anharmonic terms’) (see also Proc. International 
Conference Theoret. Phys. Kyoto, 1953, p. 901). In Tomonaga’s theory, the orthogonality of the collective 
variable to the internal variable is of impotence, while in our method there appears the problem of the 
subsidiary condition and all the wave functions are required to satisfy the subsidiary condition. However, 
in practice, it will sometimes be more convenient to make a device to solve the eigenvalue problem 
regardless with the subsidiary condition. In this respect, we have proposed to adopt another second trans- 
formation Uo/=U>U! instead of U2. Then the transformed hamiltonian, say H;z.q., becomes commutative 
with both £, and o,. This fact represents that Hy;.q. is written solely in terms of the internal variables 
which are orthogonal to the collective variables as has been achieved in Tomonaga’s theory. The proof for 


this is given by the following equations : 
U=U,UcUy, [U, &]=— (Ent qa) U, (U4, 2) =U Ente)» (Us ox] =— Catia U, 
[U+, 0%] =Uoxtpx), 
therefore 


[UMU, &%] = [U4M1U, ox] =0. Q.E.D: 


We have been able to show how the orthogonality of variables emphasized by Tomonaga is reflected in the 


method of auxiliary variables. 


ay) 
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Properties of the second order nuclear potentials derived from the symmetrical pseudoscalar meson 
theory are examined with respect to such phenomena that the fourth and higher order nuclear forces 
do not take a serious role. Informations originating from p—p scattering at low and intermediate 
energies furnish a strong confirmation of the second order potentials. Corrections which are required 
to the second order potentials by the experimental data are estimated and are found to be not inconsis- 
tent with the fourth order potentials. 


§ 1. Introduction 


Since the type of the z-meson was found to be pseudoscalar, nuclear forces between 
two nucleons have been given in various ways, adopting the symmetrical pseudoscalar meson 
theory. It has been made clear that the fourth order nuclear potentials in the static ap- 
proximation are stronger than the second order ones inside the meson Compton wave length 
ie., 1.40107" cm”. It has also been estimated that the sixth order nuclear potentials 
take a serious role when the inter-nucleon distance x in the unit of the meson Compton 
wave length is smaller than 0.6.” In this region, involved effect due to multiple scattering”, 
effect due to simultaneous presence of three or more mesons none of which are emitted 
or absorbed by the same nucleon”, non-static corrections”, and so on, are also large and the 
neglect of them is not justified. 

On the other hand, properties of the static second and fourth order potentials in the 
region x>0.6 have been analyzed according to the so-called ‘‘ Taketani principle’, which 
si quite useful in such circumstances.” 

The nuclear potentials constructed from the symmetrical pseudoscalar meson theory are 
almost the same whether the coupling type is pseudoscalar or pseudovector, as far as the 
region x>0.6 is concerned, if the effects of the nucleon pair formation appearing in the 
former case are reduced by some causes, e.g., by the radiative effects. However, different 
methods to derive the nuclear forces give different potential shapes for either of the coupl- 
ing types. 

TMO potentials” are the results of one extreme method of derivation. In this method, 
the dissociation probability, P,,, representing the probability of the system to be in the 
states where one or more mesons are Present is approximated by the perturbation method 
up to the second order and becomes much larger than unity when the two nucleons come 
very close together. The potentials derived by the other extreme method are BW poten- 
tials” where P, is irrespective of the inter-nucleon distance and vanishes identically.” It 
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is to be noted that the difference between TMO and BW potentials is of the fourth or 

higher order. However, both TMO potentials and BW potentials can reproduce experi- 
mental data qualitatively. Therefore FST potentials,” which restrict the dissociation proba- 
bility t2 0 < P, <1, are also expected to be the case. 

Thus, it has been well known that the meson-theoretical nuclear forces have very 
suitable characteristics to fit the experimental data of the two-nucleon system qualitatively. 
However, if one wants to go a step further into a quantitative treatment of the nuclear 
force problems, one encounters many obstacles to be surmounted. For instance, how should 
one treat the difference in the fourth order potentials originating from every different method 
to construct the potentials? Or is it possible to draw any quantitative conclusions on the 
meson-theoretical nuclear forces in the region x>0.6 without being obscured by their uncer- 
tainties in the region x< 0.6? 

It is highly desirable to exploit the meson-theoretical nuclear forces as quantitatively 
as possible, avoiding the obstacles described above. In this paper we investigate from ex- 
perimental data to what extent the second order potentials are reliable in the region x>1. 
Furthermore we compare qualitatively the experimentally required corrections to the second 
order potentials with the fourth and higher order potentials. As will be shown in Sec. 2, 
the most suitable experiment for this purpose is the p-p scattering at low energy. The 
properties of the central forces are discussed in Sec. 3, comparing them with the p-p 
scattering experiment at 3.9 Mev, while those of the tensor forces are investigated in Sec. 4 
using the 18.3 Mev data. The questions above can now be answered in the affirmative on 
the basis of these results. Conclusions summarized in Sec. 5 furnish a strong confirmation 


of the symmetrical pseudoscalar meson theory. 


§2. General remarks on phenomenological analysis 


Many conclusions have been drawn concerning the properties of the meson-theoretical 
nuclear forces. First of all, let us see to what extent they are reliable qualitatively and to 
what extent they are confirmed quantitatively discriminating the contributions of the second 
order potentials from those of the higher order ones. 

At low energy, the second and fourth order nuclear forces derived from the meson 
theory reproduce the low energy parameters of both the triplet and the singlet states, with 
the coupling constant g?/4 of about 0.08%, if suitable phenomenological potentials inside 
x=0.6 are assumed?®?™, However, emphasis should be laid on the fact that all these 
parameters are defined mainly by the wave functions of the S-states, and are dependent, in 
consequence, on the shape and magnitude of the fourth order and the phenomenological 
inside potentials, as will be seen. 

According to a calculation of Blatt and Kalos’”, it is impossible to explain simultaneously 


all the low energy data assuming the second order potentials alone. This is also the case 


*) g?/4x is the coupling constant with the pseudovector coupling. It is related to the equivalent pseu- 
doscaler coupling constant G?/47 as g?/4n= (4/2M)* G"/4z. 
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no matter how a phenomenological attractive potential is added to the second order poten- 
tials, as far as the attractive potential is independent on the spin and t-spin operators. 
Actually, for g?/47~0.08, the second order potential of the singlet even state is too weak to 
reproduce the experimental data of the scattering length and the effective range at one time. 
A strong attraction of the fourth order in this state is expected to play an important role. 

For BW potentials, it is known from a calculation that various deuteron parameters 
are dependent on the strength of the inside phenomenological tensor potential". For TMO 
potentials a large cut off of the attractive nature for the central potential is necessary for 
the deuteron to be bound”. 

Thus, low energy parameters are connected with the second order potentials as well as 
with the fourth order and the phenomenological inside potentials. 

There exists, however, one exception that is attributable mainly to the second order 
potentials alone. Namely, a slight difference between the experimental values of the n-p 
and p-p singlet effective range can be explained by the mass difference between 7=- and 
z°-mesons™. If one attributes this difference to some interactions effective when two nucleons 
come very close together, it seems that one can not help assuming they are very singular, 
which can hardly be justified.” However, as the problem of the mass difference itself is 
very involved, it seems to be premature to conclude the validity of the meson-theoretical 
nuclear forces from this fact alone. 

At intermediate energy the meson-theoretical potentials can also reproduce both n—p 
9)10)11)15) 


and p-p scattering data qualitatively’ which is mainly due to their following pro- 


perties. 

The singlet odd potential is repulsive, while the averaged effect of the triplet odd 
potentials is attractive. The effects of these two states cancel each other, resulting in the 
n—p angular distribution that is nearly symmetric about 90°”. However, if only the second 
order potentials are assumed, large backward n-—p scattering arises actually owing to the 
operator (T,-T,) (0,-0,) which makes both the singlet and triplet odd central forces re- 
pulsive. So, the fourth order central potential in the triplet odd state is expected to play 
an important role. The total cross section of the n—p scattering is reduced to the experi- 
mental value when BW potentials are adopted if suitable phenomenological potentials inside 
x=0.6 are assumed""), while all of the phenomenological potentials proposed so far re- 
produce too large ones. However, the total cross section is also very sensitive to the para- 
meters of the inside potentials". 


On the other hand, the p-p scattering experimental data restrict the triplet odd 


state potentials such that the central force is very weak and the tensor force is not so 


strong as the other state ones. Actually the meson-theoretical potentials averaged over x 


have the above required properties”. As the second order potentials are in general very 


weak compared with the fourth order ones, the singlet even state potential has a quite short 
range. The meson-theorctical singlet D-wave phase shift is much smaller than those due 


to the usual phenomenological potentials. This is mainly due to the properties of the 


second order potential and is fitting to the isotropic p-p angular distribution”. The 


above two facts are favourable to the meson theory, though the quaniitative comparison is 
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of course impossible. 

Recently, the pseudoscalar meson-theoretical potentials have been applied to some problems 
of nuclei other than deuteron”. These results are indeed interesting, but to discuss about 
them is outside the scope of this paper, as no conclusive knowledge about two-body nuclear 
forces can be got from them. 

It follows from the remarks above that there are many facts indicating the qualitative 
validity of the meson theory of nuclear forces. At the same time one finds that the quan- 
titative knowledge about it is rather poor. 

In order to push the theory forward so that it can be treated quantitatively, it is 
highly desirable to investigate its predictions with respect to such phenomena that the fourth 
order and the phenomenological inside potentials are not definitely effective. 

As S-waves are distorted by the second order potential as well as by the higher 
order ones, their properties are not suitable for our purpose. So it is interesting to inquire 
into the properties of the P-waves at energy as low as one can. However, the n—p scatter- 
ing is not useful because P-waves interfere with S-waves which are of phenomenological 
nature. On the contrary, the triplet P-waves in the p-p scattering distorted by the nuclear 
forces interfere with the well known Coulomb force scattering, which is quite favourable to 
our analysis. 

The presence of non-central forces separates the triplet P-wave phase shift into three. 
This makes the analysis very complicated. First we study the properties of the central 
force from the averaged P-wave phase shift at 3.9 Mev where the effect of the tensor 
force can be replaced safely by an equivalent central force. Then we investigate the pro- 
perties of the tensor force from the p-p scattering at 18.3 Mev. In this energy region, 
the angular distribution is determined mainly by each of the three P-wave phase shifts 
which can no longer be replaced by an equivalent central phase shift without contradiction 
if the tensor force is as strong as the meson-theoretical one. The impact parameters of the 
P-wave, the inverse of the wave number in the unit of the meson Compton wave length, are 
about 3.3 and 1.5 at 3.9 and 18.3 Mev respectively. These parameters are very useful,” 
so the P-waves are not so much affected by the potentials in the region x<1 where the 


fourth order potentials are important. 


§ 3. The central force* 


The differential scattering cross section for p—p scattering in the center of mass system 


can be expressed as follows ; 
do,» (9) [d2=do you/ d+ 'doy/d2 +"do yo/d2 + °do y/d2 +*doxo/d2, (1) 


where the first term doy,,/d2 gives the pure Coulomb scattering, the second term is due 
to the nuclear force of the singlet even state and the third term the interference between 
that and the Coulomb force. The fourth and the fifth terms for the triplet odd state 


correspond just to the second and the third terms for the singlet even state. 


*) Some part of the results in this section has been published already in this journal, reference 18. 
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When non-central forces are present the triplet P-wave phase shift is separated into 
three, ie., "0,’, J=0, 1, 2 denoting the total angular momentum. %do-y/d2 and “do yo/d2 


are eel by them as follows’; 


%do ,/d2= (3/k) (C,+C, cos’ A), (2) 
where k is the wave number in the center of mass system and 
C,= (1/3) (sin °0,°)?+ (3/4) (sin °0,')?+ (13/12) (sin *0,°)? 
— (2/3) sin °0,° sin °0? cos (°0,°—*0,*) — (3/2) sin *0,' sin be cos (70,'—*0,°), (2’) 
C,= (3/4) (sin 90,1)? + (7/4) (sin °0,7)?+ 2 sin °0,° sin °0,° cos (70,°—*0,° 
+ (9/2) sin °0,' sin *0,° cos (70,'—*0,°), (2) 
and 
"do yo/d2= (1/4) (n/F) {(—cesec’ (9/2) cos 9,°+ sec’ (4/2) cos ¢,°) 
X (sin 2°0,°+ 3 sin 2 °0,'+-5 sin 2 *0,°) 
+ (cosec? (9/2) sin ¢,'—<sec” (0/2) sin ¢,°) (9 —cos 2 *0,°—3 cos 2°0,;’—5 cos 2°0,")} cos 0, 
where (3) 
4=e'/bv, v being the relative velocity, 


=—1 
> 


4 


o,—o,=tan 
¢,°;=27 In sin (0/2) +2(o,—0), ¢,°=27 In cos(4/2) +2(o,—9,). 
When a central force alone is present, they are much simplified and expressed in terms 
of one P-wave phase shift 4 alone as follows ; 
*doy/d2 = (27/k) (sin 4)? cos* 6, 
"do yo/ dO = (9/2) (n/H) {sec (0/2) sind cos (4-+¢,°) (4) 
—cosec’ (4/2) sin J cos(4+¢,°)} cos 0. 


Expanding eqs. (2), (2’), (2’"), (3) and (4) under the assumption of small *0,” and 4, 
and comparing their first order terms with each other, one finds that, if the relation 


4= (1/9) (70,°+ 3°0,'+570,7) (5) 


is satisfied, a central and a non-central forces, combined to reproduce *0,”, are equivalent to 
another fictitious central force reproducing 4 given by eq. (5)* 

The p-p scattering at low energy determines at best this J. According to the accurate 
results of Wisconsin University, d is definitely negative”, of which the experimental value 
only at 4.203 Mev is not entirely consistent with the other six ones in its magnitude be- 
of the experimental d’fficulties. The dependence of J on energy at the other six 

ata from 1.855 to 3.899 Mev is consistent in the 
pare the theoretical results with J=—0.109 + Reba en wick 
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The definite information, that J is negative at low energy, originating from the p—p 
scattering data, is particularly significant. In the zero energy limit, the algebraic relations, 


*0,7 (exact) >*0,7(Born approximation), (6) 
so that A(exact) > 4(Born approximation), (A 


are proved if each potential effective to each *0,” is Positive or negative definite"”. So at 
such a low energy, eq. (7) may well hold too. On the other hand, 4(Born approxima- 
tion) is determined by the central force alone, even though non-central forces are pzesent, 
whether they are tensor type or velocity-dependent type such as L-(o,+0,), L denoting 
the relative orbital angular momentum. Thus J provides clues concerning the central force 
V, of the triplet odd state. The integral — (?x°V, (x) jr (xkb/ic)dx must be negative in 
order to make 4 (Born approximation) negative, which is a necessary, but not a sufficient 
condition for J(exact) to be negative by eq. (7). Namely V., must be repulsive as a whole. 

The symmetrical pseudoscalar meson theory predicts the same second order nuclear 


potential irrespective of the methods to construct them, ice., 


ees tne eT Vi (8) 
where VV = (1/3) (97/42) 2 (t,-T,) (0, °C») oY ie (9) 
V© = (1/3) (9°/47) pt (t+ Te) (LA 3/x+3/x°) e-?/x. (10) 


V. is repulsive in the triplet odd state, though it is not so strong owing to the eigen- 
value (7,:T,) (0,°G,) =1 in this state. 

In this way, our attention is focused on two problems. Firstly, does this second order 
slight repulsive central force reproduce negative 4, overwhelming the contributions from the 
fourth and the higher terms and from the tensor potential which is effective to make 4 
positive ? Second, if so, how will be the numerical comparison with the experimental data? 

To see the contribution from the second order potentials clearly, we take into account 
only V,°+5,.V, at the first step cutting them all to be zero in the region x<1. For 
g°/4z=0.10, we have *0,°=1.502°, *0,.= —0.694° and *0,?= —0.280°. They result in a 
negative 4=—0.207°. The practical error coming from the approximation (5) is estimated 
in the Appendix, which is far less than 30%. 

The result described above shows that even the weak central repulsion of the second 
order is repulsive enough to reproduce a negative 4 and that an attraction must be added 
to it. Then, how much is the order of magnitude of this attraction? 

When this attraction is approximated by a square well with its range X and its depth 
W., which is superposed on V,, the results for g°/47—0.08 are listed in Table 1 using the 
Born approximation for W,. The magnitude of V, corresponding to each X is also shown. 
We see from this Table and Fig. 1 that the additional attraction must not cancel the re- 
pulsion of V.° in the region x = 3 and that it may be rather strong if confined in the 
region of small x. This is quite natural as the impact parameter of the P-wave at 3.9 
Mev is about 3.3. The importance of the repulsion in the region x 3 is confirmed also 
from the fact that °0°=—0.280° is negative. The potential effective for this state is V,“° 
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—0.4V,, and is attractive all the while in the region x<2.732 and repulsive only 


outside it. It is this latter repulsion that makes °0,” negative. 


Table 1. The added attraction to V2) of the range X and the depth W,. V, at each X is 


also shown. 
EER 


Be 1.0 | 2.0 3.0 
W,. (Mev) —2) 5—- A616 =073—— toe FA Re 
V,. (Mev) 1.38 0.254 5.01072 


LL 


BW 


Symmetrical pseudoscalar — meson-theoretical 
central potential of the triplet odd state with 


9° /47=0.08. 
2 : The secerd order potential. 
TMO: The second plus fourth order potential of 
- TMO. 
EW : The second plus fourth order potential of 
BW. 
6 : Main terms of the sixth order potential®). 
NS_: Non-static correction of the fourth order®). 
W, : Phenomenological correction to the second 


order central potential. 


The values of J obtained when the additional attraction is assumed to be the fourth 
order TMO or BW central potential are listed in the Table of reference 18 and are in 
good agreement with the experiment, e.g., J=—0.14° or —0.10° according as the TMO 
or BW second plus fourth order potentials are adopted in the region x> 0.3. It is a 
little unfortunate for inquiring into its detailed properties further that this fourth order 
potential is not so large as those of the other states, owing to an unexpected cancellation 
of various terms composing it and, in consequence, it is rather smaller than the non-static 


) 


fourth order corrections” or the sixth order ones” even in the region x=1~0.6 in this 


state alone as shown in Fig. 1 2. 
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Thus it is summarized that the effect of the second order central potentials may well 


Mev Mev 
50 5 


Symmetrical pseudoscalar meson-theoretical 


Wi 
‘ tensor potential of the triplet odd state with 
¥F /4z=0.08. 
2 : The second order potential. 
TMO: The second plus fourth order potential 
of TMO. 
BW : The second plus fourth order potential 
— 50 of BW. 
6 : Main terms of the sixth order potential”) 
NS_: Non-static correction of the fourth 
order”. 
W, : Phenomenological correction to the 


second order tensor potential. 


be present and may well be a main contributing factor to negative 4d, and that the neces- 
sary additional attraction has a short range and is of the same order of magnitude as the 
TMO or BW fourth order central potential. The properties of the tensor force will be 
examined in the next section. It is of particular interest to note that the negative 4 is 
unfavourable to usual phenomenological potentials proposed so far, for though it requires the 
exchange character of about (0.38-++0.62P,), Ps denoting the space exchange operator”, 
the usual phenomenological potentials have too weak interactions in the odd states. This 


again confirms the superiority of the meson theory of nuclear forces. 


§4. The tensor force 


When the tensor force in the triplet odd state is much stronger than the central force, 


the former almost determines the triplet p-p scattering amplitude in the intermediate energy 
This is just the case at 18.3 Mev for the meson-theoretical nuclear forces. Namely 


region. 
is not justified and use must be made of 


the neglect of the terms proportional to (70,7 Ne 
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. (2)~(3) instead of eqs. (4) and (5). 

We have already known from the analysis of OF" how the triplet scattering "do y/d2 
+%doyo/d2 is at 18.3 Mev provided the singlet even potential is assumed to be TMO or 
BW one, which is quite similar to each other in this state. It is worth noting that the 
results of OF remain valid, even though the singlet even potential is not the meson- 
theoretical one. It is the purpose of this section to see to what extent the meson-theoretical 
tensor force explains the p-p scattering experiment in detail, making use of the results of OF. 

For the central potential, adopt V,'” and the additional attraction of the range 1. 
Namely it has the shape 


V, (meson-theoretical) eae 


(a phenomenological constant) ge ae (e 
And correspondingly, adopt for the tensor potential. 


V,°  (meson-theoretical) nee be 
V.= (32) 

W, (a phenomenological constant) tae 
We have now much information about the central potential V,~ and W,. On the other 
hand, it seems to be quite natural from the preceding results to assume the Spas a of 
the meson-theoretical tensor potential of the second order V,'. In the region x >1, V, 
is expected to be a good approximation for the meson-thcoretical tensor cert <a as can be 
seen from Fig. 2. Then we will estimate the magnitude of W, that is permitted by the 
experimental data following the analysis of OF. The magnitude of W, thus obtained will 
give some information about the higher order tensor potential. 


The results in the case of g°/4%=0.08 are tabulated in Table 2. The permitted 


Table 2. The sets of HW, and Ji7,, and the phase shifts °0;7 due to them. The values of the 


parameters permitted by the experiment are; O<Cy < 0.027, 0<Ci:<0.01, —0.018< D< 0.006. 
(See the reference OF!), Table IV. D is identical with 4 there.) 


nn 


Ww “o(Mev) | W (Mev) 39,0 39,1 39,2 Gh iG D 
22.5 16.9 15.53 aD 0.92 0.026 0.008 ~0.012 
0.0 8.94 Set, 0.80 0.011 0.004 0.000 
—42.4 5.10 0126 0.46 0.003 0.C01 —0.011 
ar: 4.70 0.00 0.43 0.002 0.001 —0.023 
—34.6 14.8 16.33 —3.78 1.20 0.028 0.010 —0.018 
0.0 9.57 —3.44 1.03 0.012 0.004 —0.007 
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region of W, is from 17 to —50 Mev. As can be seen from Fig. 2, this shows that V7,” 
must be reduced in the region x<1, whose deviation is in the direction as one would ex- 
pect it to be, comparing with V,°(TMO) or V, (BW). Its magnitude is not inconsis- 
tent with them as can be seen from the numerical comparison summarized in Table 3, 
though nothing quantitative can be said owing to the large uncertainty for the permitted 
W,, which is entailed by the experimental errors of p-p scattering, the uncertainty of 


"do y/d2+'doy,/dQ2 and that of W,. 


Table 3. A crude comparison of the phenomenological correction W7,—V, with V,“ (TMO) 
foe) 1 
or V,“ (BW) is made. Namely the ratio of the integral \ Vi SOx dx to 1=| W, 
0 


é 
—V,) x 7? dx is estimated. ii xh ) where & is the wave number at 18.3 Mev. 
pec 


o 


W,=17 Mev V,Y% (IMO) x? 7? dx/I=1.0 


0,59 


J 
MZ (BW) x2 72 dx/I=1.0 


"V,(TMO) 22 j? dx/I=0.27 
0.8 
“V,.@ (BW) 22 7? dx/T=0.20 


0.3 


W,=—50 Mev 


It would be safe to say from the results above that V7, itself is confirmed to be 
quite reliable in the region x>1. When the condition 17 Mev >W,>—50 Mev is satis- 
fied, which is not inconsistent with V,° (TMO) or V,° (BW), V, can reproduce the 
experimental data. If the assumption of V, there is false, W, is expected to differ much 
from the meson-theoretical tensor potential reduced to their average over x in the region 
x<1, as the effect due to a small deviation of V, from the actual potential shape in the 
region x>1 can be cancelled only by a quite large change of W, in the region x<1 at 
such energy. 

Small variation of g°/42 would not alter these results. If a very large L-S forces of 
the fourth or higher order are present, about which we do not know precisely now, the 


resultant W, would more or less be different. 


§ 5. Conclusions 


The properties of the second order meson-theoretical potentials V.°+S,,V,° in the 
triplet odd state have been examined, by comparing them with such phenomena that the 
fourth or higher order contributions do not give serious effects. 

The analysis at low energy gives the principal support to Vi. Te is the main con- 
tributing factor to the negative d. We can also draw inference therefrom that an attraction 
of rather short range must be added, which has the same order of magnitude with the 
fourth order central potential in TMO or BW treatment. 

The analysis at 18.3 Mev shows that V7,” is quite reliable qualitatively and that it 
is reduced in the region x<1 by a correction term. This tendency agrees well with the 
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meson-theoretical tensor force, though nothing quantitative can be said owing to the large 
uncertainty in W,. 

These facts furnish a strong confirmation of the validity of the second order potentials 
in the region x>1, whose coupling constant 7°/47 is about 0.08 and constitute a spectacular 
success of the meson theory of nuclear force. Particularly, they suggest that a quantitative 
treatment of this theory will become much more significant. 

As was stated in Sec. 2, the singlet D-wave phase shift due to the meson-theoretical 
potential is expected to be very small compared with the usual phenomenological ones. If 
one can determine it from scattering experiments at as low energy as he can, it might 
afford another good criterion to the meson theory of nuclear force. 

The authors wish to express their gratitude to Prof. M. Taketani for his wise criticism. 
They are also grateful to Prof. M. Kobayasi, Prof. S. Takagi, Messrs. W. Watari, J. Iwadare, 


and colleasues of the laboratory for their discussions and encouragement. 


Appendix 


An estimation of the terms proportional to ('7,7)’. 


In Sec. 3, the effects of the central and tensor force giving rise to “do,/d2 and “doye/d2 
have been approximated as if a central force yielding one phase shift J given by eq. (5) 
is present alone. We examine whether the errors caused by this approximation take serious 
effect on determining the J from the experimental angular distribution. If so we have 
to campare the angular distribution due to *0,” with raw materials of the experiments, without 
resorting to J of eq. (5). 

The angular distribution of p—p scattering experiment at low energy deviates from that 
assuming only ‘S-wave, if “P-waves take part in it. This P-wave anomaly is appreciable in 

: ° : 3) 2 
the oe @< 30°. Can the terms proportional to (*0,”)° be safely neglected there com- 
pared with the terms proportional to *0,7? 
From eqs. (2)~(5), we find: 
The term (1/k")a,(@), proportional to “0,7 or J is 


a,(0) =f(@) x (sin 2 *0,"+-3 sin 2 *0,'+5 sin 2 °0,°) : non-central, 


| (A-1) 
9 sin 24 : central alone, 
Wier FCT) 74) (et ere pene 0. 
( sin” (0/2) cos? (0/2) ) aa 
The terms (1/k’)a,(0) and (1/k*)a’,(9), proportional to (°0,”)° and 2 are 
2510 ano (0) x (9 —cos 2°03, —3 cos 2°0,'—5 cos 2 *0,") : non-central, 
“” (A-2) 
18 sin? 4 : central alon, 


! = (4/4) (sin ge’ ___ sin 9 
where 9 (9) (n/4)(— (i/2) cos? (W/2) 


cos @, 
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: BAG, : non-central, 
and a.’ (@) =cos? 0X (A-3) 
27 sit Al : central alone, 


where C, is given by eq. (2’). 


The set of *0,7, whose magnitudes are the largest that we have calculated, is given in the 
case when VO=V +S, V,~ with g?/42=0.10 are assumed in the region x>1 and are 
cut to zero in the region x<1, and is given in Sec. 3. a,(@), a,(0) and a,/(@) obtained 
by these *0,”s on the one hand (suffix NC) and by assuming J alone on the other (suffix 
C) are tabulated in the Table. 

As the actual tensor force would not be so strong as that given above, the actual “0,’’s 
are estimated much smaller. Thus we can see from the Table that the effect of the 
neglected terms is far less than 30% and does not affect the main results. The same 
conclusion, that the improvement of the fit can not be obtained by inclusion of quadratic 


. 3) : . 
terms in “0,” is stated also in reference 22. 


Table 
I 
6 | 21(9) we a(%e 4.(9) vo a(9) ¢ | a/ (0) ye | a2'(0) | ratio 
10° | 0.7662 0.7673 — 0.0030 — 0.0003 0.0340 0.0004 0.039 
20° | 0.1544 0.1545 —0 0003 — 0.00003 0.0310 0.0004 0.195 
B0ee || 0.0774 0.0775 — 0.0001 — 0.0000, 0.0263 | 0.0003 0.334 


The ratio in the Table is f(a, + do se d9/) No (ay aa dot do/) ch}/ (ay + do PF do) (Oe 
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The intermediate-coupling theory is applied to the problem of the meson production in meson- 
nucleon collisions. Fer simplicity, the model used is a charged scalar meson field interacting with a 
fixed nucleon. The amplitudes of the ordinary scattering and the meson production are obtained in 


the “one-level approximation ”’. 


§ 1. Introduction and summary 


The intermediate-coupling theory has been formulated to exhibit its validity in a region 
of moderate coupling strength. The essential point of this theory consists in the distinc- 
tion of meson configurations between bound and unbound ones. Mesons in bound configura- 
tion are bound to the nucleon and make the so-called meson cloud around the nucleon. 
The various states of the meson cloud correspond to the various isobar levels of the nucleon. 
Mesons in unbound configurations, which are called “‘ s-mesons”, move in the outer space. 
When a meson collides with the nucleon, there arise the resonance-like interactions between 
the incident s-meson and the meson cloud. 

Actually in this case the “ one-level approximation ” is allowed; that is, only one 
nucleon level is excited in the course of the collision process. In the scattering problems 
hitherto treated the presence of more than one s-meson can be neglected. It seems that 
the one level approximation is closely connected with the neglect of two or more s-meson 


configurations and therefore the process of the double meson production cannot be treated 


in this approximation.” 


However, it is found that the one-level approximation has more contents than in the 
case of “Scattering Problem in the Intermediate-Coupling Theory, I” by Z. Maki, M. 
Sato and S. Tomonaga.” That is: though only one nucleon level is excited in the course 


of the collision process, this excited nucleon can fall down to any lower level. For instance, 


in 7 —p scattering problem using a charged scalar meson field the initial nucleon in the 


ground level absorbs a negative 7 meson and is excited to the third level from the ground. 
In case this excited nucleon falls down again to the ground level, the so-called ordinary 
M.S.T. When the energy of incident meson is enough ‘large, the 


scattering occurs like 
Namely the excited nucleon falls down to the 


double meson production will occur as follows : 
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sccond level and emits a positive ssmeson and if the second level is not stable, the nucleon 
in the second level falls still more down to the ground emitting a negative smeson. In this 
way there exist in the final state a nucleon in the ground level and two s-mesons. In the case 
of z*-p scattering problem by M. S. T., however, there is no need of the above considerations, 
the excited level being the next higher from the ground. 

Especially, for some values of the effective coupling constant V of the meson-nucleon 
interaction and the cut off momentum k,,, an isobar level is stable and hence a process of 
charge-exchange scattering occurs. Experimentally there exists no stable isobar level. From 
this fact we must impose a certain physical condition on the values of V and k,, in order 
to prohibit the existence of the stable isobar level. The model we used is but a toy. 
Even if we use a more realistic model, a similar feature will remain mutatis mutandis. 

Recently the cross-section of double meson production is experimentally ascertained to 
be comparatively large at 0.6 and 1.5 Gev". It seems that the relativistic effects are im- 
portant. But in the final state there are two mesons with comparatively low energy, for 
which the reaction effects are predominant. Thus the intermediate-coupling theory will be 
useful in this energy region. The calculations for the more realistic model compared with 


the experimental results will soon appear in this journal. 


§2. 2 -p collisions 


The formulation is almost the same as M.S.T. The only different point is that the 
model used is the charged scalar meson field instead of the charged longitudinal vector 
meson field in M.S.T. Accordingly the Hamiltonian of our system is of the form 


: H=Ky 2+ §KiA* a, ds+(|K,ys, B* by, ds’ + (Ky. 4,*A ds 
+4 Kyi. 6y.* B ds’ + |S (a,* a, +6,*b,) ds. (1) 
We have used the following abbreviations : 


Q= A‘ A+ BYB—V[ (A+ B*)c, + (A*+B)r_], 


A—Vz_=A, A*—V;,=A*, (2) 
B= Veo By i B* ewe BY 
and 
Ka=|g0" (k) Ky, (k) dks, 
Riss es (Is) Ke, (is) dk, (3) 
Ko= [er (I) K¢,(k) dk, 
with 
1 Ib ~s ( “Te aC SE eS, 
Po (Kk) TR RW ye Ke Kw? K=Vk'?4+/2 and S= Vs? + 2, (4) 
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and V=qK is the effective coupling constant and y the rest mass of 7-meson, ¢,(k) are 
determined by 


(KSethySah) \e0" (It) K ¢, (Ik) dh (5) 


with outgoing wave boundary condition and form a complete orthonormal set of functions 
together with @,(%). A(or B) and a,(or 6.) are the annihilation operators of positive (or 
negative) charged bound and unbound meson with wave vector s and satisfy the commuta- 
tion rclations 


(Area eB. Be ean 
[dy 5 dg* |=0(s—s’) etc. 


The first term of (1) describes the “clothed” nucleon and its possible isobars and must 
be treated numerically to determine the levels in Fig. 1. The last term of (1) is the 


Hamiltonian of the s-meson and the others are the interaction Hamiltonian of the clothed 


z nucleon and s-meson. They play an essential 
Coo 


role in our process, the term K,,, B*6,,, for 
example, describes the absorption of negative 


: s-meson with wave vector s’ and simulatane- 
0.488 N’(P’) 


ous transition of clothed nucleon. 


Here we restrict ourselves only to the 


(N’| B*|P) = B* (N-|A|N) =r 


problem of 7~—p collisions. As discussed 


in § 1, we must take account of three levels 
~0.156 N-(P*) ath : f 
indicated in Fig. 1. The process of the 
double meson production occurs in the follow- 
(N|B|N-) =e 
ing way: 
jee P(N) 1) The incident 2~ with wave vector p 

is absorbed by the proton thereby exciting 
— Koo it to the excited neutron level N’. This 


transition matrix element is denoted by (* 
2 Sear Bee 4 2) N’ falls down to the N~ isobar level 


emitting a positive smeson. This matrix 
element is y= (N7|A|N’). 
3) Subsequently N7 falls down to the ground level, with the matrix element a= (N|B|N-). 
The matrix element 7 is not much smaller than the other matrix elements ; for example 
7=0.558 for V?=1. Therefore we cannot neglect 7 in comparison with @ and fe We 
assign s or s’ for a positive or negative s-mesons and 0, 1, 2 for nucleon levels in the 


order of their energy values. The wave function of our system is given by 


P= $,|0> + (4,*is = ido-+|6 hs! = sds! + |” |ss’ > ods ds’, (6) 
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where @’s are the probability amplitudes and |>’s are the state vectors. For example, ¢,** 
means the probability amplitude of the state, represented by | ss’>, where the nucleon is 
in the ground level and there are two smesons. We put (6) into the Schrédinger equa- 


tion 
HE =EP, (7) 
and we get four integral equations as follows : 
(Koo 255—E,) +7 | Kos d,tds+ 2*| Koy go” ds’=0, (8) 
(S+ Koo 2,.—E,) O° +7 Kg 9 +. a*) Kos, inl ds'=0, (9) 
(S—E,) bo +8 Ker G. =0, (10) 
(S+S’ —E,) by°’ + akg ¢,°==0, (11) 


with E—Ky 2,=E, and 2, =2,—2), where 2, is the n-th eigenvalue of 2. 

Next we solve these equations under such boundary conditions that the initial state 
consists of a plane wave and a scattered wave and the final state only of outgoing waves. 
From (10), (11) we get 


93 = 0 (s’— py) —PR 1 0, (S’—E,) d's (10) 
G7?! = — AK gr 0, (S+S’—E,) 9;° eS) 
and substitute (10’) into (8). We obtain 
(K!20—Ey—| 81?) Kost Kero 54 (S’—E,) ds’) bo’ +7* | Kos G,° ds + 8* Ky, = 0. (8') 
Using the next relation (5-5’) in M.S.T., 
J Kosr Kg 0, (S’—E,) ds’=K,—E,—1/§0, (K—E,) 9,7 (k) dk, (12) 
we can rewrite the coefficient of ¢,° as follows ; 
K 9299 —Eg— |8 "(Ky —E,—1/Je,. (K-—E,) ¢y (k) dk) (13) 
=|p|?(+1(E,) F,(E,))/T(E,) 


with 
F, (Eo) =[Ko (220 ||") +E, (|8/?—1) 1/18)? (14) 
and 
I(E,) =§0,(K—E,)¢,2(k) dk. (15) 
The bracket term in the left side of (13) contains both real and imaginary parts. The 


former shows the energy shift of the level 2 through the smeson-nucleon interaction and 


the latter shows that the level 2 becomes unstable by emitting one s-meson. Then (8’) 
becomes 


IB) Fs (Eo) +1/I (Ey) ) $2 +7* | Kos $,° ds ++ 8*Kyp,=0. (8”’) 
Substituting (11’) into (9), we get 
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a| (F,(Q) +1/2(Q)) b°+7Keo 6° =0 (16) 

with 
F,(Q) =[Ko(210— |@*|) + Q(|a?| —1) ]/|a*| (17) 

and 
Q=E,—S. (18) 


It should be noted that the term 1+1(Q)F,(Q) may have a zero point because I(Q) 
is real for Q<yw. If 1+I(Q)F,(Q) has a zero point, the level 1 is stable. As regards 
this question, we shall discuss in § 4. Considering this fact we obtain from (16) 

b°= — (7/|@*|) Koo 1(Q) 6, (1+1(Q) F,(Q)) oe’, (19) 
and the substitution of (19) into (8/’) yields 


Go = — (8*/|B"|) Kop (1/X (Es) ) (20) 


9 
ae 


with 
X(E,) =F, (Ey) +1/T (Eo) — G/ VS Koo Koo 1(Q) 0, A+1(Q)Fi(Q)ds. (21) 
Finally we get from (19), (20), (10’) and (11’) 


9 
ae 


# 


b°= (78*/|a"||F°|) (Kopo/X (Ex)) Keo 1(Q) 8. (1+1(Q) F,(Q), (22) 

Go’ =0(s’ — po) + (Kopo/X (Eo) ) Kero 04 (S’—Ey), Ce 

goo! as (7/a@P) Ke Es) Kee eeneliQ) 0,(1+1(Q) F,(Q)) 0, aa ie: 2 ) 
24 


§ 3. Derivation of scattering amplitudes 


In §2 we obtained the amplitudes ¢,°’, ¢,° and ¢,°*’ in s-representation. As is 
shown in the Appendix there are general relations between the amplitudes in s-representa- 
tion and in k-representation. 

a) Ordianry scattering MN” +p—>7 +p. 

We get at once from (23) 


R°”* (py) = Koyo (Yo (Po) + Kopo/ X (Eo) ye (25) 


using the relations (5-2), (5-3) and (5-4) in M.S.T. When we put 7=0 and use 
a and 2, instead of P and @,., the expression (25) becomes just equal to (9-1) in 


M.S.T. 
b) Double meson production 7 + pon +7* +n. 


Using (A-6), we get 
eG K’) an (7/a) (Kopo/X (Eo) ) {Kox/ (1 +I(K) F,(K)) } I(K’) Kons (26) 


where K+ K’=E,. 
From (25), (26) we obtain the total cross-sections o°*(E,) and o7(E,) as follows: 


eg (E)) = (47°) : 4nE,’| Site (Y (Po) =F Koypo/ X (Eo) ) ie G7) 
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Fo- j 
o" (E,) = (47°)? (47)°(E,/py) | 7/3) (Kopo/X (Eo) ) (ak kK RRR’) Kon Kors 
X1/(14+1(K)F(K))|?. (28) 
The total cross-sections for two values of the cut off momentum : k,=4p and k,=6.65 4, 


are shown in Fic. 2. 


ordinary scattering scale 
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The results depend on the cut off momentum &,,. For k,,=4y the level 1 becomes 
stable and therefore the charge-exchange scattering occurs. 

In our model the total cross section of double meson production o” is not too small 
in comparison with that of ordinary scattering o””’. Moreover, for k,,=4y there is a 
maximum at E,~3.5y. The level distance between the level 0 and 2 is almost equal to 
3.54. At first sight the double meson production seems to be due to the resonance with 
the isobar level. But checking up the calculations, we find that the rise of the cross section 
is accidental. 

The curve of o”” has a sharp peak at Ey~1.24. The difference between our paper 


and M.S. T. is ascribed to the model: the charged scalar in our case and the charged 
longitudinal vector meson field in M.S.T. 


§4. Is the level N~ stable ? 


If 1+1(Q)F,(Q) has a zero point in the region Q<y, it happens that a positive 
meson is scattered out and then the level N~ is stable and cannot emit one more meson. 
Therefore the charge-exchange scattering 7~ + p—7*-++ N~ can arise. The amplitude R°” (p,) 
and the total cross-section o°"(E,) are given from (22) by 
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RE (p,) =i |aP8) (Rope XE) {Kon +1 (Q) Fi(Q))Y, (29) 
o°°°" (p,) = (42°) °47 (EgE, p,/po) |R°" (p,) |*, x) 


Were O=Ej—E, ‘and (1--f(Q)F,(Q))’=9 (1 FT) F,(Q)) /OQloam-m, and E, is the 
energy and p, is the momentum satisfying 1+I(E,—E,)F,(E,—E,)=0. The value of 
o*' is thousand times smaller than that of ordinary scattering 07”. 

Whether the level 1 is stable or not does not depend on the energy and charge of 
the incident meson, nor, on the special process considered. In order to understand this 
fact, we shall examine the following eigenvalue problem ; 


HE=Ef, (31) 
assuming the wave function 
B= 40> ,+| 4"ls! > ods! (32) 
If an eigenvalue E satisfying the relation E< yp exists, the level N7 will be stable. From 
(31) we get 
(E—Ky 2,5) Gaoee” (AK yar gj ds’ =0, (33) 
(E=') Oo taker 6,°=0. (34) 


Under the boundary condition that there is no incident meson, we solve (34) and substitute 
g,°’ into (33). Then we get 


[E—Kyy Qyy+|a1|"| Kuro Kyas 34 (SE) ds" h,9=0, (35) 
or using (8/’), (15) and (17) 
{(1+1(E) F,(E))/T(E)} $,°=0. (35') 


Therefore when 1+I(E)F,(E) has a zero point, a non-vanishing solution ¢,° exists. If 
it is so, the eigenvalue E must be smaller than ~ because the function I(E) is real for 
E <p and complex for E>p. Hence the wave function does not extend so far. Thus 
the level N~ is originally stable. The coefficient of ¢,° in (35’) is the same as that of 
g,° in (16). When No level is stable in 2~—p collisions, the fact is that No level is 
originally stable. 

Whether 1+1(Q)F,(Q) has a zero point in the region E<y or not depends on the 
effective coupling constant V and the cut off momentum &,. From the numerical calcula- 
tions it is found that there is no pole for k,=6.65y and V ?—1, but one pole at EX ys 
for kn=4y and V?=1. So long as k,, <4, there is always one pole. Experimentally 
we cannot find such a stable level. To say inversely, there is some physical condition bet- 
ween the coupling constant of meson nucleon interaction and the cut off momentum. The 
allowable region of the cut off momentum k,, that we must take to prohibit the existence 
of the stable isobar levels varies corresponding to the value of V ») as shown in Fig. 3(a). 
The relation between g end V is also shown in Fig. 3(b). From these figures we find 
that che value of g cannot be too large for moderate coupling strength of V. 

Such a result is due to the physical restriction: “ The existence of the <table isobar level 
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is forbidden”. Recently Sawada” treated the problem of nuclear force in the cut off theory 
and showed that the value of the coupling constant g must be restricted by the physical 
condition that the nucleon dissociation probability lies betweed 0 and 1. From these facts 
we can infer that in the cut off theory there must be always some physical condition bet- 
ween the coupling constant and the cut off momentum. 


Appendix 


The scattering amplitudes in k-representation can be derived as follows: In order to 


go back to k-representation from s-representation, we use the next relations ; 


b(k’) = 6" 9, (k’) ds’, (A-1) 

o(k) =\¢* ¢,(k) ds, (A-2) 

o(k, k’) =| 4(s, k’) 9, (k) ds=((d°’y,, (k’) ¢,(k) ds ds’, (A-3) 
with 

¢,(k) =0(k—s) +K,, 0,(K—S) ¢(k), (A-4) 


which is the solution of (5) given by (4-5) in M.S.T. As is well known the following 


relations exist : 
iho - 47 - ihr 9 
fe 0, (K-E,)F (i) dk~ *= fe 3, (K—E,) F(k) KdK 
ir 


4 


WY 


= E,F (poe, (A-5) 
where F(k) is regular and ~ means the neglect of the terms of order 1/r* and higher”. 
Therefore the wave amplitude ¢(r) in configuration space is given by 
8(r) =$(h)et™ dh =f fy, (he dle do 
= |g" dsje™|0(k—s) +0, (K—S) Kyy 9)(k) ]dk 
= {p" ds[e"*" + (42°/r) ef" S Ky, Yo(s)]. 
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Now, when 6°=0,(S—E,) F(S) is given in S-representation we get using (A-5) 
d(r) = (42°/r) oh E,F(E,) (1 + 8in° Poko Kept a (Do) } 
which corresponds to d(k) =0,(K—E,)R(K) with 
RUE) — FE) [Ua 81 py Ey Kono Go (Po) |- (A:6) 


This is the required relation. 


In the general case of ¢*=0,(f(S))F(S), where f(S) has only one zero point 
at S=E,, we get easily 


R(Ey) see +8it? p, E,.Kop, ¥o(Pi) | (A-7) 

with PE) SOF) 79S | pas 

In the case of charge-exchange scattering we can apply (A-7) and obtain at once : 
RE (Pr) = (/|2" |B) (Kop, /X (Eo) ) {Kyl 1 + 8i2? piE, %5(p1) Kop. 
A141, = Ep F,E.—E,) yh 
= (7/|@*|8) (Kop,/X (Eo) ) (Kop,/[1 +1 Eo— £1) Fi (Eo Ex) )) (A-8) 
using 

Kos Kp 1-812" 5 S Koo Gy: (8) 1. (A-9) 


In the case of double meson production we first change s’ into k using (A-11) in 


BLS. 1 -, 
0(s, k’) =[4,°"p5,(k’) ds’ 
= — (7/48) (Kopo/X (Eo) ) Ks 0+ (1 +1(Q) Fi (Q)) 40(h’) (A-10) 
+ (7/a8) (Kops/X (Eo) ) Kos (1 +1(Q) F,(Q)) 0, (K’—-E, +8) 
x [o(k’) /J 0. (K’-E,+8) 9)" (k’) dk’). 
Since the energy K’ of the scattered negative s-meson must satisfy the condition 
bie KES ig = EG 


only the second term contributes to double meson production. When 1+1(Q)F,(Q) is 
complex, 0,(1+1(Q)F,(Q)) means (ti 4-7(O) Foye Then the coefficient of 
0,(K’—E,+5S) as a function of S is regular and using (A-6) we get 


R'(K, K’) = 7/@P) (Kopo/X (Eo) ) Gok’) 


Kyo 1 as Bi” k Kg, (k) Koes 
[1 +I(E,—E,) PF, (E,—E,)] \ 0, CKO 69) Lo (k’’) dk" 


= (7/a@2) (Kopo/X (Ep) ) {Kone Kon I(K’) /[1+1(K) PK) ibs (A-11) 


with 
ae kee 
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Formal theories of the elastic scattering of 
nucleons with complex nuclei, developed by Watson” 
and by Francis and Watson®), are extended so as 
to include the quasi-elastic scattering by nuclei, that 
is, the direct interaction in nuclear reactions.* 

Such process has been treated by Austern, 
Butler and McManus», by Hayakawa, Kawai and 
Kikuchi), by Hayakawa and Sasakawa®) and by 
Hayakawa and Yoshida.) A-B-M’s theory, in which 
the impulse approximation was made use of, was 
based upon the physical assumption, similar to the 
case of the deuteron stripping reaction, that the 
process takes place only near the boundary of the 
nucleus. On the other hand, H-K-K treated this 
process by using the semi-classical Monte-Carlo 
method, the quantum mechanical description of 
which was developed in H-S’s, where the incident 
and emitted nucleon waves were described by the 
ones distorted by a real potential and the nuclear 
force was taken into account to the first order. One 
of the purposes of the present note is to point out 
the necessity of complex potential well, which is 
given by the elastic scattering experiments, rather 
than real one in describing the interaction of the 
incident and emitted waves with nucleus. 

The total Hamiltonian of a system is separated 
into three terms, 

A A 
H=Hyt 2Ve-Hyt P+ ZY» (1) 
where Hy, T and V;, are the nuclear Hamiltonian, 
the kinetic energy operator of the incident particle 
and its interaction potential with the k-th nucleon 
in the nucleus, respectively. 

Following Watson’s!»*) argument, 
replace V;, by ¢z, tmatrix of Lippmann and 
Schwinger,®) which is given by 


we can 


th=Vz+V,(E+ie —Ho) “tz, (2) 


provided the number of nucleons in the nucleus is 
large. 
The intial and final states are 
H)0;=E0,, 0;=9y exp{ik-r}, 
(3) 


H\9;=EO;, O7¢= gy’ exp{ik’-r}, 


where gy, k, gy’ and k/ are the nuclear ground 
state wave function, the wave vector for the incident 
nucleon, the nuclear excited state wave function and 


the wave vector for the emitted nucleon, respectively. 
A 


We divide the interaction =} tz into two parts, 
L 


k= 

t=1,4--125 (4) 
t.% is the diagonal part of ¢ for nuclear state a and 
I the corresponding non-diagonal part. Therefore, 


for the initial state t=t,?+J, and for the final 
state t=t,/+I/. 
The wave equation for this system is described 


as follows, 
WH) =O, + (E+ie—Hy) “ee 
= [1+ (E+ie—H)~4] O; 
= [1+ (E+ie —H)I*] 
< [1+ (E+ 1€ —Ho—te*) Htet] 0; 


= [1+ (e+e —H) 95%, (5) 
where v;‘*) satisfies the following equation, 
gi =0;,+ (E+ie-—Hy) Htetgs™. (6) 


Using the formal relation, 
(E-+-1e— Hy —B) 14 
=(E+ie—Hy) [A+ B(E+ie —Ho— B) 4], 
(7) 
(5) can be written as follows, 
P(t) =o, 4 (E+1e—Hy—t-f) 4 
x [t+ I (E+ ie —H)OT*] 95 
=0,+ (E+ie—H)te* 
x [1+ (E+ ie —Ho— tet) tet] 03 
+ (E+ie—Ho) [1 +t-J (E+ie —Hy—toI)7] 
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x [Jt +1/ (E+ie —H)7I*] 
< [1+ (E+ ie —Ho— tet) te*] Oi. (8) 


Therefore, the transition matrix element between 0; 


and @; becomes 
Tiz= (Oy, tet [1+ (E+ie —Ho—tot) tet] Os) 
+(O,, [1 +¢tef(E+ie —Ho—teS)™] 
x Tt+I/ (E+ ie—H)-U*] 
x [1+ (E+ie—Ho—te#) “Met 9:). (9) 


The first term which appears only for |k|=|k’| 
represents the potential scattering and may correspond 
to the shape elastic scattering of Feshbach, Porter 
and Weisskopf.9) The second term can be written 


as 

(97, Ut+ I (E+ie—H)~Té] 5), (10) 
with 

g7'O=O7+ (E-ie —Hy) 7 teftes 9, 


which includes all possible processes connecting the 
initial state i with the final state f. The transition 
matrix element of the quasi-elastic scattering by the 
nucleus is, therefore, given by the first term of (10), 
T; pditect= (9,0, Itgs) =(9 79, gs). 
(11) 
The last equality can easily be verified. 

The equation (11) may be interpreted to show 
the physical situation that an incident particle 
suffering the forward scatterings by nucleons in a 
nucleus without momentum transfer makes a collision 
with momentum transfer and then it leaves the 
nucleus suffering the succession of the forward 
scatterings again. 

te% is proportional to the forward scattering 
amplitude f(0°) of an incident nucleon by a bound 
nucleon in the nucleus in a state a, and it can be 
represented, as is well known, in terms of a complex 
optical potential, since the wave function of the 
nucleus in any state is anti-symmetrical.2) Therefore, 
t-* can be replaced by a complex optical potential 
which describes the elastic scattering of the incident 
nucleon. But, for ¢,/, the situation may be slightly 
complicated. If the excitation is distributed rapidly 
over the whole nucleus, namely, the struck nucleon 
which has received an energy from the incident one 
shares its energy among other nucleons within the 
nucleus during the collision time, the imaginary part 
of the potential of the final state may increase 
appreciably, because the effect of “the Pauli 


principle” which diminishes the imaginary part fo” 
f(0°) ie. k/4z times total cross section for scattering 

of the nucleon by the bound nucleon, may be con- 

sidered to be less important than in the case of the 

ground state. If one may ignore such circumstances, 
t-f will also be replaced by an empirical one, 

determined by the observations of the elastic scattering 
of an incident nucleon which has the equal energy 

to that of the finally emitted nucleon. 

The optical potential presented here is only an 
approximate one, since the coherent parts are also 
contained in the term, Z(Et+ie—H)— J. Strictly 
speaking, the calculation of T;7; by means of (11) — 
using the conventional optical potential takes the 
collision doubly into account, for the imaginary part 
of the optical potential implies also the reduction 
of the incident wave due to the collision process 
under consideration. This effect, however, is con- 
sidered to be negligible for large A. Details con- 
nected with the concerned problems will be published 
later. 

The auther is indebted to Prof. T. Muto. 
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The Magnetic Field in the Vicinity 
of the Solar System 


William L. Kraushaar* 


Osaka City University, Osaka, Japan 


July5,91955 


The purpose of this note is to examine briefly 
one of the consequences of the assumption that there 
exists, in the vicinity of the solar system, a general 
relatively uniform magnetic field such as has been 
suspected!»*) to lie along the galactic spiral arms. 
Davis®) has discussed this matter with relation to the 
sidereal time variation of the intensity of cosmic-ray 
particles of galactic origin. In the present note we 
attempt to set an upper limit on the magnitude of 
the field from considerations of the behavior of low 
energy cosmic-ray particles of solar origin. Treiman”, 
from similar considerations, has deduced an upper 
limit for the solar magnetic dipole moment. 

Firor®) has re-examined some of the trajectories 
of charged particles incident upon the magnetic 
dipole field of the earth from the direction of the 
sun. He has shown that cosmic-ray intensity-increases, 
associated with solar flares, are in general agreement 
with his analysis under the assumptions that the 
particles, if positive and singly charged, have 
momenta in the region 1-10 Bev/c, and approach 
the earth from a region if the sky not larger than 
60 degrees in longitude and 30 degrees in latitude 
centered at the sun. The galactic magnetic field 
cannot be so large as to deflect the trajectories out 
of this region, if these particles do, indeed, originate 
at or near the sun. Astronomical evidence, based 
mostly upon the polarization of starlight, suggests 
that the spiral arm which contains or is near to the 
solar system, lies roughly in the direction 6=35 
degrees, a=20 hours, where 6 is the declination 
and a is the right ascension. This is the direction 
assumed by Davis®. If we take B, the field, to lie 
along the spiral arm, about February 1 and August 
1 B lies nearly in a meridian plane of the earth 
containing R, the earth-sun line, and makes an angle 
of 53 degrees (or 127 degrees) with R. At other 


* Fulbright Fellow, on leave of absence from 
Massachusetts Institute of Technology, Chambridge, 
Mass. U.S.A. 


times of the year B lies more nearly perpendicular 
to R. A simple calculation which takes account 
of the deflection by B as well as the deflection’ 
in the earth’s field shows that a field of 3.10-6 
gauss is sufficient to displace the appropriate (4 A.M.) 
impact zone, during the months of February or 
August, 45 and 30 degrees west, respectively. If B 
has a direction opposite to that assumed, these shifts 
are 30 and 45 degrees east, respectively. At other 
times of the year B is more nearly perpendicular 
to R and these shifts are greater. The value 3-10~% 
gauss, then, we regard as a conservatively-set upper 
limit. 

This upper limit cannot be raised much by 
assuming other directions for B. If B lies more 
nearly perpendicular to the solar plane, the upper 
limit becomes smaller. If B lies nearer the soler 
plane, particles can approach the earth practically 
undeflected for a few weeks twice a year, but during 
the remaining months they would come from some- 
what displaced longitudes and more importantly 
from displaced latitudes. For the 4 A.M. impact 
zone, a 15 degree shift in the latitude of incidence 
produces a shift of about 30 degrees in the longitude 
of the impact zone. In summary, it seems impossible 
for B to be as large as 10-° gauss, and it is very 
difficult to see how it can be more than a few times 
10-6 gauss, regardless of its orientation. 

We have, of course, taken no account of a 
possible solar dipole field, and must remark that it 
is possible that the galactic field and that from a 
solar dipole are orientated in such a way that their 
combined effect is small. It is perhaps conceivable 
that the galactic field has in some way influenced. 
the formation of the solar dipole field, and so, if 
these fields do tend to cancel, the tendency for 
cancellation would not necessarily be accidental. But 
it would be accidental for these fields to cancel in 
just such a way as to produce small net deflections 
of charged particles approaching the earth from the 


sun, 
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High Latitude Impact Zones 
for Solar Cosmic Rays 


William L. Kraushaar* 
Osaka City University, Osaka, Japan 


July 5, 1955 


Firor) has poirted out that while his assumpticn 
cf a simple dipole to represent the earth’s magnetic 
field accounts for most of the features of cosmic-ray 
solar flares, this 


intensity-increases accompaning 


* Fulbright leave of absence from 
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Fellow, on 


assumption does not account for the increases observed 
at high latitudes, notably those observed at Godhaven 
(80 degrees N) and Resolute (83 degrees N). We 
wish to suggest here that a galactic magnetic field, 
of the type suspected to lie along the galactic spiral 
arms, can, under certain assumptions, explain the 
phenomena at least in part. 

We shall assume, as in the preceding note, that 
the field lies along the spiral arm, and further that 
it lies in the direction that leads to the center of 
Let Q be a plane perperdicular to the 
Then all 


(positive) particles at all times of the year arrive 
P Pp ¥ 


the galaxy. 
solar plane ard along the earth-sun line. 


from the west side cf the plane Q. The trajectories 
The first, group I, involves 
High 
momentum particles arrive along —R, where R is 


the earth-sun vector, and along —(RXB)xXB. 


fall into two groups. 


helices with opening angles from 0 to 2z. 


izes 


Trajectory directions as they approach the earth’s dipole field from the sun, having been 
deflected by a uniform magnetic field, B. 


with the plane of the earth’s orbit. 


The equatorial plane of the coordinate system coincides 
P is a plane perpendicular to B, and R is the position 


vector of the sun at the beginning of the indicated month. Group I trajectories approach from 


between R and (RXB) XB, and from the west. 
— (Rx B) xB and (RX B) XB and from the wes 


In general particles of a given momenta can 


If the direction of B is reversed from th 
approach from the east instead of the west. 


ages approach from essentially four directions. 
directions are shown for 10 Bev/c particles and a field of 10-° gauss. 


Group II trajectories approach from between 
t, and all lie very nearly in the plane P. 


Approximate 


at assumed, the trajectories are all the same, but 
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A second group of trajectories, group II, arrives 
very nearly in a plane perpendicular to B, plane P, 
and involves helices with opening angles greater 
than 2z. High momentum particles arrive along 
= (RX B) xB. 


trajectories are shown qualitatively for various times 


The general features of these 


of the year in Figure 1. Now from an inspection 
of Figures 3 and 4 of Firor’r paper, it is clear that 
particles impinging on the earth’s field at latitudes 
greater than 22 degrees contribute to the (vertical) 
intensity near the top of the atmosphere only after 
traversing the type trajectories in the earth’s field 
that do not cross the geomagnetic equator. These 
trajectories arrive at the earth 20 or 30 degrees west 
of the longitude of the direction of incidence and 
in general at latitudes appreciably greater than the 
latitude of the direction of incidence. Hence, from 
our Figure 1 and from Firor’s Figures 3 and 4, one 
concludes that if a galactic magnetic field of the 
type suggested by astronomical evidence exists, and 
if particles can be emitted from the sun over a wide 
range of angles, there should be high latitude impact 
zones. One would expect these impact zones to 
urdergo rather complicated seasonal effects, and 
these seasonal effects should depend strongly upon 
the direction of the magnetic field. 

Professor S. Hayakawa has brought to the 
author’s attention the suggestion made by K. 
Murekami?) that the time delays which are perhaps 
apparent in the arrival of particles at high latitudes 
could be due to these particles having traveled long 
distances in a galactic field. Indeed, delays of 20 
minutes to an hour or more are to be expected for 


10 Bev/c particles traveling over trajectories of the 
sort we have discussed here. 

Here, as in the preceding note, we have taken 
no account of a possible solar dipole field. Further, 
we have had to assume that at the time of a solar 
flare particles are emitted over a wide range of 
angles from the sun. (The sketches in Figure 1 
may be taken either as trajectories arriving at the 
earth or leaving the sun.) The extent to which 
this latter assumption is correct is not known. One 
large cosmic-ray-increase (March 7, 1942), which 
occurred during a period of solar activity, was not 
preceded by a visually observed flare, although it 
was accompanied by the usual radio fade-out. It 
is possible that the flare occured on the hidden side 
of the sun, in which case one could conjecture that 
particles can be emitted over a wide range of 
directions. On the other hand it is also possible 
that the flare was present but unobserved, and we 
cannot rule out the possibility that the solar emission 
of cosmic rays is not always preceded by a flare. 

The author wishes to express his appreciation 
for the kind hospitality of Professor Y. Watase and 
other members of the cosmic ray group at Osaka 
City University where the author has been a visiting 
Fulbright professor during the academic yeat 1954-55. 
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Using A. Bohr’s collective model, the gamma-transition of nuclei is studied by the approximations 
of weak and strong couplings. In the M4-transition, the agreement of experimental data with 
theoretical results is in general much better on this model than one predicted on other nuclear models, 
if the strong coupling approximation is adopted. 

The results of these two approximations are compared with one another. The difference between 
them comes from contributions due to a deformed core. These contributions, and consequently the 
difference between the weak and strong coupling approximations, increase with the order of multipolarity 
of radiation. 

In E3-transition (j-forbiddenness), such as those between p;/. and 7/2+states, it is necessary to 
take into account the nuclear configuration mixing due to the surface coupling. Especially, the coupling 
with deformations of order three is important for these transitions. 


§ 1. Introduction 


The present knowledge of the lower energy levels of nuclei has been obtained mostly 
from the study of the gamma-ray emitted when nuclei make transitions from excited states 
to lower states. 

Especially, the gamma-transition between isomeric states has been investigated by many 
authors, and various attempts to explain an observed life time have been made. The 
probability of the gamma-ray emission depends not only on its multipolarity and transition 
energy, but also on the detailed structure of the nucleus concerned. Accordingly, if one 
knows the order of multipolarity of the transition from the internal conversion, the angular 
correlation and other phenomena, one can get some knowledge concerning the nuclear 
structure as well as the transition mechanism by comparing the experimental value of the 
life time with the theoretical one. 

Weisskopf” has given an expression for the matrix elements of gamma transitions 
in nuclei, under the assumption that only one particular nucleon in a nucleus takes part 
in the transition and the presence of the other nucleons is ignored. Consequently, the 
transition matrix element of a given multipole order is predicted to be the same for all 
nuclei, except for a slight dependence upon the nuclear size, so that the variation of the 
transition probability from nucleus to nucleus can not be explained. To explain this 
variation, it does not seem suitable to treat only one particular nucleon in a nucleus. 
Moszkowski? has also examined the gamma transition in nuclei fairly in detail on the 
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basis of the individual particle model. However, there is a considerable disagreement 
between the results obtained by such a j-j coupling shell model as adopted by him and 
experimental data. Especially, it is difficult to explain the following points: Firstly, in 
E2-transition the experimental transition probabilities are much larger than the theoretical 
ones. This difference becomes larger, the farther lies the nucleus in question from closed 
shell nuclei. Secondly, in E3-transition, the agreement between experimental and theoretical 
values is not generally good. The transition p,.<-—>(7/2) + is forbidden by the j7 
coupling shell model, because (7/2)-+ state is assigned to be of the configuration 
(Jojo) 12°" according to this model. These disagreements between experiments and the 
theory seem to show the drawback of the individual particle model. 

The defects of the above two models in explaining the gamma-transition may be 
remedied by A. Bohr’s collective model.” The characteristic features of this collective 
model are to introduce the rotational states and to take into account the deformation of a 


nuclear core. 


The excellent success of this model seems to lie in the fact that it explains low lying 
energy levels and E2-transitions. The explanation of low lying energy levels of an even- 
even nucleus becomes possible by its introduction of rotational states, while it has been 
considered to be difficult with the other models. The E2-transition is explained as the 
transition between these low lying rotational levels. 


It is the main purpose of this work to examine how much better the collective model 
is than the other ones, by examining the nuclear gamma-transition other than E2. 

In A. Bohr’s model, it is not clear how to define the core. In his early study of 
odd nuclei he has treated an odd nucleon as the extra nucleon and the remaining even 
number of nucleons as the core. However, even when there are several nucleons outside 
the core, A. Bohr’s formulation may be extended without loss of its essential features and 
it has actually been done by Ford" to examine the energy levels of excited states. 

In the case of treating nuclear transitions in odd-odd nuclei we take the odd number 
of extra protons and the odd number of extra neutrons as the nucleons outside the core 
and in even-even nuclei the even number of protons and/or neutrons, as the nucleons 
outside the core, the core consisting of the even number of protons and neutrons in both 
cases. However, nucleons in an unfilled subshell may be considered as the extra nucleons. 


Such a treatment will be stated in § 2. 


The strong coupling model is much better than the weak coupling model and the 
jj coupling shell model in qualitative aspects. In the case of higher multipole radiations, 
like M4-transition, when the spin change between the initial and the final states is large, 
there appears clearly a large difference between the reduced widths predicted by the two 
approximations. 

In E3-transitions (j-forbiddenness), such as those between pie and 7/2-states, it is 
necessary to take into account the nuclear configuration mixing due to the surface coupling. 
Especially, the coupling with deformations of order three, which induces an E3 moment in 


the surface, is important for these transitions. Detailed results will be stated in § 3 
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§2. Matrix element for gamma-transition in the collective model 
Strong coupling approximation 


In the strong coupling approximation of A. Bohr’s collective model, the direct 
interaction between nucleons outside the core is ignored and individual extra nucleons are 
considered to interact only with the core. The principal assumption is that the period of 
nucleon motion is so short, compared to that of surface oscillation of the core, that it is 
a good approximation to treat the nucleon motion as if a nuclear axis is fixed in space. 

The deformed core is expressed by sets of coordinates of the distortion relative to the 
nuclear axis (/3, 7) and of coordinates of the nuclear axis relative to a space axis (Euler 
angles @,, 0,, 7,). Extra nucleons outside the nuclear core are described by coordinates 
relative to the nuclear axis. If the interaction between a nucleon and the nuclear surface 
is in fact very strong, the j-; coupling for the extra nucleons will break down. However, 
if the spin-orbit interaction of a nucleon is stronger than its interaction with the nuclear 
surface, the total angular momentum j; of each nucleon will be considered to be a good 
quantum number, as assumed in this paper. 


The wave function of the system in the strong coupling approximation is, according 
to A. Bohr” 


[2 mys KM) =p) FED gs n_ (1) UEDirx 0) + (—) LoD eG}, (1) 
where 74, is the wave function of the nucleons outside the core with their total angular 
momentum j and its component in the nuclear coordinate system 2. This 7?, must be 
antisymmetric with respect to all exchanges of the nucleons, as in the case of the individual 
particle model. Q is described as the sum of the zcomponents of the angular momenta 
of the individual extra nucleons. (f, 7) represents a vibrational state. Dj,x is the wave 
function for a nuclear rotational state which is normalized so as to give the unitary trans- 
formation from the spatial coordinate system to the nuclear coordinate system under 
consideration. M and K are the zcomponents of spin I in the spatial and the nuclear 
coordinate systems respectively. The second term of the right-hand side of eq. (1) is 
introduced for the total system to have an appropriate symmetry character for the exchange 


of the coordinate axes. This symmetry character implies that 
K—2=0, +2, +4,:-. (2) 


. ee X . . 
If the multipole transition operators are taken as $Y and H{” in the spatial and 
the nuclear coordinate systems respectively, these two transition operators are related to one 


another through the unitary transformation as 


HY =SVOeH™, (3) 


where 2 is the order of multipolarity of the radiation. In the collective model, the 
transition operator is described by the sum of the part representing the nucleon transition 


and the part representing the so-called core transition, the latter being due to the degree 
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of freedom of the collective motion. The transition matrix element can be described by 
the product of two factors, one being connected with the nucleon state and the other with 


the collective motion : 


(1,M,| 9 |I,M,) = AGRIC: Ly (oles) >}, {| o2 Daren DEH Lo Dar yay’ 


ar cies i ty 1 
wo toe Fabia ir\\ Lie D yea Dp, Ay io Oa ax, * 


sT (i) at {| Lo!Du xj DpH U0, Da,,-14 


4 (=) 8, 1 of Darga? DH aD 2/4 - (4) 
This equation can be reduced to a simpler form by using the formula of rotational group 
representation, 
\ Dirk Dhs Dhirw AR= Piet K, K) (IAM'p\IM) (I/2K'| IK), (s) 
where (I/AM’|IM)’s are the Clebsch-Gordan coefficients and satisfy the relation 
(AK IK) =(—) 74 AK! —v I BR). (6) 


Using eqs. (5) and (6), eq. (4) is 


LM,|2|1,M,) = Eire ae gts) (LAM, u\L,M, 
( | On? |L,M,) 2% 21,41 (¢7i|9"r) (LAM, \1,M;) 


L {je 2:| HD x lir2r) aL (—) P8447, — QAR x,ljp—2,)} (LAK sK;— K,\I,K;) 

+ (=) 70-4 jo Qe AR lip — 27) + (4G — BA, eli 2r)} 
(jr2e| > x, |j27)’s are the matrix elements related only to extra nucleon coordinates in 
the nuclear coordinate system and differ from each other only by their angular momentum 
components parallel to the nuclear axis. For any vector or tensor operator, its dependence 
upon the magnetic quantum number in the matrix element can be factorized as follows : 

(jQ|HO|j/2") = jJHO|yl) 22" |j2), (8) 
where the first factor in the right hand side is the reduced matrix element, and we use here 
for the sake of convenience (2j)+1)~'” times of Racah’s definition.” 
Substituting (8) into (7) and using relation (6), we have 


SPU) = J EE Cote g's) Gully) 


LAK R— Ky LiKe) fA 2 Ki Ky] ji 2s) + (—) 41-4 (LA Ky Ki +- KK) 
X GA— 2, K+ Kylji2s)} (9) 
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This expression shows that in the case of the strong coupling model, the matrix element 
for the gamma-transition consists of the core part and the reduced matrix element relating 
to the nucleons outside the core. 

{gli|o’s\ can be evaluated from A. Bohr’s formula, if one knows nuclear spin J and 
extra nucleon spin j of the initial and final states, as well as the surface deformation f 
and 7. Now, only the reduced matrix element is left to be evaluated. 

Multipole transition operator H® is decomposed into the contributions from the 


individual extra nucleons, 
HM=>).HP . (10) 


H,,» operates on the i-th nucleon only, and the sum of these operators is symmetric with 
respect to all tle nucleons. As an immediate consequence of the form of the transition 
operator, a transition which requires the change of orbits of several nucleons can not occur. 
Noticing this fact, we shall obtain the expression of reduced matrix elements in the case 


of one, two and several nucleons outside the core successively. 


(A) One extra nucleon 


We can obtain the expression for the reduced matrix element using eq. (8). In this 


case, the absolute square of the reduced matrix element of the electric 2*-pole transition is 
: Rae : 
idl lis) aes seal Sins (11) 


where 

Sap= (2,41) (2L, +1) (2jp +1) (2441) |W (lsjdpjp 2 A)? |V GeA 5 000) |? (12) 
is the so-called statistical factor that comes from the angular part of the electric 2*-pole 
matrix element. W is the Racah coefficient and V is a function related to the Clebsch- 
Gordan coefficient.” (i|r*|f) is the radial matrix element. e’ is the effective charge. 5 is 
the intrinsic spin of the nucleon. 


A special case, when the difference between the initial and final nucleon spins 4), 
and that between the orbital angular momenta Al, are both equal to the multipole order 


A, eq. (12) is reduced simply to 
_ (je 1/2) 224 INQ)" (13) 
(2j,)!! ALGjy—1/2)! 
When 4j=A and Al=A—1, that is, when the intrinsic nucleon spin is flipped due 
to the radiative transition, the reduced matrix element of the M?-transition can be expressed 


in a simple form. The statistical factor Sy, resulting from the integration of the angular 
part of the matrix element is of the same form as (13) and the absolute square of the 


EX 


reduced matrix element is 


A * 5) ah ea ee P 
dein 2 (6) [92 p22] lL Sm (a4) 
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where g, and g, are the orbital and spin g-factors of the nucleon respectively. 


(B) Two extra nucleons 


In the case of two nucleons with spins j, and j, outside the core, the allowed 
transition must be such as 
t 3m Ae y 
Gufdfs > Vs Je) ip 
for the transition operator is the sum of single nucleon operators. Of course, as a special 
case, any two of j,, j, and j,/ or all of them may be equal. These two extra nucleons 


may be like particles or unlike particles. 


The reduced matrix element is 
(jd lig) = (—) #P-¥ He Ji!) (Qj $1) (2p ED) PEW Cijc'ir $122)» 
(15) 
where @ denotes any other quantum numbers necessary to specify the state. (ai,||H,{||a’j,’) 
is the reduced matrix element for the transition of the nucleon 1 end given by eq. (11) 
or (14). For like particles, u=1 if j,, j,/ and j, are all different, u=(2)'” if j,=j, or 
jv =je and u=2 if j,=),/=), For unlike particles u=1. 


(C) Several extra nucleons 


In the general case where n nucleons are outside the core, the transition scheme most 


commonly considered is 
. =—1: . . —i1: . 
(jo id je > Gio’ Dis - 
The nucleon wave function 72, must be antisymmeit'c for all exchanges of nucleons, 


as in the case of the individual particle model. It is expressed in terms of the fractional 


parentage coefhicients as follows ; 
Mo= Dip dink (jr 's MrT r) Xj 21) Sr jrPr2ilj2) G37 (@eJe) jal bio hy aj), (16) 


where >}, means the sum over all the parent states (a@,Jp,) of j,"~' and ¥(j,"", a OF 


is the wave function of the parent state. In this case, the reduced matrix element is 
(jo) MOU) jp) = QAP lle’j) SL (2j,+1) (2j,+1) 72: 
Wi] Se 3 fui) + Go (@rJedjalh io” is Me) Go?" (Ar Jn) ja! |} jo" fa’, jp), 
(17) 
/ rea 


ey! A) . . 
where (aj,||H{”|/a’j,/) is the reduced matrix element for the transition of the nucleon 1 
and given by eq. (11) or (14). 
More genetz i iti pees, ieee) 
| re rally, in the case of transition such as he je? > jrje"?*) we can also 
obtain the expression of the reduced matrix element for the transition as in the case of eq 
(17), though it is complicated. We do not give here the expression for the transition 


of this kind, as the most common type of particle transition that actually occurs will be 
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Weak coupling approximation 


(D) One extra nucleon 


The wave function is given, according to Bohr and Mottelson”, by 


P= Nj 300 ;1(=j)M) + Soyl” 5 12 5 1M) Gj" 5 125 11) 
where (18) 
N7=14+S4y|(j’ 312571). 


The first term in the right hand side represents the state in which a nucleon has 
total angular momentum j and the core is not excited. The second term represents the 
state in which a nucleon with total angular momentum iy couples with the core and one 
phonon of angular momentum 2 is excited so that the resultant spin isele 

The expansion coefficient (j’;1251|) is given by Bohr and Mottelson (Ap. IL. 3) 


4 bo (;\b\j’) 
Gt aoa yok 22 
M ) 2C foe Aa 


where C is the deformability of the core, bw the energy of the phonon, & the coupling 
constant, and Jj, the separation between two particle levels of angular momenta j and 
i! (jlb|j’) is the angular part of the matrix element of the interaction between the core 


fie 
and the nucleon, and is given by Bohr and Mottelson® (Ap. II. 2). 
For a particle transition, its reduced matrix element is 
(LH OL) HNN LG (= 1) A ON (=O) + antsy! ( — ris GMA i7) 
[jl +1) QU 41) 7OW GeLis Ty: 24) (if :123Kd)G/312sG1)) G9) 
The explicit expressions of the matrix elements (j:||H ||j,) and (j/|JH™||j7/) are given 
by eqs. (11) and (14). 
(E) Two extra nucleons 
The wave function is obtained in a similar way to the case of one extra nucleon. 
P=N\\jsie ; 00: IM) Aygo life J): 12; IM) Cis <a 12; I\), 
N“=1 + Sarr dll (ja fe’ (J); 12 3 Z|) |’. (20) 
The expansion coefficient is expressed as 
oly — Silblicd It jl-J-A . 1/2 
ope ie lt =k Bo] bay M1? 1 —)jita Al (2 +1) (2 +1) }'*- 
(ji'}e (J); |) A 40 j Wy wie ) [(2J Ji 


7 i a 9 . . . 
Will Tid + on HE? [IAD Girt DIN Ge? Ji) | 


bot A jojar 
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The reduced matrix element for a particle transition is 
AW as ’ ) Rweiteae 
(LJ |IL,) = N,N, ( Chusfe) TJ! || Giyjo) I,) FD ssighjeph eg ) f 
ks ( (jij Jill Gute Jp) : 
[(2fc+1) (2G 41) OW SL Il + 24) Guede Jad 12 5 Tel) (frye Ts 12:3 Gl) J. 
(21) 
The explicit expressions of the matrix elements ( (jy jo) TH ||(jiyjz) 1) and 
(Chill Ol Gited Jy are given by eq. (15). 


(F) Several extra nucleons. 


We consider such cases where the configuration j,"~'j’ mixes with the configuration 


jo" by the surface coupling. The wave function is given by 
D = N{| jo 5 00 5 IM) + S3y Sor] jo) 12. 5 IM) joj! J) 12 5 11) 
No al taal ak Wiel (22) 


The expansion coefficients are expressed as 


\B\;\ 
“m1 TI), sT/Y=] Sh. (jt ty’ CJ") 21172 (7) f° To pr Ai’! WU? 
Geog 031201) [ Sto 1S) 21(j'2 Gj) jo" Jo) L) Soins 


eres L foes » <slAlj = 
+ (> DOAN TY 2M je2 GEG ID Igy LOD. le vba 


The reduced matrix element for a particle transition is 


(IH |IL,) =a NN Ris? Is > I,||H elem ii 5 I,) ot > Hgts HiT! ( = ) TetJy!—-Tj- Ji! 


—Ji 
ie ere tl ie ae 
“(2+ 1) (2J,+ 1) ]'"W(Aj,/T,2 WPA 1) Cir de Cee Lary ULF a G Pe L2a I,|) ]. 
(23) 


The reduced matrix elements in the right hand side are given by eq. (17). 


§ 3. Comparison with experimental data 


In order to compare the experimental data with the theoretical predictions, we define 
the ratio of the experimental value of a radiation width / ‘xp to the corresponding theoretical 
value /”,, as 


P=P,/P,. (24) 
The theoretical radiation width /’,, of multipolarity 2 is 


aA) a 87(A+1) 
) 2 eri 


Aaa yup) MEI Cor HOI) 


. (25) 
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where the reduced matrix element is given by eqs. (9) and (19) in the strong and weak 
coupling approximations respectively. Errors for 1’, come from the uncertainty in the 
potential shape and the nuclear size. When F deviates from unity even if these errors 
are taken into account, this deviation should be attributed to the defect of our nuclear 
model. 

The radial part of the matrix element depends upon the potential shape and the 
nuclear size. However, the difference between the matrix elements evaluated with a wave 
function of a square well potential and with a constant wave function is about 10 to 15 
percent. Moreover, this difference is known to be insensitive to the depth of the square 
well potential. Thus, in calculating the radial part of the matrix element, we use the 
constant wave function. It is given by 


(ilr*|f) =3/ (344) -R’. (26) 
As the nuclear radii, we take R=1.45X10-"Acm. The magnitude of the matrix 


element is sensitive to the radius amd the uncertainty caused by it becomes larger, the 
higher the multipole order is. For example, in the case of the electric transition, the 
uncertainty of 10% in the radius R gives the uncertainties of the matrix elements of about 
10%, 20%, 30%,--- as the multipole order #’s are 1, 2, 3,--- respectively. 

As the magnitudes of parameters B, C etc. appearing in the collective model, we use 
those estimated on a hydrodynamical model by A. Bohr and Mottelson? and by Ford”. 


(Table I.) 
Table I. Energy parameters of hydrodynamical model. 


A 30 | 50 100 200 
C(MeV) 41.46 | 53.93 65.6 62.9 
#2/B(MeV) 0.590 | 0.252 | 0.0794 0.0249 


The values thus obtained are not always good, for example, the quadrupole moments 
and the excited levels of even-even nuclei based on them do not always agree with 
experimental data. The experimental value of the parameter 8 describing the core deforma- 
tion, estimated from the quadrupole moments, is slightly smaller than the value estimated 
on the hydrodynamical model. However, we shall refer to the latter f since its order of 
magnitude seems to be cortect. 

The values of (g%#|y/s) for the transition of an extra nucleon based on the assump- 
tion of [=K=2=; are listed in Table II. 


Table II. The values of (y7é|y7s) for one extra nucleon transition. 
ee ————— Ee 


eae 30 50 100 200 
Al : 
3/25 /2 0.954 0.954 0.953 0.948 
3/2<—r7/2 0.894 0.893 0.888 0.879 
5/2<>7/2 0.984 0.984 0.983 0.983 


Oe 
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(a) M4-transition 


In the case of gamma-transitions for low lying isomeric states, the spin change between 
two states is generally large, so that they are high multipole transitions. Especially, M¢4- 
transitions of odd-A nuclei are known very well,” and also investigated””. Most of 
these nuclear isomers are pre-closed shell nuclei of the magic numbers 50, 82, 126, and 
their transitions are respectively Y%q)—>Prjo, Ay1/x—dsy5 13/2 fsa, ~« We list some of 
these transitions in Table III, except for Yoj.<—>pjj. transition. For j=1/2 there is no 
coupling between the particle and the nuclear surface. We must take care of the fact that 
in this case the strong coupling wave function (1) reduces to the uncoupled wave function. 


In this paper, however, we do not proceed into this point. 


Table III. !4-transitions in odd-A nuclei. F gives the ratio of the experimental value 
of a radiation width to the corresponding calculated value. 


RR a 


particle configuration 
Nucleus | E;(KeV) <glilely> Fina Fweak Fstrong 
initial final 
Tel?9 106 hisse d3/5 0.78 0.154 0.203 0.755 
Tels 183 (d3/2)2Ai1/2 (dsj2)3 0.95 0.472 0.612 1.568 
Xel31 “163 Ayy/e d3/o 0.78 0 085 0.113 0.416 
Xel33 232 (d/o) 2hi1/2 (ds/2)8 0.95 0.210 0.262 0.698 
Xels5 520 Aisje ds) 0.78 0.107 0.134 0.527 
Ba13s 275 Ays/e d3/o 0.78 0.058 0.069 0.259 
Bal% 269 (dsj) *hy1/2 (ds/2)3 0.95 0.242 0.302 0.804 
Bal? 661 hir/a d3/o 078 0.079 0.103 0.389 
pp207 1063 i13/9 fois 073 0.077 0.101 0.291 


a 


In the weak coupling approximation, the matrix element (19) is reduced to 


Q) al ous U5 ope : ; : Reet 
(| II) =N.N, Jr+(-» “ berperweren ACATs gh (2j,+1) }" W (jifeirip 3 24) « 


| (276-1) (2, +3) ]'"7 (27-1) (2), +3) |” ee 
| iG FV) | | HOES | | (lly) (27) 


for a particular case of j,/=j, and jf =jp The reduced matrix element in the right hand 
side is given by eq. (14). The transition matrix elements (21) and (23) are reduced 
also to simple forms under the assumption that j;=),/=J;’ and Jr=j¢ =J; as before. 
This corresponds to the fact that we take only a particular configuration mixing in which 
one phonon of angular momentum 2 is excited due to the surface coupling. Of course, 


the values of F in the weak coupling approximation show only a qualitative tendency 
because of the particular configuration adopted. 
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In the strong coupling approximation, it is assumed that [=K=2=j for any excited 
state and for j==3/2 state. The values of F in this approximation are listed in Table III. 
This assumption for the excited state may not always be good. The case of j=3/2 
requires a special attention, since the configuration (y=7, 2=3/2) and (y=0, 2=1/2) 
are degenerate”. In this case there is no exact limiting solution of type (1). The strong 
coupling wave function in this case is given by Bohr and Mottelson (Ap. HI. 3)”, which 
is a solution of a set of coupled differential equations. We do not obtain the exact solution 
of such differential equations but make an approximate estimate. Neglecting the overlap 
of the vibrations about y=0 and 7=7, we obtain two degenerate solutions. By the 
effect of the degeneracy of the j-oscillation, the values of F is found to increase by a few 
percent in comparison with the state 7=7, 23/2. 

The strong coupling model gives considerably large values of F compared with the 
weak coupling model and with the individual particle model, and shows a good tendency 
in agreement with the experimental data. 


(b)  £E3-transition 


It is known that there is a type of transition (7/2) +<—>(1/2) —, which occurs for 
nuclei of nucleon numbers 43, 45, 47. The (7/2)-+ state is assigned” on the basis of 
the shell model as (9/2) °". For the pure configuration of this type, the E3-transition 
would be forbidden, because several nucleons would have to change their orbits in the 
course of the transition. The smallness of empirical radiative width /’,,,, for E3-transitions 
can be interpreted as the result of a small deviation from the individual particle model. 
The transitions, such as those between pjj and 7/2-+ states, are assumed to occur by the 
mixing of a small amount of the psy. state with the former and (/7j. state with the latter, 
respectively. 

The values of Fynq in Table IV are based on I's, taking the configuration mixing 
into account by means of the simple perturbation theory and the values of the deviations 
are estimated by adopting the two-body interaction strengths and the integrals which are 
determined from the empirical data of pairing energies.» For odd neutron nuclei, the 
values of [",, are of the order of (Z/ A*)* because of the recoil of the core. If a proton 
configuration is taken into account, the large deviations of F-value from unity may be 
removed. * 

In the collective model, the surface coupling will mix the particle states and, further- 
more, the coupling with a deformation of order three induces an E3 moment in the surface.” 
The contribution from the E3 moment in the surface is somewhat larger than those from 
the ordinary electric moment of a particle, due to the large value of charge involved in 
the surface motion. 

In the weak coupling approximation, the first term in the right hand side of (23) 
vanishes, because this term corresponds to the transition between the pure configurational 


* We shall discuss this problem in a forthcoming paper. 
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states. In the particular case where we take into accout only the mixing of the ps. and 


Jz)2 configurations in the initial and final states, the transition matrix element is reduced to 


iy fey oN : a - 
(HFT) = NN, D1 DI sa) a Tei ns fA Mj") ° 
4 Tit tT p Ni jf 


[(2j +1) (2Je +1) (2U 41) (2) +) Wi Ti To id If) WAST : I'S) - 
= jo” Te) ji Fel io” GI)» Ge" Tei Ie hie fT) ie ie Te 12 5 Eel) + 
(joj T)3 123 Gl); (28) 
where 
(jor! (J) 3 12 5 I) =k ba/2C[ (2J' +1) (2)-+1) WW Joj'I2. 3 J')) - 
ALI / bot 45x), 
(lhl 7’) =— 5/642 (1/j) ¥3j(2j+3)/G+1)G+2) (/=j+)), 
=— V5/642V (2j—1) (27 +3)/jGj+1) (j'=j), 
=— V5/642(1/j) ¥3j(27—1)/G-DG+D (/=j-1). 


The energy differences J between pj and p,j states, and between 97). and Goj states, 


correspond to the doublet splitting due to the spin-orbit interaction. We put 
A=a(2I+1) A, (29) 


The constant a is determined from the splitting energy 4 between ds). and d;» levels of 
sQ,"*', which is 5 Mev. For the E3 moment in the surface” which is induced by the 
particle transition, the reduced matrix element in the right hand side of (28) is 


k (be,)? 


: 3 2 
is! Neha ace momen ify -Le- RISS r (30 
u ; tli : 4m C; (bws)°— (E,—E,)* ; ) 
where 
T= | Rng Rn ya Pr, 


E, and Ey, are the energies of the particle in the initial and final states. The values of 
bw, and C, are about 5 Mev and 200 Mev for A=100 respectively. 

The results are shown in the eighth column of Table IV inclusive of the contribu- 
tion from the E3-moment by the surface deformation which is induced by the particle 
transition. Some of them deviate greatly from unity. It may be attributed to an uncertainty 
of the hydrodynamical parameters and to choice of the particular configuration mixing in 
the nuclear states. 

It is worthy of our notice that the coupling with the deformations of order three, 
which induces the E3 moment in the surface, is important for these transitions. In the 
case of the strong coupling approximation, /%,-values depend entirely on the mixing of the 
Yrprstate due to the surface coupling and on the selection rules associated with the 2 and 
K quantum numbers. We shall study these points in detail in the forthcoming paper. 
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Table IV. E3-transitions of (7/2+)<-—>(1/2—) (j-forbiddenness). The values of Fina are based on 
Ith taking the configuration mixing into account by means of the simple perturbation theory. 


pure particle eobgutwibe “| 
Nucleus E+ (KeV) ; Fina Fyeak 
initial final 
Se? 162 (99/2) *7/2 (99/2) "pile 2.24-107 61.90 
Se79 80 (99/2) *Pi/e (99/2) °7/2 2.16-10° 11.90 
Se 98 (99/2) "7/2 (99/2) *p1/2 2.50-10° 1.904 
Ke? 127 (99/2) °pi/s (99/2) *a/2 4.20-10° 11.55 
Kreia 187 (99/2) *p1/2 (99/2) 7/2 1.42-10° 7.555 . 
Kr83 32.2 (go/2) *ps/e (99/2) "7/2 1.99-10° 1.777 
Rh103 40 (99/2) °7/2 (99/2) *p1/2 0.013 2.057 
Rh! 130 (99/2) *a/2 (99/2) *Pi/2 0.018 2.936 
Agi 93.9 (cents (ois) ex's 0.169 18.17 
Agt09 89 (99/2) "7/2 (99/2) *pr/s 0.272 28.33 


§ 4. Conclusions 


Static phenomena, such as energy levels, magnetic moments, quadrupole moments etc., 
have been investigated by many authors in detail on various models. Among them, A. 
Bohr’s collective model has been especially successful in explaining many phenomena. In 
this model the E2-transition is explained as a collective transition of a nucleus”. 

The first aim of this paper is to investigate how good this collective model is in 
other modes of gamma-transitions compared with the single particle model or the individual 
particle model. 

The single particle model, in most cases, over-estimates matrix elements by a factor 
ten or more, but under-estimates them in some cases, owing to its oversimplification. 
Moszkowski has examined the gamma transition in detail on the basis of the individual 
particle model. The results obtained by such a model do not always show a good agree- 
ment with the experimental data. However, these situations can be made considerably 
better, if one takes the strong coupling approximation in the collective model into account. 

The second aim is to compare the strong and the weak coupling models. The 
difference between these two approximations comes from the contributions of the deforma- 
tion of a core and becomes larger as the multipole order of the transition increases. 

The third aim is to explain the £3-transitions (j-forbiddenness), such as those 
between pi. and (7/2) + states. The fact that the magnitudes of the experimental 
radiative widths for odd-proton nuclei and for odd-neutron nuclei are comparable indicates 
that the coupling with the deformations of order three may be important for these transi- 
tions as suggested by Bohr and Mottelson®?. In fact, these transitions are explained by 
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the consideration of the E3 moment in the surface which is induced by the particle 
transition. 
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Electric excitation of low-lying levels in medium weight and heavy nuclei have been made from 
which the energy 4E of a given level and the cross section o¢x for its excitation can be deduced. 
Electric quadrupole moments, Qo (4E) and Qo(oexr) respectively, based on these two sets of data show 
markedly different values and markedly different trends as the closed proton shells at 50 and 82 are 
approached. If it is assumed that the Qo(4E) is indicative of the deformation of mass and Qo(oez) 
is indicative of the deformation of charge, the results suggest that a) the protons and neutrons are 
not uniformly distributed throughout the nucleus, b) the spherical symmetry of the protons is greater 
than that of the neutrons near the proton shells, c) the protons are concentrated closer to the center 
of the nucleus than the neutrons, and/or d) the flow within the nucleus is not purely irrotational. 


§1. Collective model 


The collective nuclear model began a few years ago as an attempt to understand the 
observed large intrinsic deformations which are ten times as large as can be explained in 
terms of shell theory. This model has since been able to explain these and a whole series 
of other interesting nuclear properties. The first treatise on this new model, by its origi 
nator Aage Bohr, appeared in 1952 and has since been improved by Wheeler and Hill 
and refined by Bohr and Mottelson. The principal idea is that the potential in which the 
particle moves is deformable. Hence the core which had been considered as rigid in the 
shell model also contributes to the properties of the nucleus. The centrifugal pressure of 
the particles moving in their orbits causes the wall of the nucleus to bulge which in turn 
causes the large observed deformations. Near closed shells, the walls of the nucleus are 
quite rigid (i.e. the liquid-drop has a large surface tension) and there are only a few par- 
ticles outside the closed shell which could cause deformation of the potential. Hence near 
closed shells large deformations are not expected. Away from closed shells, the potential 
is not rigid and many particles may cooperate to deform the potential. One would, there- 
fore, expect large nuclear deformations in the region midway between closed shells as observed 


in experiments discussed below. 
In the collective model we write the Hamiltonian of the system as the sum of three 
terms : 


ee 


*) This paper was presented at a physics colloquium in Yukawa Hall, Kyoto University on February 
8, 1955. At that time the author was Fulbright Lecturer at Osaka University. 
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je h— Hyp (Xi) +H, (a) +m (Xs a) > (1) 


where H,,(%;) is essentially the shell-structure Hamiltonian, H,(@) is the Hamiltonian of 
the surface, which is a function of parameters describing the surface (shape, orientation, etc.) 
and the interaction between the surface and the core. The collective portion of H,(a@) 
has been calculated by Bohr assuming that all collective motions of the nucleus are like the 
irrotational flow of a fluid (shades of the liquid-drop!). The interaction term H,,,, deter- 
mines the nuclear deformation since it governs the interaction between the particles and the 
surface (i.e. determines the centrifugal pressure). If H;,, is small, then the nucleus is 
spherically symmetric and H,(a@) describes the surface oscillations of a spherical liquid-drop. 
If Hin, is large, then the nucleus is in general an ellipsoid of rotation and has another 
mode of motion—the rotation of the surface of the ellipsoid in space without change of 


shape. In this case, the collective part of the Hamiltonian can be written as : 
Hi, (a) = Ayo, + Ariss (2) 
where H,,, is the portion of the Hamiltonian governing ordinary surface vibrations and 
Hw=1/2 8 @”, (3) 
where & is the effective moment of inertia and @ is the angular velocity of the motion. 


@ depends upon the dynamics of the motion. For irrotational flow, the motion is 


essentially a surface wave and: 
P= &, B, (4) 


where c¥, is the actual mechanical moment of inertia of the nucleus. The parameter 


% 


Ve 
% 


EVEN - EVEN ODD-A 


ROTATIONAL bE Velo 


Fig. 1 Rotational levels in nuclei. From “ symmetry ” considerations the sequence is 
1=2, 4, 6, etc. in even A nuclei and I=Iy+1, Ip+2, etc. in odd A nuclei. Nuclei with 
I)=1/2 do not follow the odd A sequence. 
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describes the deformation and is related to the eccentricity of the nucleus. For most nuclei, 
8 is very small and hence the effective moment of inertia & is much smaller than &,. 
The energy associated with the motion is: 


_* = 
E=75|10+1) ht+1) |, (5) 


where I is the spin of excited level and I, the spin of the ground level. We should 


therefore expect from (5) a sequence of energy levels as shown in Fig. 1. 


§2. Transition probabilities 


Another important property which these “ rotational” levels possess is that the transi- 
tion probabilities can be calculated using the “ collective”? model wave functions and com- 
pared with experimental half lives. The fact that the Hamiltonian can be written as the 
sum (1) means that the wave functions for such rotational levels can be written as the 
product of two functions, one describing the internal state of the nucleus and one describ- 
ing the collective rotational motion. From the properties of the rotational wave functions 
only transitions preserving the parity of the system need be considered. In particular, we 
shall be interested in electric quadrupole transitions. Since the internal nuclear configura- 
tion does not change in a rotational excitation, the intrinsic ground state electric quadrupole 
moment comes out as a factor when E2 matrix elements are calculated. The reduced transi- 
tion probability is thus : 


B(E2) =K(I, h) Qu (6) 


where K(I, Ip) is a numerical factor depending on the spin and Q, is the intrinsic electric 
quadrupole moment. 


Experimental results 


Experiments yield the energies of low-lying levels and transition probabilities between 
these levels. Energies can be measured in many ways — cascades after alpha, beta or isomeric 
gamma-decay, nuclear reactions, electric excitation, and others. It is more difficult to measure 
half-lives, especially the short lives predicted by the rotational hypothesis. Fortunately many 
of those levels which have short half-lives have easily measurable electric excitation cross 
sections. 

The basic process of electric excitation is quite simple. A proton (or other charged 
particle) approaches a nucleus and exchanges kinetic energy through the mutual electrostatic 
field. The proton never reaches the nucleus. The processs is entirely electromagnetic, 


hence the cross section is easily calculated to be the product of two factors : 
O,=A(E, 4E, Z, m)B(E2). (7) 


A(E, 4E, Z,m) is obtained from electromagnetic theory. B(E2) is the square of the nuclear 
matrix element, which of course is essentially the quantity which governs the half-life of 
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Fig. 2 
Experimental equipment 
The simplicity of the experimental equipment is shown in the figure. The crystal was placed per- 
pendicular to the proton beam so that it could be effectively shielded from y-rays coming from 
the slit system of the generator. The aluminum tube was lined with sheet Sn to reduce the 
background of y-rays from scattered protons. 


the de-excitation process, see (6). The usefulness of electric excitation now becomes apparent. 
If, for example, the gamma-rays following proton bombardment are measured, both the 
energy JE and the intensity, proportional to o,,, are significant quantities. 

The experimental method used in the present work is illustrated in Fig. 2. In all 


cases gamma-rays arising from the de-excitation of nuclear levels were measured. The overall 
radiations observed fall into three categories : 


1. A line spectrum of K X-rays arising from the ionization of the atoms in the target 
by proton bombardment. 
2. A line spectrum of gamma-rays from electric excitation of the nuclei. 


3. A continuous bremsstrahlung emitted when the protons are decelerated in the target. 


The yield of K X-rays from this type of experiment has been studied by Merzbacher et al”. 
The bremsstrahlung observed has the spectral distribution, intensity and cross section predict- 
ed by Sommerfeld”. These two radiations, however, give rise to rather unpleasant back- 
ground effects which often make it difficult to identify the nuclear gamma-rays. 

After separating out the background effect, the next experimental problem is to deter- 
mine whether a given nuclear gamma-ray results from electric excitation or from a Process 
involving penetration of the Coulomb barrier. It is clear that (7) applies only if the proton 
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never enters the nucleus. In the case of heavy nuclei, say Z>50, the Coulomb barrier is 
so high that compound nucleus formation is highly improbable for protons in the energy 
range available to us (<4 Mev). For the lighter elements this is not the sate, and a 
measurement of the yield of the gamma-ray as a function of proton energy is made in 


order to determine the process by which it originates. The yield function from electric 
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excitation is characteristically different from the yield function obtained when a compound 
nucleus is formed. The yield of the 131 kev gammas from Mn’ is a good example. At 
low energies, for which it is not probable for the proton to penetrate the Coulomb barrier, 
the yield function observed, see Fig. 3a, agrees well with that expected from electric (E2) 
excitation. | Above 1 Mev barrier penetration becomes important and the yield function, 
Fig. 3b, shows the characteristic compound nucleus formation resonance structure. Thus 
the cross section for electric excitation of this level should be measured at energies below 
1 Mev. eo 

Fig. 4 shows the yield of two strong gammas from silver (=47) as a function of 
proton energy. It is clear that both experimental curves fit the E2 excitation function quite 
well up to about 2.7Mev. For Z> 47, therefore, barrier penetration is not important below 
this proton energy. 

This process has been used to study fairly thoroughly the heavy elements midway bet- 
ween nuclear shells, around A=180, and nuclei in the region near the 50 closed proton 
and neutron shells. In both regions there are many excited levels which exhibit large cross 
sections. Figures 5, 6 and 7 illustrate the type of data obtained. In Fig. 5 the radiation 
from the proton bombardment of V,O, 1s apparently pure bremsstrahlung ; the characteristic 
X-rays have been strongly attenuated by the iron absorber. The shape and peak energy of 
the bremsstrahlung spectrum depend on the absorber and are essentially independent of the 
material being bombarded as can be seen by comparison with the bremsstrahlung, lower 
pulse height portion, of the spectrum from manganese also shown in Fig. 5. The 131 
kev gammas from electric excitation of Mn® are well resolved from the bremsstrahlung. This 
energy level in Mn has been observed previously by inelastic scattering of protons” and by 
electric excitation with alpha particles”. The energy of the Mn gammarray was determined 
as 131-43 kev by comparing it with the energy of the K X-rays from lead and tantalum 
and the 137 kev gamma-ray from Ta” under proton bombardment, for which the energies 
are well established. The cross section for the production of the 131 kev gammas at a 
proton energy of 0.94 Mev (only slightly different than that in Fig. 5) was determined to 
be 0.29 40.11 mb. This measurement required the production of thin Mn targets of known 
thickness and the calibration of the detection equipment with gamma-rays of essentially the 
same energy (122 kev) from a standardized source of radioactive Co’ placed at the target 
where the protons strike. 

The broad low-energy peak shown in Fig. 6 for silver and palladium (thick targets) 
is due to proton bremsstrahlung. The characteristic X-rays in both cases have been almost 
entirely attenuated by the cadmium absorber. Gamma-rays at 90, 325 and 436kev are 
clearly resolved for the Ag target. Gamma-rays at 350 and 430 kev are clearly seen from 
Pd but are not as well resolved because they are considerably lower in intensity and are 
somewhat closer in energy. The energy and cross section measurements on these two elements 
are summarized in Table 1. 

Fig. 7 shows the superposed pulse spectra observed” during bombardment of targets 
enriched in Re-185 and Re-187 with 2.5 Mev protons. In each cases 0.1 inch of copper 
was used to reduce the K X-rays, which comprise the major source of the dominant peak 
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Electric excitation measurements on Ag and Pd 


a 


Gamma Energy 


Cross Section in mb at indicated E, in Mev 


teen ra) Thi Target | Thin Target (85 kev) 
A 325 0.25+0.10 (E,=2.68) | 0.27+0.11(E,=2.68) 
rts 436 0.15+0.07 (E,=2.68) 0.20-+0.08 (E,=2.68) 
Pd 350 0.033+0.013 (E,, = 2.46) — 

Pd 430 0.078+0.031 (E,=2.46) | — 
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Fig. 5. 7-Spectra from thick Mn and V.O, targets. 
The broad low energy peak observed from both 
targets is due to proton bremsstrahlung. Characteris- 
tic X-rays from Mn and V are almost entirely at- 
tenuated by the Fe absorber. A strong 131 kev 
r-tay is observed from the Mn target while no T- 
rays are seen in V. 
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Fig. 6. 7-Spectra from thick Ag and Pd targets. 
The broad low energy peak observed from both tar- 
gets is due to proton bremsstrahlung. Characteristic 
X-rays from Ag and Pd are almost entirely attenuat- 
ed by the Cd absorber. T-tays at 90, 325, and 436 
kev are observed from the Ag target, and y-rays at 
350 and 430 kev are observed from the Pd target. 
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Fig. 7. Electric excitation of rhenium isotopes. Super- 
position of the pulse spectra observed during bombard- 
ment of targets enriched in Re-185 and Re-187 with 
2.5-Mev protons. In each case, a 0.1 inch copper absor- 
ber was used to reduce the X-ray background. No cor- 
rection for attenuation in the copper has been made in 


the figure. 
Energies of these gammas, considered correct to-k3 percent 
are: Rel85.---++--- 130 kev, Rel87----+-- 139 kev. 


The irregular pulse distribution at the right side of the 
figure may be interpreted as low-intensity cascade gammas 
from the second level in these isotopes, which is also 
excited by electric excitation at this proton energy. 


at the left. In heavy elements such 
as this, the bremsstrahlung is so small 
compared to the X-ray intensity that 
it is hardly noticeable. The energies 
of the Re gammas, considered correct 
to about 3 per cent, are: Re’ 130kev 
and Re’? 139 kev. The irregular pulse 
distribution at the right side of these 
two peaks may be interpreted as low- 
intensity cascade gammas from the 
second level in these Re isotopes, which 
is also excited by electric excitation at 
this proton energy. 


§ 3. Conclusions 


Considerable more data of the forego- 
ing type have been obtained, and we 
now consider these in terms of the 
theory previously discussed. The first 
important information is the ratio of 
the energies of the first and second 
excited states for which in a few cases 
it is possible to obtain a value. The 
rotational model predicts that the spec- 
trum is given precisely by formula (5). 
The second excited level is roughly as 
predicted in terms of the first level in 
all the odd A nuclei which we have 
studied and in which the yield is su- 
ficient to allow the energy to be de- 
termined. We cannot see the second 


levels in even A nuclei because of the 


small cross sections for octupole excitation. The agreement between theory and experiment 


here is evidence that the wave functions obtaine 


d from the collective model are good ap- 


proximations to the actual wave functions. However, the energy splitting is a property of 
the rotational wave function and is therefore essentially dependent on the kinematics of the 


motion only. 
precisely what rotates. 
In an attempt to answer this question, 


Hence about all this tells us is that something rotates but we cannot say 


we must make more detailed comparisons. 


One of the unique features of the rotational levels is that both the energy and the radiative 


transition probability of such a level depend upon the same parameter, the ground state 
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Table 2. Experimental data on 4E and Q) 
The values of 4E were obtained for the nuclei listed by means of a scintillation spectrometer or from 
beta-ray spectra. Values for the electric quadrupole moment Q) have been deduced from half-life measure- 
ments of the radioactivity (Raa), from the tabulated 4E’s, from the observed cross section for electric 
excitation (o¢x(/)) of the given level and from spectroscopic (Spec.) measurements of hyperfine structure. 


* ¥ h ; 
Nucleus AE (kev) Raa | AE Ter (1) Spec. 
iat ee anal ke pe SEG: ot ee Pe 
goIn''5 335 -— = = 2.2 
531127 By Ere = = = =1.3 
g3Bulsl ai -— = a 3.5 
ggbu'53 103 Se — —- 7.0 
osDy 1 85 7 a = < 
esx 80 8 -- — 20 (¢gEr167) 
70 Yb170 84 8 === =< 11 (70 Yb173) 
7iLul’s ily — 172 6.5 13 
nLul76 240 _ 175 — 9—12 
gHfi76 87 
re 8 16 22.1 
mHf7 B12, — 13 10.5 — 
235 13.9 
His 91 _ 15.8 16.8 -- 
His 122 -- 12.6 6.3 “= 
250 _ 13.6 
mHfi%0 92 - 15.8 16.3 — 
73lalsl 138 — 16 6.7 13 
300 — 16.1 5.8 
2 
74 W182 101 7; 15.1 5.2 _ 
74 W188 103 -- 13.9 27 ~ 
74 W184 112 14.6 4.5 — 
74 W 16 124 “= 14.1 4.1 — 
qoRel* 130 ~ 14.8 4.7 7.8 
290 — 15.0 
;Re187 3 — 
o 320 > 144 i. A 
7Os186 137 6 — — = 
7gP e194 330 ~ 8.9 2.4 == 
7aPth95 210 _ 10.3 a2 = 
mah tl96 360 = 8.6 ey, = 
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7gPti98 425 _ 8.0 1.4 a 
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g3bi-09 = = 
ina a = —0172 
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* M1 radiation assumed for odd A nuclei. 
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deformation of the nucleus. It is therefore of some interest to obtain the values of the 
ground state deformations by these two methods and compare them with each other and 
with the deformations obtained from independent observations. It can be seen from Table 
2 that there is a substantial difference between the values of Q, (which depends on the 
nuclear deformation) obtained from the cross section o,,(/) and from the energy of the 
transition JE. In particular, except for the three even isotopes of hafnium for which the 
Q,(@) is slightly larger than Q,(4E), the Q,(4E) is substantially greater than Q,(o). In 
the middle of the shell, see Hf’, the latter difference is roughly a factor of two whereas 
near the closed shell at Pb” the difference is about a factor of seven. Similar results have 
been obtained for the lighter nuclei”. 

Q,(4E) depends on the deformation of the mass distribution since it arises from the 
effective moment of inertia of the nucleus. Q,(o) depends on the deformation of the charge 
distribution since this is what determines the radiative properties (and conversely the electric 
excitability) of the nucleus. It follows therefore that these two experimental values of Qy 
will be equal only if the two types of deformation are equal. It is generally assumed that 
the charges (protons) and the masses (protons and neutrons) are uniformly distributed 
throughout the nuclear volume. In which case the deformation of the charge and mass 
would be expected to be the same. 

The larger value of Q,(4E) as compared to Q,(c), especially near the closed proton 
shells at 50 and 82 may be explained as follows : 


a) the protons and neutrons are not uniformly distributed throughout the nucleus. 

b) the spherical symmetry of the protons is greater than the spherical symmetry of 
the neutrons near the closed proton shells at 50 and 82 despite the fact that at 50 the 
neutron number is between the neutron shells at 50 and 82 whereas at proton shell 82 
the neutron.number is equal to the neutron shell at 126. 

c) the protons are concentrated closer to the center of the nucleus than the neutrons 
thereby resulting in a larger effective moment of inertia for rotation than would be indicated 
by the electric excitation cross section. 

d) as an alternative or additional factor to (c), the flow within the nucleus is not 
purely jrrotational but some particles circulate with the surface wave thereby enhancing the 
measured moment of inertia of the nucleus. 
Johnson and Teller have given supporting evidence that the neutrons, which contribute the 
bulk of the mass to heavy nuclei, may be more on the outside while the charge, i.e. the 
protons, may be more toward the inside. Recent measurements of nuclear radii using neu- 
trons (mass sensitive) give somewhat higher values than those obtained with electrons (charge 
sensitive). On the other hand, there is evidence to the contrary. If a nuclear core exists 
in heavy nuclei and retains its “ light nuclear character”, such as the Z=50 and N=70 
of Sn, the surrounding nuclear matter in doubly magic Pb”* would contain a much higher 
proportion of neutrons, N=56, than protons, Z=32. If in addition this outer nuclear 
matter were capable of greater deformation and irrotational flow, the observed differences in 
Q, might be explained. Further theoretical work is needed in order to test this hypothesis. 

An additional qualification needs to be introduced in the conclusions drawn from Table 
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2. Except for Ta’ for which the situation is established, the values of Q,(o) for odd 4 
nuclei are uncertain because of assumed pure M 1 radiation. However, the amount of E2 
radiation present is very unlikely to be sufficient to make a significant difference in the 
relative values of the Q,’s. Furthermore the values of Q,(o) for Hf” and Hf'” are some- 
what uncertain because of the uncertainty in the ground state spins. 

So few spectroscopic data are available and those that are have such large experimental 
uncertainty that a comparison of Q, (spec) with the other Q,’s is not very informative. In 
general Q, (spec) lies between Q,(4E) and Q)(c). 

The Q, (Raa) values are based on measured half-lives of rapidly decaying isomers. 
For this reason these data are also rather uncertain, though the accuracy of this type of 
measurement is being improved rapidly. There are too few cases in which a direct com- 
parison can be made to obtain any definite conclusions. However, valuable comparisons of 
this kind should be possible in the near future. 

One way of getting at the answer to the foregoing dilemma is by determining the 
gyromagnetic ratio of the collective motion. The branching ratios of second rota- 
tional levels in odd A nuclei depend essentially on the gyromagnetic ratios. Coincidence 
measurements now in progress should enable these branching ratios to be determined. If 
the gyromagnetic ratio is that predicted for a uniform distribution of charge and mass, the 
observed differences are probably due to irrotational flow. If the gyromagnetic ratio is 
different than predicted, the effect may be due at least partially to the non-uniform 
distribution of protons and neutrons. 

For years the geophysicists have been using seismic waves to gain some inkling of the 
composition deep down in the earth’s interior. It is encouraging to feel that nuclear phy- 
sicists now have tools that offer some promise of telling about the not-so-deep-down insides 
of nuclei. 

We wish to express our appreciation for valuable discussions with Professors Satio 
Hayakawa and Osamu Miyatake. The support of the U.S. Educational Commission in 
Japan is gratefully acknowledged. 
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The separation energies of light nuclei 10<A<50 are considered in relation to the nuclear struc- 
ture. We can grasp the physical meaning of the complicated variation of the separation energies of 
nucleons from nucleus to nucleus phenomenologically, by comparing them with the contributions to 
the separation energies, from each term of the semi-empirical mass formula. The systematic deviation 
of the separation energies from the semi-empirical mass formula disappears by the corrected mass for- 
mula by the uniform model which assumes the two-body interactions between symmetric pairs in 
supermultiplet structure. This fact strongly supports that the symmetry effect of the nuclear binding 
energy originates from the above mentioned two-body interactions. The deviations of the separation 
energies from the corrected mass formula of the uniform model show the evidences to support the 
independent particle model. In this mass region, the nucleus has, besides the dominant supermultiplet 
structure, the j—j coupling shell structure. The comparison between the mass formula and the above 
mentioned potential energy of two-body interactions which give the symmetry effects quantitatively, and 
the requirement that the separation energy is nearly equal to the depth of the energy level of the last 
nucleon measured from the top of the potential in the independent particle model, lead us to the con- 
clusion that there are other kinds of nuclear potential energies which are not sensitive to the sym- 
metry effect and to the “ expansibility ” of the nucleus, and bear about a half of the total potential 
energy of the nucleus. And then, the depth of the average potential for the last nucleon is estimated 
to be about 50 Mev and is a linearly decreasing function of X (X=Z-—N for protons, X=N—Z 


for neutrons). 


$1. Introduction and summary 


The separation energy of a proton or a neutron from a nucleus is the energy required 
to remove the most loosely bound proton or neutron adiabatically. The corresponding quan- 
tity in the atom is the ionization energy of an outermost electron. Ionization energies give 
important knowledge about the interaction between the electron and the residual atom and 
are intimately related to the atomic shell structure. The effects of the nuclear shell struc- 
ture on the separation energies of nuclei have been studied by many authors, and the se- 
paration energies show the discontinuities at each of the shell edges,” although the magni- 
tudes of the discontinuities have not been explained in relation to the nuclear structures. 
The fact that both the electrons in atoms and the nucleons in nuclei are fermions gives a 
similar character to the ionization and separation energies, but on the other hand, they have 
quite different characters in many respects. In the atom there is only one kind of fermions, 
the electrons, moving in the strong electric field of the nucleus, whereas in the nucleus 
there are two kinds of fermions, the protons and the neutrons, interacting strongly with 


each other. The force acting on an electron in the atom is, in fairly good approximation, 
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replaced by the average static force, and when an electron is removed from an atom, the 
residual atom changes its structure only slightly. As for the nuclei, the validity of the 
approximation of the single particle model is not clear experimentally as well as theoretically 
and when a nucleon is removed from a nucleus, the residual nucleus changes its structure 
appreciably (Section 4). Therefore, the ionization energies vary monotonically with respect 
to the numbers of electrons of the atoms except at the shell edges, whereas the separation 
energies vary in a complicated way with the numbers of protons and neutrons. To under- 
stand these variations, we need a theory which gives the total binding energies of nuclei as 
a function of the numbers of protons and neutrons, because we must take into account the 
change of the nuclear structure when a nucleon is removed. Of course, at present there 
is no theory except the semi-empirical ones. 

The variation of separation energies is large in the region where the mass number is 
small, and becomes smaller as the mass number becomes large. For the region of mass 
number 16<-4<50, the analysis of this variation is tried at first, since the variation is 
large and regular in the region. The results are summarized as follows. 

1. We can grasp the physical meaning of the complicated variation of the separation 
energies of nucleons from nucleus to nucleus phenomenologically, by comparing them with 
the contributions to the separation energies, from each term of the semi-empirical mass 
formula (with the coefficient of Fermi”) (Section 2). 

2. The systematic deviations of the separation energies from the values calculated from 
the semi-empirical mass formula explained excellently well if we use the corrected mass 
formula by the uniform model” which assumes the two-body interactions between symmetric 
paits in supermultiplet structure. This fact strongly supports the fact that the symmetry 
effect of the nuclear binding energy originates from the above mentioned two-body interac- 
tions (Section 3). 

3. The deviations of the separation energies from the corrected mass formula of the 
uniform model show the evidences to support the independent particle model (I. P. M.). 
In this mass region, the nucleus has, besides the dominant supermultiplet structure, the j—j 
coupling shell structure?” (Section 3). 

4. The comparison between the mass formula and the potential energy of two-body 
interactions which gives the symmetry effects quantitatively, and the requirement that the se- 
paration energy is nearly equal to the depth of the energy level of the last nucleon measured 
from the top of the potential in the independent particle model, suggest us that there are 
other kinds of nuclear potential energies which are not sensitive to the symmetry effect 
and to the ‘‘expansibility” of the nucleus which is defined by (28), and bear about a 
half of the total potential energy of the nucleus. And then, the depth of the average 


potential for the last nucleon is estimated to be about 50 Mev and is a linearly decreasing 
function of X (X is defined in Section 3) (Section 4). 


§2. Separation energies and semi-empirical mass formula 


In Figs. 1-4, the separation energies of a proton and a neutron, 5, and §,, from the 
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Fig. 3. Plot of odd neutron separation energies from nuclei (4, N). Points of given N are connected. 
©: Experimental value. x: Calculated value from the mass formula (1). Included for comparison 
are curves of contributions of five terms of mass formula (1), v: volume, f: surface, s: symmetry, 
c: coulomb and 6. 
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nuclei (A, Z) and (A, N) are analysed in terms of the contribution of each term of the 
semi-empirical mass formula with the coefficients of Fermi,” 


BCA, Z) = 14,03A—13.034?"—77.27 (4/2—Z)*/A 
—0.5837 Z°/A'8—0(A, Z), (in Mev) (1) 
where 0(A, Z)=0 for odd A and 0(A, Z) = 4-33.52A~*/* for odd Z/ even Z and even 


A. The reference to the adopted experimental values are summarized in Appendix. 


§3. Interpretation by the uniform model 


We have seen from Figs. 1—4, in the preceding section that the magnitudes of the 
separation energies OF o( Ze) and S,(N, A) depend mainly on the proton excess 
(2Z—A) and the neutron excess (2N— A), apart from the charge effects and even-oddness 
of Zand N. Hence it seems convenient to denote S,,(Z, A) and S,(N, A) as Ss, 2) 
and S,,(X,, N) where X, and X, ate: X,—22—A, X,=2N—A. Further, we shall use 
the word “excess X.” X is defined as 


X=X,=2Z—A_ for protons, (2) 
X=X,=2N—A_ for neutrons, 


where Z, N and A are the proton and neutron numbers and the mass number of the nucleus 
from which the nucleon is removed. Then the separation energy S is specified by the 
nucleon kind p or n which we denote with t, and the nucleon number Z or N which 
we denote with L, and the excess X. Thus we can write the separation energy as SinGX, 
L). One can see from Figs. 4. 

1. 5S,(X, L)’s with given 7 and X and given even-oddness of L do not depend 
strongly on L. 

2. S,(X, L)’s with given X and given L are nearly equal if the coulomb energy 
contributions are subtracted from both of them. 

3. S,(X, L)’s with given T and given X depend strongly on even-oddness of L. 

4. §,(X, L)’s with given T and given L strongly depend on X. 

In Fig 5. the deviations of the separation energies S,(X, L) with the given X and odd 
L from the calculated values with the mass formula (1) are plotted against L. The devia- 
tions of two-nucleon separation energies from the nuclei of even (L+1) 

$(X41, L4) 45% D 

are also plotted at the same abscissa, to make easy the comparison of one and two-nucleon 
separation energies which have the same residual nucleus. 

The following features 4 and 6 in Fig. 5 show the systematic deviations of S, and §, 


from the mass formula (1), and suggest us to analyse the data by Wigner’s uniform 


model.* 


tLe eee 

*) T. L. Collins, A. O. Nier and W. H. Johnson!”) and R. E. Halsted!8) analysed the nuclear binding 
energies by the Wigner’s mass formula. They compared with the Wigner’s formula the potential energy, 
calculated from the nuclear mass and the kinetic energy given by the Fermi gas model, and obtained the 


values fo two parametets. But our method of analysis is different from theirs and uses the formula (11). 
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L) from the values calculated with the mass formula (X, L) from the values calculated with the mass 
(1) against odd L. ©: for one proton, @: for formula (11) against odd L. O: for one proton, 
one neutron, []: for two protons, [: for two @: for one neutron, CL): for two protons, 
neutrons. 


EM: for two neutrons. 
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a. The connected lines for one nucleon are too high by nearly the same amount ex- 
cept for X=1, and are higher than those for the two-nucleons except for X=—1. 

b. The connected line for one nucleon of X=1 is lower in comparison with others. 
The connected line for two nucleons of K=1 is lower, and that of X=—1 is higher in 
comparison with others. 


Now we derive the corrected mass formula given by (11) by the uniform model” 
which assumes that the Hamiltonian of the nucleus (4, Z) is given as 


A A Zz 
H(A, Z)=ZM,C?+ (A—Z) M,C’ +3) T:+1/23) V(% xj) +1/2>Vio(%» x), (3) 
t=1 t,j=1 ¢,j=1 


where x,°°°x,, and x, 41°''x4 are the co-ordinates of protons and neutrons, T, is the kinetic 


energy of the i-th particle, V(x; xj) is the coulomb energy between i-th and j-th particle, 
and V(x, x;) is the potential energy of the two-body nuclear force between the particles 
i andj. The wave function of the ground state of the nucleus (4, Z) Dyaz satisfies 


H(A, Z) Dysz=M(A, 2) Doaz (4) 


The uniform model assumes that the expectation values of the potential energies in the 
state D,47, are given as follows, when the anti-symmetric pairs make no contribution to the 


potential energy, 
(1/2 bas (x5 x) \oaz= (3/5) (e*/19) ZA, (5) 
(1/23 (x x,) oAz = —2n,(A, Z) Av=yV, (6) 
tJ 


where —2L,/A is the average potential energy per symmetric pair in the nucleus 4, and 


n,(A, Z) is the number of symmetric pairs in the nucleus (A, Z) and is given by”” 


n.(A, Z) = (3/16) 4+ 3/4) A+ (5/4) — 0/2)8(42), (7) 
where 
E(A, B= 72). T2+2|T,|+ (13/4), for odd A nuclei, 
= (1/2) T+2|T,|+2 (5/2), for evenreven nuclei, (8) 
= (1/2) T,?+2|T;|+4, for odd-odd N=-Z nuclei, 
=) for odd-odd N=Z nuclei. 

The above n,(A, Z) are derived assuming that the spin of each nucleon is a good 
quantum number. In the light nuclei region, the spin-orbit coupling is not strong and, 
according to Peaslee®, in the nuclei of the mass number region considered here the super- 
multiplet structure” is dominant.” But in heavier nuclei, the change in n,(A, Z) resul- 


ting from the strong spin-orbit coupling must be scrutinized. 
In the case |T,|<2, E(A, Z) in (8) can be expressed almost exactly as 


E(A, Zal7s Te 1392 bar Ass 


where 
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0 for odd A nuclei, 
fi 0.81 for odd-odd nuclei, 
—0.81 for even-even nuclei, 
0.25 for odd-odd N=Z nuclei, (9) 
4,={ —0.63 for even-even N=Z nuclei, 


0 for N+Z nuclei. 


Then we have in the mass number region considered here, 
M(A, Z)=(H(A, Z) )oaz 
= ZM,C*+ (AaxZ } M,C? + (SOT) o4z 
+ (32/54) LA PLV SELVA, 
where 


VA=— ((3/8) A+ (3/2) +1.70 4") L, 
(10) 
Ve= (1,76 eaed 4nd, phy ae 


V,° is the part of the potential energy V, given by (6) which contributes to the symmetry 
effect of the binding energy. V,“ is the part of V, which depends only on A and does 
not contribute to the symmetry effect. According to the discussions in the next section, 
it seems likely that there exist other kinds of potential energies which depend on A 
only. 

Hence, if we assume that the part of potential energy which depend only on 4 is 
determined empirically by the first and second term of the mass formula (1), the empirical 


mass formula corrected by the uniform model gives the following binding energy, 
B,(A, Z) =14.03 A— 13.03 A*8— (3/5) (e€/x) Z? AMS 
—(1.75 T?+4+4,)L, Aq. (11) 
In the formula (11), the symmetry energy which comes from the kinetic energy term 
(>) T;)oaz is omitted to be considered separately. The term 77.27 T,°/A in (1) has 


explained very well the separation energy variations in Figs. 1—4, so we determine L, in 


(11) by 
1.75 L, T2=77.27 T? 
and obtain 
L,=44.15 Mev. (12) 
L, in (12) determines the value of L, J/A which corresponds to 0(A, Z) in (1) as 
L, 4/A= +35.7/A Mev. (13) 


and the value of L, 4,/A which is the energy to be added to the N=Z nuclei as 
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11.05/A Mev for odd-odd nuclei, 
4,L,/A= (14) 
—27.85/A Mev for even-even nuclei. 
The term (13) is appreciably smaller* than 0(4, Z) in (1) and explains the systematic 
deviation a, and the term (14) represents the extra energies of N=Z nuclei and explains 
the systematic deviation 5. 

In Fig. 6, the deviations of S,(X, L) of odd L from the values calculated with (11) 
which are denoted by 4, (X, L), and the deviations of S,(X, L)+5,(X4+1, L+1) from 
the values calculated with (11), which are denoted by 4,(X, L), are plotted against L, 
in the same way as in Fig. 5. 

Fig. 6 shows that the formula (11) represents the binding energies very well, and 
the systematic deviations in Fig. 5 have disappeared. In this fit the contribution of the last 
term in (11), which is determined by using only one parameter L,, 1s essential. 

The variations of 4,%(X, L) and 4,°(X, L) with respect to L are well understood 
as the variations of the kinetic part of 5,(X, L) expected from the I. P. M., and are consi- 
dered as evidences of the I. P. M. structure. 

1. At L=9 and L=21, the value of 4,%(X, L) falls. The magnitude of this 
fall becomes gradually small as X becomes small and negative. The fall of J, (X, L) 
is deeper than that of 4, (X, L). The conspicuous exception is the point for S,,(3, 9), 
and we want to discuss about S,,(3, 9) in a separate paper. 

2. At L=11, 13 (and 19), the values of 4,"’(X, L) and 4, (X, L) rise, when, 
X is negative. These rises become obscure at X=0, and disappear when X becomes posi- 
tive. “The tise of 4,°(X, L) is higher than that of J,"?(X, L). 

4, (X, L) is the difference between S,(X, L) and the value S,,,(X, L) calculated 
withthe D(X, 1) ofA 1) in which the kinetic energy is proportional to A as in the 
Fermi gas model. If we denote the kinetic energy part of S,(X, L) and S,,(X, L) as 
Ke \Dyvand K, 6G Ds 


Reh red (i Ld CAT, L—1), 

K..(X, L)=TA(X L) —T,(X—1, L—1)=constant 
where T'(X, L) are the kinetic energy ete nucleus of A=2L—X and |\Z—Nj=. In 
the single particle model, the energy level distance D,(X, L) between (L—1) th and Lth 


c-nucleons in the nucleus (X, L) are large at 
bao, 2h; (A) 


and small at 
L=10, 11, 12, 13,.14; 16; 18, 19, 20, (B) 


when the spin-orbit coupling exists. Since in extreme j—j coupling scheme, L=8 and 20 


*) A. E. S. Green and D. FE. Edwards analysed in detail the pairing effects and the shell effects 
of nuclei referring to their mass surface and emphasized that 36/A3/4 or 140/A exaggerater the average magnitude 


of the pairing effect for light nuclides. 
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are magic numbers and three groups of nucleons, L=9, 10, 11, 12, 13, 14, L=15, 16 
and L=17, 18, 19, 20 are in the same configuration dsj, 51/2 and p»); respectively.” 
Hence we can expect that K,(X, L) —K.,.(X, L) are large at L in (A) and small at 
L in (B). Thus the falls at L=9, 21 and rises at L=11, 13, (19) are considered to 
be the consequence of the variations of D,(X, L) such as (A) and (B). (shell effects) 
The above effect acts doubly to J,” (X, L). 

The decrease of the falls of J,” and 4,” at L in (A) with the decrease of X, and 
the decrease of the rises of 4,” and 4,° at L=11, 13 with the increase of X would be 
the consequence of that the D,(X, L) is the increasing function* of X. The shell effect which 
is caused by the largeness of D,(X, L) at L in (A) decreases with the decrease of X. 
The shell effect which is caused by the smallness of D,(X, L) at Lin (B) increases with 
the decrease of X. 

In Fig. 6, the connected lines of 4," (X, L) and 4,“ (X, L) coincide well on the 
abscissa except for negative X, and this fact seems to show that the even-odd variations of 
the binding energies are well explained by the term JL,/A in (10) with the value (13). 
The large deviation of J,°’(X, L) for negative X at L=11, 13 (and 19, 23) are inter- 
preted above by the kinetic energy part of the separation energy. 

Green and Edwards” emphasized from the analysis of the discontinuities in nuclear 
mass surface that the expressions for the pairing effect involving shell quantum numbers 
which were derived by Mayer using the shell model are not in consistent with the available 
data. At L=11, 13, 21, and 23, the J, (X, L) is certainly larger than 4, (X, L) when 
X is negative. It may be possible that the large difference between 4, (X, L) and J," 
(X, L) comes from the pairing effect involving j of the last two nucleons, because at L= 
11, 13, 21, 23, the last two nucleons, for which 4," (X, L) are considered, have high j values 
in comparison with others. They are j=5/2, j=5/2, j=7/2 and j=7/2 respectively. 
But then the fact that these large differences (4,°—d,") disappear when X is positive 
is not well understood. In view of the importance of the pairing effect in the shell model 
theory, the even-odd variations of separation energies must be studied in more detail and 
in more wide mass number region. 


§4. Some theoretical considerations 


The potential energy V, given by (6) with the value of L, given by (12) has given 
the excellent explanation about the symmetry effects on the separation energies. If the 
total potential energy is given by V,, the kinetic energy per nucleon should have been ($1 
T;)oaz= (14.03 —3/8 L,) A+ -+-=2.5A-+--» (Mev), and is too small." There is another 
reason which will be mentioned soon later, that the potential energy of the above mentioned 
two-body interaction is smaller (about a half) than the total potential energy of the nucleus. 
This fact suggests the existence of other kinds of forces which is insensitive to the symmetry 


effects. We assume in this paper the existence of the potential energy which has the above 


*) The change of D,(X, L) with X seems to be larger than what is expected from the fact that the 
D,(X, L) is a decreasing function of A in the case of square well potential. 
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nature and we denote it as V4. 

The main parts of the fluctuations of 4, in Fig. 6 are explained by the variations of 
the kinetic energies of nuclei which are expected from the I. P. M. We now consider the 
separation energy by the I. P. M. which assumes that the wave function Diaz in (4) has 
the form 


Pvaz= Ab, (x) dy (x) By (4) 5 (15) 


where C2 represents the antisymmetrizing operator. The fruitful success of the nuclear shell 
model has shown that this approximation is better than it has been expected. (In the 
shell model theory, Posz in (15) is the zeroth order eigenfunction and the wave function 
is an appropriate linear sum of (15), which is determined by the interactions between outer 
equivalent particles) . The I. P. M. is not inconsistent with the consideration by the unt- 
form model in the previous section, when the I. P. M. wave function (15) gives the larger 
probability of finding two nucleons in the nuclear force range for the symmetric pairs than 
for the antisymmetric pairs. We write the wave function (15) as 


1 py dm n 
Doaz a ~ P,) diaz (Xa) Boaz (xy: X4-1) > (16) 


where diy, is the wave function of the last nucleon which is assumed here to be a neutron 
and ~",, is the wave function of the residual nucleus in the nucleus CA, 2) sonia 
represents the exchange between x, and x. 

The Hamiltonian H(A, Z) of the nucleus of mass number A can be written as 


H(A, Z)=H(A-1, Z) + Tat MitValA 2), (17) 
where T,, and M, are the kinetic energy and mass of the last neutron and V,(A, Z) is 
the interaction between the last neutron and the residual nucleus (4—1, Z). The varia- 
tion principle gives the following equations for Daz Of the form (16): 

Wier \dt4-1 baz V,,(A, Zy) a= P;) DZ 

a { Pits HA—1, LZ) Piaz dt41+M,—M(A, Z) Pruz=0, (18) 
(H(A-1, Z) +§dxs Gite V,(A, Z)(A—D) Pi) Soaz 
=f ( bade fis Chaz dx,+M,—M(A, Z) |\Ptsz=09- (19) 
These equations express the interaction between the last nucleon and the residual nucleus 
in the Hartree approximation. The difference between Puz and Poca-1z caused by the 
removal of the last nucleon is considered here as caused by the difference of radii of nuclei 
(A, Z) and (A—1, Z), since the effect by the change of radius is very large and the 
constancy of the nuclear densities is known from the analysis of the nuclear coulomb ener- 
gies Then the difference 
| Pode HCAai, vx3) Poaz Nee { Dia-1z H(4—1, Zs) Dy 4-12 dt 41 Riaz) (20) 
is estimated as follows. We consider the kinetic part T(A—1, Z) and potential part 


V(A—1, Z) separately as 
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H(A—1, Z) =T(A—1, Z) +V(A—1, Z) + ZM,+ (A—1—Z) M,. (21) 


We assume that the kinetic energy of i-th nucleon in the nucleus A of radius R, is given 


by a;/(R4)°", where a; and 7 are constants. 


| Peas sk he Ag Z) Ptaz di i j Diz T(A-1, Zz) Diaz dé 4-1 


A-1 A-!1 
=S\(a,/R2—a,/R0,) = Sia! (A= (4-1) 9) 
i=] 


i= 


A-l : 1 Ant ; _ P 
mies PRCA: Eek 9 RAs repent LV ERE (22) 
t=1 —_— t= 


T is the mean kinetic energy per nucleon. Next, we calculate the potential part of (20) 
assuming that there is only 7, energy in (6) which is inversely proportional to the volume 


of the nucleus v4.” 


| Pore ViA=A; we) Paz dt4.4— \ Diaz Vi(A=—1; Z) Os sts dT 4-4 


gy psd Celt Be Da ry gE choad ae =—2L, De (A—1, Le) {A-'— (A—1)7"} 


V4 V4-1 


see gt IA) ae (23) 
(A-=1) aol : 


V, is the mean V, potential energy per nucleon. Then we have 
Riz=—7T-V,. (24) 
The Schrodinger equation for the last neutron (18) can be written as 
[T,+ Vn.az (Xa) +S, (A, Z) + R%z\taz=0, (25) 


where V,,42(x4) means the average potential energy for last neutron x4, averaged over all 


co-ordinates of other nucleons, and when the exchanges P,; are neglected it is: 
Vijaz (x4) = \ Poaz V,(A, Z) Poaz Aas. (26) 


The equation (25) means that the last neutron moves in the average potential V,, 47 
with the energy 


En oaz= —4 3 (4, Z) te (27) 


Thus, as is shown in Fig. 7,** the level of the last nucleon 


in I. P. M. is somewhat lower than —S,(A, Z) by the 


Vin, AZ n n V 7 
: amount R'\z. Riz=—(V,+nT) has nearly constant value 


for all nuclei. 


Fig. 7. Riz is the energy required when the nucleus expands 


*) K. Woeste!? noticed that these kinetic energy changes are appreciably large. 

**) Fig. 1 in the Woeste’s paper! and Fig. 7 have the different meanings. In Fig. 7, V means 
the potential which determines the wave function of the last nucleon and is not equal to the mean potential 
energy per nucleon. 
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Mev; 
40 
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25 
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V=31.2 MeV 
15, 
5 10 15 20 25 30 35 40 45 A 


Fig. 8. Mean energy pet nucleon (measured from the bottom of the potential) of the nucleus which 
consists of A nucleons moving independently in a square well potenital of the depth V and of the radius 
1.45X10-13 At/3 cm. Here the effect on the wave function by the spin-orbit coupling is neglected. We 
assumed that after 1s and 1p levels are filled, 12 nucleons fill (1d), and 4 nucleons fill (2s) and then 4 
nucleons fill (1d) successively, where (1d), (2s) are levels without the spin-orbit coupling. 


from the equilibrium volume to the volume which the nucleus with one more nucleon has 
in the equilibrium. Since the nucleus has minimum energy at the equilibrium, Riz is 
positive and we call in this paper €(A, Z) given by (28) as the coefficient of “ex- 


pansibility ”” at the equilibrium. 


€(A, Z) =Riz/(4/3)% 1 > 0- (28) 
V, is estimated from (10) and (12) as 
V,~— 3/8 L,~—16.5 Mev. (29) 
From (24), (28) 
T <24.7 Mev. (30) 


In (29), n=2/3 was assumed. The energy shift Riz, of the last nucleon from S,, seems 


to be not large but rather small, then the mean kinetic energy is nearly equal in absolute 


magnitude to the mean V, potential energy. 


T<—2/3 V, T~24Mev. (31) 


T in (31) is considerably larger than the mean kinetic energy in the Fermi gas model* 


s 5 an : ; f 
*) The kinetic energy increases if the position correlations are taken into account.°) 
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(13~14 Mev). But the mean kinetic energy in the single particle model with infinite 
square well potential is 24~29 Mev in the mass number region A=20~40. For com- 
parisons, the mean energies per nucleon E,(A) in the single particle model with square 
well potential of depth V=co, 30 and 40 Mev were calculated graphically and E, (A) — 
V are plotted in Fig. 8. Since the total binding energy is 14.034+--, the total poten- 


tial energy per nucleon V is estimated from T in (31). 


V—T~—14Mev, V~—38 Mev, 
Then we have 
V—V,~—21 Mev. (32) 


Here again we have the fact that the potential energy V, given by (6) in the nucleus 
is only about a half of the total potential energy of the nucleus. We presumed besides 


V,, the existence of the potential energy V4 which is insensitive to the symmetry effect 
of the nucleus. Here, we presume further that V4 is also insensitive to the “ ex- 
pansibility ” of the nucleus. We want to discuss the possible interactions of such a kind 


in a separate paper. Of course, the estimation of ( V—V.) is very crude and the surface 
energy was neglected. And we assumed for the wave function the form (16). 
Next, we will estimate the magnitude of V,47(x4) in (25) assuming the square well 


shape. 
The contribution to V,47 from V, is denoted as V{%,, and is from (6), (7) and (9) 


V2 (J P az V(A—1, Z) Poazadea-s)s 
= —2(L,/A) (n, (4, Z) —n, (4-1, Z)) 
= —2(L,/A) ((3/8) A+ (3/4) — (1/2)¢ (A, Z) + (1/2) € (4-1, Z)) 


me LB /4) C/2) APL ISA A ea eget re 
(33)* 


where X=N—Z. Since V,=—2L,n, (A, ZL) /@P~=—3/80,, (33) is nearly equal to 
2V,. The V, potential energy difference between two nuclei (4, Z) and (A—1, Z) 
is~V,. When a neutron is removed from the nucleus, about a half of the potential energy 
V\P47 is consumed by the decrease of the potential energy of the residual nucleus accord- 
ing to (23). Using the value (12) 
VOue= —33+6647—77 (X—1) A'4L,4A'F (L,4, A“, 0). (34) 
(in Mev) 
The contributions from V4 to V, 47 is denoted by V,. V4 is estimated from (32) 
Vo~ = 2h Mev, (35) 


Since V4 was assumed insensitive to the change of the volume, V4), is estimated to be 


*) The signs and values of the last two terms in (33) and (36) must be chosen properly referring 
to the values in (9). 
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equal to the mean potential energy of V4. Then estimated value for the depth of the 
square well potential V,, 4, is 


Vin, a —544-143A1—77XA1€ L, A ALAA, 0).(in. Mev) . (36) * 


V,,az is the same with (34) except for the coulomb energy. 

I want to express my thanks to Professor S. Tomonaga for the encouragement he gave 
me when I showed him the figures in Section 2 last winter. I am indebted to Dr. M. 
Sato for informing me the references on the nuclear binding energy, and to Professor S. 
Hayakawa, Professor M. Sasaki and Dr. T. Tamura for the discussions in the early stage 
of this work. I am much indebted to Mrs. H. Tati for compiling data and making 
graphs. I wish to express my thanks to Dr. S. Oneda and Dr. S. Hori, members of this 
institute, for the discussions in the course of this work. 
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Appendix 


The most of the separation energies are based on the Qn, values in the Ajzenberg and 
Lauritsen’s paper and the mass defects in the Endt and Kluyver’s paper.” | Ajzenberg 
and Lauritsen adopted the values of mass defects in the papers of Li, Whaling, Fowlder, 
Lauritsen™ and Li,” which were derived from the reaction data. Endt and Kluyver adopt- 
ed the values in Li’s table! and the weighted means of mass spectrographic data by Collins, 
Nier and Johnson" and. several other authors. In the regions which are not included in the 
papers of Ajzenberg and Lauritsen and Endt and Kluyver, the values of mass defects in 
the tables of Li” and Collins, Nier and Johnson® are adopted.* Dr. M. Sato kindly informed 
me about the excellent summary of Feather’ about the separation energies, and from Feather’s 
table 9 Sp’s and 16 Sn’s are added to Tables I and II. Other Sp’s and Sn’s in Tables 
I, Il were compared with Feather’s values, and most of them coincide within the limit of 
errors. 16 Sp’s and 21 Sn’s in Tables I and II are not found in Feather’s Table. For 
the discussions in this paper, the general distribution of separation energies is important 


rather than the very precise value of each separation energy, so we use the values above 
mentioned without further scrutiny. 


*) Qm values of (p, 1), (n, 7) etc., in the Ajzenberg and Lauritsen’s paper coincide with Sp’s and 
Sn’s calculated from the mass defects of the Li’s table except for six values. Exceptions arise from the dif- 
ferent values of the mass defects of Ol%) and Fi) in two references. (~0.2 Mev) We adopted Ajzenberg 
and Lauritsen’s values. The mass defects derived from reaction date in the Endt and Kluyver’s paper are 
the same with the mass defects in Li’s table except Mn?? for which we adopted the Endt and Kluyver’s value. 
Some of the mass defects in Collins, Nier and Johnson differ more than 0.1 Mev from the values in Endt and 
Kluyver’s paper which are weighted means of several mass spectrographic data. We adopted the latter values, 


but the mass defects of Collins, Nier and Johnson are adopted without corrections which are not found in 
Endt and Kluyver. 


Table I 


SS enorme 


Sp from the mass formula (1) 


A a Sp vol. surf. sym, coul, ri) total dev. ref. 
10 5 6.6 14.0 —4.1 el. 325 —6.0 3.9 ERT (15) 
10 6 3.8 ” —4.1 —5.8 —2.7 6.0 7.4 = 3.6 (19) 
a 5 L1.2 ” —4.0 6.0 ae D2 —6.0 7.8 3.4 (15) 
unt 6 8.7 ” —4.0 —1.8 a A 6.0 16 —2.9 (15) 
12 6 15:9 ” —3.8 1.8 —2.6 a2 14.5 1.4 (15) 
a bd Ff 0.3 ” —3.8 —4.7 = 3:0 ie D7, 3.0 (19) 
Ale 6 17.5 ” —3.7 5.0 =2.0 oe) 7S —0.4 (15) 
13 7. 1.9 ” —3.7 —1.5 —3.0 —5.2 0.6 1:3 (15) 
14 7 7.5 és me BEE peg yh hig ei ie 5 $25 kis} 
14 8 4.7 net) Tag gtk’ wala 47) ps 3.0%) Yio 
15 7 10.2 ” —3.6 4.2 —2.9 —4.7 72 5.0 (15) 
15 8 7.3 si SY ee a ee Ag AGG ~33 ( 
16 7 10.6 ” —3.5 6.8 ee —4.2 10.3 0.3 (15) 
16 8 a eda ” —3.5 U2 =35.2 4.2 127 —0.6 (15) 
ily 8 13-7 ” —3.4 Bie —=S5.2 4.2 155 —1.6 (15) 
nl 9 0.6 ” —34 —-1.1 —=—3.6 — 4.2 127, 1 

; ‘ , t : —1.1 (15) 
18 8 16.1 a ee ee bi i 3.8 173 aya ry 
18 9 5.6 ” —3.4 ale —3.5 =3:5 4.5 eat (15) 
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3.0) 
7S) 
SY) 


—2.9 
SNe) 
— 29 
ae) 
— 269) 


ses) 
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—2,.8 
ste) 


2:8 
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=235 
—= 218 
26 


SORT 
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—2.7 
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Sef 


—2.6 
—2.6 
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—2.6 
—2.6 


6 
—2.0 
—2.6 
—2.6 
—2.6 
—2.0 
—2.5 
—2.5 
—2.5 
—2.5 
—2.5 
=2:5 
—25 
2,5) 
—2.5 


= P5) 
—2) 
= PA2) 
— 5} 
—2.5 


= oh a 
—3.8 


—3.4 
3.8 
= 4.11 
= 37 
Seal 


=r 
—4.0 
=—43 
—4.0 
43 


—4.6 
—4.2 
—4.6 
—4.2 
—4.6 


=—4.5 
—4.8 
4) 
—4.8 
Sail 


—4.4 
47. 
= 
au 
=5.0 


=—5,0 
5A 
—49 
53 
—5.6 
Ag 
a0 
=55 
=e) 
oe 
a5 el 
~5.4 
56 
54 
= 577) 


= 54 
25.6 
—6.0 
523 
57 
—5.9 
=5.6 
—5.9 
—6.2 
20 


—o:8 
—6,1 
5X5} 
—6.1 
—6.3 


—J.8 
Sell 
—6.0 
—6.0 
—6.2 
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(15) 
(15) 


(15) 
(15) 
(14) (16) 
(15) 
(16) 


(16) 
(16) 
(16) 
(14) 
(16) 


(16) 
(16) 
(16) 
(16) 
(16) 


(16) 
(16) 
(16) 
(16) 
(16) 


(16) 
(16) 
(16) 
(16) 
(16) 


(16) 
(16) 
(16) 
(16) 
(16) 


(16) 
(16) 
(16) 
(16) 
(16) 


(16) 
(16) 
(16) 
(16) 
(16) 


(16) 
(16) 
(16) 
(16) 
(16) 


(16) 
(16) 
(16) 
(16) 
(16) 
(16) 
(16) 
(16) 
(16) 
(17) 


(16) 
(16) 
(16) 
(16) 
(17) 
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46 21 8.4 14.0 —2.4 4.0 —6.1 —1.9 7.6 0.8 (19) 
46 22 10.5 * TAMIL 65 19 92 13° “C7) 
47 22 10.3 ” —2.4 3.0 —6.5 1.9 10.0 0.3 19) 
48 21 10.2 si 5A. 57g Ole Ae ie teen 0.8 (16) (17) 
48 22 10.9 ” —2.4 3.8 —6.4 1.8 11.0 —0.1 (19) 
48 23 6.8 be 2408 2300 68 Es. ee 16 347) 
49 22. 10.1 ” —2.4 4.6 —6.4 1.8 11.8 —1.7 CES) 
49 23 7.4 in tiga 1046 67 Gs. OR 14. st7) 
49 24 7.6 ” —2.4 it 72 —6.8 1.8 7.9 —0.3 (17) 
50 22 11.6 ” —2.4 5.4 —6.3 1.8 12.6 —1.0 (19) 
50 23 Tad ” —2.4 337, —6.6 — ES 6.9 0.8 (17) 
50 24 8.4 ” —2.4 2.0 —6.8 1.8 8.6 —0.2 (19) 
51 23 7.8 f eee eer 28e eels 0.0. ~©§6(17) 
op 24 9.6 ” —2.3 2.8 —6.8 1.8 9.5 0.1 (17) 
reed 2 Sb Ee ae ee ee eee 
Table II 
ee 
S,, from the mass formula (1) 
A N ay vol. surf. sym. coul. 6 total dev ref. 
10 5 8.4 140 = 4.4 O90 63." —6) 6s 29° 35) 
10 6 6.8 ” —4.1 —5.6 0.2 6.0 10.5 —3.7 (15) 
11 5 13.4 ie =40 0 0.3 % —60 164 3.0 (19) 
11 6 aly FAs) ” —4.0 -—1.8 0.2 6.0 14.5 — 3.0 (15) 
12 6 18.7 4 Eee WN Ee 0.3 So 184 13 (15) 
r) 
12 7 3.4 ¥ te Re 62." —5o., @ 29 (15) 
13 6 20.5 ” —3.7 5.0 0.3 D2 20.8 —0.3 (19) 
13 7 5.0 . 237 ery 5 Ogre 5p begs 11° P*¥x3) 
14 af 10.6 ” —3.7 rS 0.3 —4,7 y Be eter (15) 
14 8 8.2 ” —3.7 —4.0 0.2 4.7 11,2 —0.3 (15) 
15 7s 193 + 3.6 en 04 —4.7 104 2.9... (19) 
15 8 10.8 ” —36 —1.3 0.3 4.7 14.1 —3.3 (15) 
a5 9 22 ” —3.6 —6.1 Oz —4,.7 0.1 oF | (15) 
16 8 15.6 ” —3.5 ne) 0.3 4.2 16.3 —0.7 (15) 
16 9 2.6 ” —3.55 —3.5 0.3 —4.2 Ea | —0.5 (15) 
ibys 9 4.1 ” —3.4 —-1.1 0.3 —4.2 5.6 —1.5 (15) 
17 10 5.7 . 34 Gs 0.2 aie orgy —4.0 (19) 
18 9 9.2 ” —3.4 0 Pa | 0.4 — 3.8, 8.3 0.9 (15) 
18 10 8.1 ” —3.4 —3.2 0.3 3.8 11.6 —3.5 (15 
) 
19 10 10.4 ” —3.2 —1.0 0.3 3.8 13.9 —3.5 (15) 
19 UY 4.2 ” —3.2 —4.9 0.3 —3.8 2.4 1.8 (15) 
20 10 16.9 < Sg WG 0.4 ais) 197 1.2 (15) 
20 A lk 6.6 ” —3.2 -—2.8 0.3 — 32) 4.7 1.9 (15) 
21 10 18.6 ” —3.2 2.9 0.4 35 LAF 0.9 (16) 
21 11 6.8 ” —3.2 —0.9 0.3 —3.5 6.7 0.1 (15) 
ZZ 11 ne (9) ” —3.1 0.9 0.4 —3.3 8.9 24 (16 
22 12 10.4 ” —3.1 -—2.6 0.3 33 TES —1.5 ne 
23 12 12.4 ” —3.1 —0.8 0.4 33 13.8 —1.4 (16) 
23 13 52 ” —3.1 -—4.0 Os —33 3.9 1.3 (16) 
24 12 16.6 ” —3.0 0.8 0.4 371! 15.4 162 (16) 
st a 7.0 ” —3.0 —2.4 04 -31 5.9 1b (16) 
17.0 i —3,0 oe 0.5 3° 170 0.0 ‘ey 
oe 13 7.3 ” —3.0 —0.8 0.4 —3,.1 7.6 —0.3 (16) 
oe ie 9.1 ” —3.0 —3.7 0.4 Bae 107 —16 (16) 
11.6 : —295 8 08 04... —207 Oo 2.2 (16) 
26 
= ee aa ” —2.9 —2.2 0.4 2.9 22 —1.1 (16) 
ath : ” —2.9 —0.7 0.4 29) ne 7 —0.9 (16) 
15 6.4 ” —2.9° =—3.5 05 —2.9 5.0 1.4 (16) 
28 14 ies? ” —2.9 0.7 0.5 2.8 iis) al Pat (16) 
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28 15 Ta; 14.0 —2.9 —2.0 0.4 —2.8 
28 16 8.6 ” —2.9 —4.6 OS 2.8 
29 14 ay ” —2.8 Med 0 2.8 
29 15 8.5 ” —2.8 —O0.7 0.4 —2.8 
29 16 9.4 ” —2.8 —3.2 0.4 2.8 
30 15 fire ” —2.8 0.7 0.5 —2.6 
30 16 10.6 ” —2.8 —1.9 0.4 2.6 
31 16 12.4 ” —2.8 —0.6 0.5 2.6 
31 aly 6.6 ” —2.8 —3.0 0.4 —2.6 
32 16 14.8 ” —2.8 0.6 0.5 22 
32 17 7.9 ” —2.8 —1.8 0.4 —2.5 
a2 18 9.3 ” —2.8 —4.0 0.4 aD) 
316) 16 16.5 ” —2.7 1.8 06 255 
33 119) 8.6 ” —2.7 —0.6 0.5 —2.5 
33 18 10.1 ” —2.7 —2.9 0.4 25) 
34 U7, Te? ” —2.7 0.6 0.5 —2.4 
34 18 11.4 ” —2.7 —1.7 0.4 2.4 
34 19 6.6 ” —2.7 —3.8 0.4 —2.4 
BD 18 12.8 ” —2.6 —0.6 0.5 2.4 
35 19 HK) ” —2.6 —2.7 0.4 —2.4 
36 18 14.7 ” —2.6 0.6 0.6 2:3 
36 19 8.6 ” —2.6 —1.6 0.4 —2.3 
36 20 9.2 ” —2.6 —3.6 (0)'5) 23) 
37 19 8.9 ” —2.6 —O0.5 0.5 —2.3 
37 20 10.4 ” —2.6 —2.6 0.5 23 
37 21 De. ” —2.6 —4.5 0.4 —2.3 
38 19 tales) ” —2.6 0.5 0.6 —2.2 
38 20 11.8 ” —2.6 —1.5 (OS) DD 
38 21 6.1 ” —2.6 —3.4 0.5 —2.2 
39 20 ier ” —2.5 —0.5 ike) ee 
39 21 6.7 ” —2.5 —2.4 0:5 —2.2 
39 ZZ 8.6 ” —25 —43 0.4 Zaz 
40 20 15.9 ” —2.5 (ome) 0.5 oP | 
40 21 IEE) ” —2.5 —1.4 0.5 —2.1 
40 DD 9.9 ” =—25, —33 0.5 Del 
Al 21 8.3 ” —2.55 —0.5 0.6 —2.1 
Al ZZ 10.0 ” =25 —2:3 0.5 2.1 
41 23 ‘Ook ” —2.5 —4.1 0.4 —2.1 
42 22 11.4 ” —2.5 —1.4 0.5 2.0 
42 23 7.4 ” —2.5 —3.1 0.5 —2.0 
43 23 8.0 ” —2.55 —2.2 (5) —2.0 
43 24 10.8 ” —25 —3.9 0.5 2.0 
44 24 11.4 ” —2.5 —3.0 0.5 2.0 
45 25 7A ” — 2 5 5— 3,7 (0)5) —2.0 
46 24 133 ” —24 —1.3 0.7 1.9 
46 25 8.9 ” =—24 =—2:9 0.6 —1.9 
47 25 8.6 ” —2.4 —2.0 0.5 —1.9 
47 26 10.5 ” —2.4 —3.6 0.5 1.9 
48 26 de7 ” —2.4 —2.7 0.6 1.8 
48 27, 7.8 ” —2.4 —4.2 0.4 —1.8 
48 28 9.8 ” —24 —5.6 (0)s5} 1.8 
49 26 1222; ” —24 —1.9 0.7 1.8 
49 Dah 8.0 ” —24 —3.4 0.5 —1.8 
49 28 10.1 ” —24 —4.8 0.5 1.8 
49 29 Dil ” 24 2692) 0.4 —1.8 
50 26 13.3 ” —24 —1.2 0.7 1.8 
50 27 8.0 ” —2.4 —2.6 0.5 —1.8 
50 28 11.0 ” —24 —4.1 0.5 1.8 
ak 27 9.1 ” 7) 35 — 1.9 0.6 —1.8 
Syl 28 cll ” —2,.3 —3.3 0.6 1.8 
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The (n; 2n) excitation cross section in copper is calculated on the basis of the compound nucleus 
formalism. If the probability for the formation of the compound nucleus by the incident neutron is 
assumed to be equal to unity, the calculated cross section becomes much larger than the experimental 
one. When the knock-out process is taken into account and a smaller probability is adopted, the 
agreement with the experiment can be made better to some extent. The estimate of the cross section 
of the knock-out process is obtained by the use of a very simplified model. 


§1. Introduction 


In the previous papers’” 


, cited as I and II, we were able to show that the compound 
nucleus theory is of good validity in accounting for the overall behaviour of gamma ray 
yields and the shape of a gamma ray spectrum, induced by medium energy neutrons. 
Although these results may be considered to support the statistical description of nuclear 


reactions, it has been pointed out by several authors*” 


that the compound nucleus theory 
might be insufficient to explain details of experimental results. Discrepancies between the 
theory and the experiments seem to be due to contributions from such reaction processes 
that are neglected in the theoretical calculation. Among various processes to be considered, 
the knock-out process may be of primary importance, which has first been recognized by 
Bernardini et al. through their Monte Carlo calculation.” The direct process occurring at 
the nuclear surface was investigated quantum-mechanically by Austern, Butler and Mc Manus.” 
The recent work” by Hayakawa, Kawai and Kikuchi, cited as III, has shown that the 
knock-out process can not be neglected in describing the nucleon spectrum which, if inter- 
preted in terms of the simple evaporation theory, results in a queer tendency of the nuclear 
temperature, as pointed out by Cohen”, and gives the main contribution in the case of 
inelastic scattering of high energy protons. Their calculation based on the knock-out process 
is in fair agreement with the experimental energy and angular dependences of protons in- 
duced by 31 Mev protons, while small difference in proton yields between the forward and 
the backward directions in the 18 Mev proton inelastic scattering’ indicates that the 
proton yield due to the evaporation is actually predominant over that due to the knock-out 
Process in this energy range. In other words, the probability for the formation of a com- 
pound nucleus by an incident particle seems to become smaller than unity in the energy 


range above, say, 20 Mev. It may, therefore, be worth while to examine this point on a 
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little different example, namely on the analysis of the excitation cross section of Cu(n; 2n) 
reaction” with incident energies ranging from the threshold (=11.1 Mev) to 30 Mev. 
Since the kinetic energy of a directly knocked out nucleon is usually much larger than that 
due to the evaporation, the residual nucleus left after the direct neutron emission can hardly 
evaporate the second neutron in the above energy region. Then if the knock-out process 
takes place, it diminishes the magnitude of the (n;2n) cross section in comparison with 
that expected from the evaporation theory. 

In § 2 we shall proceed to calculate the cross section on the basis of compound nucleus 
formalism assuming the usual empirical formula for the nuclear level density. The result 
obtained is that the Cu(n; 2n) cross section would become much larger than the experimental 
one at high incident energies, unless the probability for the formation of a compound nucleus 
is assumed to be smaller than unity. This smallness of the probability allows us to estimate 
the magnitude of the cross section for the knock-out process, since the inelastic total cross 
section is thought to be approximately equal to the geometrical cross section. In Se) 1s 
given a crude estimate of the cross section for this process by the use of a very simple 
model. In treating the actual knock-out reaction, the following two effects must not be 
overlooked. One is the attenuation of both impinging and scattered particles in the nuclear 
matter, which can not be neglected for the reason that the mean free path is much smaller 
than the nuclear radius in the. energy range concerned here. The other is the transmission 
and refraction of nucleon beams at the nuclear boundary, which is more important for scattered 
particles than for incident ones. In our semi-classical treatment these effects are taken into 
account based upon a very simplified model. The methods we used in §2 and §3 are 
essentially the same as those in II and II respectively. 


§2. Outline of calculation by the evaporation theory 


Our methods of calculations and notations are the same as those in the previous papet LE 
except that here we take the three steps of evaporations into account, since we should be 
concerned with all decay processes energetically possible. For this purpose we define the 
branching probability Pi, (E), like as P,; in II, which expresses the probability of emitting 
particle k from the intermediate nucleus left after the successive emissions of particles 1 and 


then j, by 
Piy,(E) =F, (E—Sijx) [23F m (E—Ssjm) (1) 


where E is the excitation energy of the intermediate nucleus concerned and S,,, is the se- 
paration energy of particle k from it. The quantity F, is proportional to the partial width 
for disintegration with emission of i and is defined by (I; 5, 6). If a particle i emerges 
from the compound nucleus with its kinetic energy €,, the probability of emission of j and 
then & from the residual nucleus is proportional to quantity IS, which is given, if 7 is any 


particle, by 
I? (Ee, —S;—S,5— Sine €;) 
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2M, (Een —Se—Sij—Sijn—€s 
= 274 é, o (e,) 0 (E_,—S,—Sij— €s— € 5) Page (Ese —Ss— Sig €s — € 4) dE 5p (2) 
)” 0 


and, if j is a gamma ray, by 


Ty ga a |) 


~ 


oa” ar? 


Ze RV 1 | (Esa Seis re 
fo -( ke ) ; D. ey w? (Ee, —Si— €4— €5) Pi. (Eee —Si— € — € 5) dE x, (3) 
0°90 

where E,, is the excitation energy of the compound nucleus. In (3) we take only the 
electric dipole radiation into account, because of its major contribution. Other notations 
adopted here are the same as those in I and II and of usual meaning. Then the proba- 
bility pS? for emission of j and k from the intermediate residual nucleus left after the emis- 
sion of particle i is expressed, as a function of E,, and €;, as 
Die (E..—S:—Sig— Site €4) 


© E —S;—€,; = — -——— 
D5x ( ec ) wm (ES Sue Sos 1 — &) 


im 


(4) 


lym 


When the compound nucleus can evaporate three particles in succession, the probability 
for having emission 7, j and k is 


Ki/>5 Kimn (5) 


Z.m,n 


where the summation is extended over all possible channels. The quantity K,,, is written 
as 


2M, (Eex—Si—Sij—Si jx 
Ki.= 4 : 


2 \&; o (€:) wv, (E,,-—S;— €;) pi? (E..—S,—€;)de,. (6) 
Thus we can calculate the cross section o,(l; i, je) ot the. 7. J, &) reaction by the 
usual formula 


Oo Wl & ‘ i k) as re (E,) [Kein yoy eee = (7) 
m,N.p 


o$(E,) is the cross section for the formation of a compound nucleus due to the particle 


[ with incident energy E,. On account of >) p§e=1 and the definition of F,, we have 
j,k 


> Kien Ep LY (8) 


n.p 


In order to carry out our calculation, we have to consider the following three quanti- 
ties: the separation energies, the cross sections for the formation of compound nuclei and 
the level densities. Since our calculation refers to the case when incident neutrons bombard 
“Cu nuclei, the most abundant isotope of copper (71%), the compound nucleus is “Cu 
with its excitation energy E,,+S, Mev. The emission of a, d and t, etc. may be of 


negligible probability, so that we may take account only of that of n, p and 7. 


As our knowledge about the Separation energies is very scanty, we are obliged to employ 


those obtained by the Weizsacker’s mass formula. The values we used are shown in Table 1, 
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Table 1. SES VASIWIE? 
Sp = 6.3 
Si eS 
Snp= 5.6 
Sy 7h! 
Spp=10.3 


Snnn= 8.9 Spnp=10.7 
Snnp= 4.9 Spe ole 
Spe 
Senna 10.2 
Supp= 9.6 
Sppn= 6.0 


For the level density we have employed the following semi-empirical formula based upon 


the Fermi gas model : 


w(E) =c exp (2 aE), 


(9) 


with Ceven-even 1/2: Ceven-odd — 1/4 Codd-oda 


where a and c are two adjustable parameters. 


The cross sections for different emission pro- 


cesses are sensitively dependent upon the magnitude of a, so that we shall make the calcula- 


tions for the two limiting cases of a values. 


the nucleus concerned here 


a=2 Mev, 


Blatt and Weisskopf™ give a value of a for 


(i) 


on the other hand Graves and Rosen™ obtained 


a=23.8 Mev" 


(ii) 


by observing the neutron spectrum from copper excited by 14 Mev neutrons. 


Cross sections for the formation of a compound nucleus appearing in integrals F, I 


and K are calculated by the same way as in 
given by Feshbach and Weisskopf” and for 
by Blate and Weisskopf”. These values of 


II, i.e. those for neutrons are by the formula 
protons are interpolated from the table listed 


a, we used are shown in Fig. 1. The cross 


section for the formation of the compound nucleus "Cu by the incident neutron may be 


thought smaller than the reaction cross section given by Feshbach and Weisskopf as the 


1D. 


o 5 10 15 
Energy in Mev —> 
Fig. 1. Cross sections for the formation of a compound 


nucleus by neutrons and protons. 


incident energy becomes higher. Leaving the 
discussions the 
o™(E) to the following section § 4, here we 


assume that all reaction processes are due to 


on energy dependence of 


the evaporation from the compound nucleus, 
that is, the probability for the formation of the 
compound nucleus equals to unity. Calculated 
results and the comparison with the ex- 
periment are shown in Fig 2. 

It is remarkable that with choice (ii) of 
a, o(n; 2n) is much smaller than the experi- 
mental cross section. This is because the radia- 
tion width increases more rapidly than other 


particle widths with increasing value of a. 
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These results show that the choice (ii) of a may not be suitable and the magnitude of 


é 46) 
a must be much smaller as pointed out by Tomasini. 


Cross section in barn 


7” o(n;p,n, 7) 
a a(n; 


0 5 io 15 20 25 30 
Neutron energy in Mev 


Fig. 2. Cross sections for various processes calculated on the assumption that the probability of the for- 
mation of the compound nucleus by incident neutrons is equal to unity. Solid curves refer to results 
calculated for a=2 Mev-! (case (i)) and the dashed curve indicates (n; 2n) cross section calculated for a= 
23.8Mev-1 (case (ii)). The dotted curve indicates (n; 2n) cross section obtained without competition. 


§ 3. The estimate of the knock-out process 


The calculated value of a(n; 2n) much larger than the experimental cross section 
supports the occurrence of the knock-out process with increasing incident energy. The 
nucleon-nucleon collision in the nuclear matter has been studied by several authors'’’~’ on 
the basis of the Fermi gas model and by the use of the experimental cross section of free 
nucleon-nucleon collision, taking the effect of the Pauli principle into account. The realistic 
form of the cross section for the free nucleon-nucleon collision is too complicated to allow 
the analytical expression. Here in accordance with Goldberger’, we make the simplest as- 
sumption of the energy independent and isotropic cross section for the cross section of the 


free nucleon-nucleon collision. In this case the analytical calculation is readily carried out 
with the result 


o{1—-2.2F) for E,>2E,, 
= 1 
re 
< (10) 
Regimes 19 E, \°? 
o/f1— S24 2 (gS | for E,< 
| st ee “sta = or E,<2E, 


where oy is the cross section of the free nucleon-nucleon collision and o is that of the 
nucleon-nucleon collision in the nucleus. E, and E, are the incident energy and the Fermi 


energy (=21.5 Mev) respectively, both measured from the bottom of the Fermi well. Thus 
the total collision cross section o, is given by 


T= LO np t Noun » (11) 
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Z and N being the proton and the neutron numbers in the target nucleus. ©,, and 6, 
are the cross section of neutron-proton collisions and that of neutron-neutron collisions, calculat- 
ed by the above formula (10). One should, however, notice that the total cross section 
given by (11) fails to reproduce the observed facts for the reason that the effects of the 
attenuation and the transmission are not yet taken into account. In actual nuclear reactions 
we have to deal with the attenuation within a nucleus and with the transmission and _ re- 
fraction at the nuclear surface, for both the incident and the scattered beams. These effects 
can in principle be handled with the Monte Carlo method, which, however, seems so tedious 


that it will be impracticable to cover a wide energy range. Accordingly we prefer to treat 


Y Z A 5 
/ the knock-out process on a very simple 


if 
B 


model in this section. The main feature 


of this process is represented schematically 


in Fig 3, in which zaxis is along the 
vin ial —_—-—- direction of the incident beam and r is 
perpendicular to it. L, and L, are the 
ee a s pd ee ES lengths of paths within nucleus before and 
after the collision respectively. The total 
@ argee seiaclete cross section o, of the knock-out process 


is expressed as 


Fig. 3. Schematic representation for the knock-out 


| rocess. 
a og Veet ae ee eS dD dL; % 12 
os 7 R° | 2ards rE) A, O2 ey Apo A, sae 
where T’s are the transmission coefficients and E, is the incident energy and E, is the mean 
value of the final energy, which is given by the formula (3.19) in II]. The mean free 
path 2 is expressed in terms of the cross section « and the density of the nuclear matter 
as 
i A=1/G fis (13) 
In the integration of (12), since T’s are slowly decreasing with increasing r, we may 
drop the integration over 7 and adopt the assumption that the incident neutrons impinge 


with zero impact parameter and then do not suffer the diffraction on entering into the 


nucleus. Putting L, equal to A; (12) is rewritten as 


caret inl age cao Hee (14) 


e 


where T’s are put to the average value (T’) over angles. The angular distribution of 


scattered particles da/ 02 has a very complicated form in spite of the simple model we 
The general feature of the distribution, shown in ILI, suggests us that the 
d by a cosine function as follows : 


employed. 
differential cross section may be approximate 


(o,/27) cos 9 for OS0<7/2, 
d0/02= i>) 
0 for m/2<0 : 
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With this approximation the integration is reduced to 


Cae Th Imax 1b 
Sees eee) exncs-ee Nee (16) 
7 “ 


0 


Oar is the upper limit of 0, which is determined from the fact that the scattered beam 
suffers refraction on emerging from the nuclear surface. If we express the wave numbers 
of an emerging nucleon inside and outside of the nucleus &;,, and k,,, respectively, the 


analogy to geometrical optics leads to the Snellius’ relation 

hea SI Krag SILL ees (17) 
Since sin P<1, the equation 

sit hs / Rene (18) 
determines the maximum value of the angle a, which gives 

we: his 

GO ax = Sin (eae) (19) 

where a=R—),. 
The integration (16) is calculated into the following form 


Cees (T,)(T;) 


og=— Bhs). (20) 
2a” e 
The function Y(A,) is given by 
z1 4 5 
P (Ay) =A (1 +x) e* +f = dx (21) 
r=7roO via 70 xX 


with 
’=R—2’, 
y= (a+R)/A > 
x= (1/2) {4 cos Onae+ V a cos? ee et cs ae 


Calculated value of o, is shown in Fig 4. 


§ 4. Discussions and comparison with experiment 


The evaluation of the cross section for the knock-out process allows us to make a 
careful comparison between the theoretical calculations and the experimental data. Although 
the cross section o{”(E,) for the formation of the compound nucleus by the incident neu- 
tron is assumed to be equal to the reaction cross section o, in the treatment of § 2, the 
estimate of the knock-out process in § 3 facilitate us to make a more exact investigation 
on this problem. The occurrence of this process has the effect of diminishing the magni- 


(nm) (n) : : : 
tude of of”, for the sum of o” and o, is approximately equal to the reaction cross section 
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>) 


~ 
oO 


Cross section in b:rp 
=) 
wn 


10 15 20 25 


Neutron energy in Mevy——> 
Fig. 4. Calculated cross section og for the knock- 
out process. The cross secton o, for the formation 
of a compound nucleus is obtained by the subtrac- 
tion of og from the reaction cross section o,. 


Cross section in barn 


Neutron energy in Mevy—> 


Fig. 5. Cross sections for various processes. The 
fact that the occurrence of the knock-out process 
diminishes the probability of the formation of the 


compound nucleus by incident neutrons is taken into 


account. 
'@’s indicate experimental (n; 2n) cross section and 
the dashed curve is (n; 2n) cross section shown in 
Fig. 2. 


oc, Thus the formula (7) is revised as 


&,(l i, jb) =(0,—22) Kija/'> Kron « (22) 


m.%,p 


The reaction cross section o, is given by Feshbach and Weisskopf and is approximately 
equal to the geometrical cross section mR for high energies. The cross sections for various 
processes calculated by (22) is of smaller magnitude than those shown in Fig 2. There 
are some discrepancies between the theoretical result and the experimental one, as seen from 
Fig 5. The discrepancy in the low energy portion comes from the fact that the formula 
of F, gives the larger value than the actual radiation width. When the available energy 
for the neutron emission is large enough, the large magnitude of F,, does not matter because 
it is much smaller than the particle width. However, as the available energy decreases and 
the particle width becomes smaller, the magnitude of F, tends to decrease the particle emis- 
sion probability. This prospect is supported by the fact that the calculated o(n; 2n) is 
in fair agreement with the experiment, if we make the simplifying assumption that the 
residual nucleus always emits a neutron if its excitation energy is sufficient to do so. 

The figure also indicates some discrepancies in the high energy region, which might 
have come from the neglect of the direct process occutring at the nuclear surface, from the 
ambiguity in the choice of the values of a, or from the disregard of a, d and ¢ emission. 
Each effect mentioned above seems to make the (n; 2n) cross section smaller, if it is taken 
into account. Though there remain some ambiguities in these respects, it is clear that the 
knock-out process can not be ignored in the nuclear reactions with the incident energy above 


20 Mev. 


134 


R. Nakasima and K. Kikuchi 


The authors wish to express their sincere gratitude to Professor K. Husimi for his 


careful reading of the manuscript before publication and to Professor S. Hayakawa for his 


valuable comments on this work. 


References 


S. Hayakawa and K. Kikuchi, Prog. Theor. Phys. 11 (1954), 513, cited as I. 

S. Hayakawa and K. Kikuchi, Prog. Theor. Phys. 12 (1954), 578, cited as II. 

R. M. Eisberg, Phys. Rev. 94 (1954), 739. 

H. Mc Manus and W. T. Sharp, Phys. Rev. 87 (1952), 188. 

B. L. Cohen, E. Newman, G. A. Charpie and T. H. Handley, Phys. Rev. 94 (1954), 620. 
G. Bernardini, E. T. Booth and S. J. Lindenbaum, Phys. Rev. 85 (1952), 826. 

N. Austern, S. T. Butler and H. Mc Manus, Phys. Rev. 92 (1953), 350. 

S. Hayakawa, M. Kawai and K. Kikuchi, Prog. Theor. Phys. 18 (1955), 415, cited as III. 
B. L. Cohen, Phys. Rev. 92 (1953), 1245. 

R. M. Eisberg and G. Igo, Phys. Rev. 93 (1954), 1039. 

P. C. Gugelot, Phys. Rev. 93 (1954), 425. 

J. E. Brolley, J. C. Fowler and L. K. Schlackes, Phys. Rev. 88 (1952), 618. 

J. M. Blatt and V. F. Weisskopf, “ Theoretical Nuclear Physics,’ John Wiley & Sons, Inc. (1952). 
E. R. Graves and L. Rosen, Phys. Rev. 89 (1953), 343. 

H. Feshbach and V. F. Weisskopf, Phys. Rev. 76 (1949), 1550. 

A. Tomasini, Nuovo Cimento 12 (1954), 134. 

M. L. Goldberger, Phys. Rev. 74 (1948), 1269. 

Y. Yamaguchi, Prog. Theor. Phys. 5 (1950), 332. 

A. Kind and G. Perganini, Nuovo Cimento 10 (1953), 1375. 


135 


Progress of Theoretical Physics, Vol. 14, No. 2, August 1955 


On the Quenching of Molecular Rotation of Ortho-Hydrogen 
in Solid State 


Tuto NAKAMURA 


Department of Physics, Faculty of Science, Kyusyu University, Fukuoka 


(Received June 29, 1955) 


By using the data measured by Hill and Ricketson, we can express the anomalous specific heat 
Cy of solid hydrogen at sufficiently high temperatures approximately as 


CyT?/R=act+Be, 
eat poe 


where c is the concentration of ortho-hydrogen molecules, T the absolute temperature, and R the gas 
constant. It is an aim of this paper to inquire into the origin of these two terms. Through calcula- 
tions by the method of moment expansion, the magnitude of 8 can be explained from the quadrupolar 
interactions among ortho-molecules, while the anisotropic nature of the valence and van der Waals 
forces is shown to be effective only as corrective terms. On the other hand, the appearance of @ 
shows that the molecular rotation of an ortho-molecule surrounded by para-molecules should also be 
quenched. A. possible mechanism of this phenomenon may be the rotation-vibration coupling, for 
which the valence and van der Waals forces should be exclusively responsible. However, we are not 
yet able to get a complete understanding of this quenching process. Deviation from the above formula, 
i. e. the linear dependence on c of the the quantity CyT°/R at temperatures not high enough is also 
derived and compared with experiment. Further, a more exact treatment than the moment expansion 
method is given for the case of low ortho-concentrations and is applied to the case of 7% ortho. 


§ 1. Introduction 


The anomalous specific heat of solid hydrogen was originally observed by Simon et al.” 
Schaefer then attempted to explain them.” 

The rotational degeneracy temperature of hydrogen molecule is 86°K, and is sufficiently 
higher than the temperatures of solid hydrogen. Hence, the rotational state of ortho- 
molecule is almost in J=1, while that of para-molecule is in J=0. Here J denotes the 
rotational quantum number. Thus, each para-molecule has a non-degenerate state correspond- 
ing to its rotation of spherical symmetry, while each ortho-molecule has a_ three-fold 
degeneracy in its state of free rotation. If this degeneracy is lifted, the free rotation of 
an orthomolecule will be quenched. The entropy removal arising from such a quenching 
process will be responsible for the anomalous specific heat. Schaefer thought that the 
hindering potential for ortho-molecule proportional to P,(cos @) was sufficient to quench the 
rotation of ortho-molecule, where P, (cos @) is the Legendre polynomial and @ the polar 
angle of the molecular axis. But he did not inquire into the origin of such a term. Now, 
Nagamiya and Kisi” pointed out the fact that the cceflicient of P,(cos 0) originating from 
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the valence force of Margenau® vanishes identically in the case of the hexagonal close-packed 
structure, which corresponds to the crystal structure of solid hydrogen.” We may say 
therefore that Schaefer’s theory does not elucidate the quenching of molecular rotation of 
ortho-hydrogen. 

However, recent development of proton magnetic resonance gave us valuable informa- 
tions about the molecular rotation in solids. Thus, Hatton and Rollin studied the proton 
resonance in solid hydrogen” and Reif and Purcell measured the line shape in normal 
hydrogen with a higher accuracy”. They confirmed the quenching of molecular rotation 
of the ortho-hydrogen. As a result of a detailed analysis of these resonance data, Tomita 
concluded that it was impossible to explain the abrupt change in the resonance width at 
about 1.5°K if one disregards the cooperative character of quenching of molecular rotation.* 

In quite recent years, Hill and Ricketson measured the anomalous specific heat of 
solid hydrogen of different concentrations of ortho-molecules.” They observed a /-shaped 
transition in the cases of 74% and 66% ortho-concentrations, whose transition points are 
1.6° and 1.35°K respectively. This fact suggests that the quenching of molecular rotation 


proceeds cooperatively, in accord with Tomita’s conclusion from resonance data. According 


1) the transition temperature is proportional 


to further experiments by Hill and Ricketson, 
to ortho-concentration at higher concentrations than 60% ortho-molecules and the /shaped 
transition disappears at 60% ortho-molecules and below. Hence we may conclude that 
the interactions between ortho-molecules play an essential role in the /-transition. 

What types of intermolecular forces are responsible for this phenomenon? In order 
to seek them, let us study the tails of the anomalous specific heat curves at moderate high 
temperatures.*” If the anomalous specific heat per mole, Cy, in this region is proportional 
to the inverse square of temperature, C,T°/R will approach to a constant value with 
increasing temperatures, where T is the absolute temperature and R the gas constant. We 
plot C,T°/R against T for different concentrations, as shown in Fig. 1. The saturation 
seems to be realized, though approximately. These saturated values should be a function 
of ortho-concentration, which we denote by c. Considering the cooperative behaviour of 
quenching at high concentrations of ortho-molecules, we may suppose that the contributions 
to C,T°/R will predominantly be from ©. So we plot the saturated values of (C,T?/R)1” 
against c. The curve thus obtained shows a straight line at higher concentrations than 
c=0.25, as can be seen in Fig. 2. But the linear part with respect to c is not negligibly 
small, because that straight line cuts the ordinate at about 0.14. Thus, we can put 


C,T*/R=ac+t Be’, (1) 
where CyT°/R denotes its saturated value. Then we have 
(CyT?/R)'2 ~ V Bct+al2av B (2) 


os ; ; 
The anomalous parts Cy were approximated by the difference of C, at 0.5% ortho- from Cy at x% 
ortho-concentrations. 
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in the regions of high concentrations. The numerical values obtained from Fig, 2 are given by 


VB =3.96, al2v BP =0.14, (3) 
whence we get 
ses pak == 1507; (4) 
8 is about fifteen times larger than a. 
Whatever the origin of 9 may be, it should be attributed to the interactions among 
ortho-molecules. On the other hand, the small part proportional to c shows that the 
molecular rotation of an ortho-molecule is quenched by the interactions common to ortho- 


ortho and ortho-para pairs. We have now to look for the origin of these two kinds of 
quenching process. 


Fig. 1. Curves for CyT?2/R versus T. 


Our program is the following: 
1). We consider the anisotropic part of interactions between two hydrogen molecules (§ 2), 


which is expressible in terms of the orientation angles of two molecules, (0,, ¢,) and 


(G2, £2) + 
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Ortho-Concentration 


Fig. 2 Curve for saturated (CyT?/R)1/? versus c. 


2). We transform the representation thus obtained to the representation in which the 
magnitude of J and J, are diagonal, where J denotes the rotational angular momentum 
cperator and J, its zcomponent. Our interest is of course in the parts of J=1 and J=0. 
In such a way, we get the interactions for ortho-ortho and ortho-para pairs (§ 3). 

3). It can be shown that interactions common to ortho-ortho and ortho-para pairs vanish 
identically in the case of the hexagonal close-packed structure with 


c/a=2V 2/3. (5) 


Thus, we have only to consider the interactions which are characteristic of the ortho-ortho 
pair. A calculation of the second moment for the total Hamiltonian leads to B=20.5 (§ 4). 


4). As a greater part of theoretical 8 proves to arise from the quadrupolar interactions, 
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we confine our Hamiltonian to the quadrupolar parts to calculate the third moment for 
the total Hamiltonian. The result obtained is in a better agreement with the experimental 
Mets 5;(Fig--5). 

5). In order to treat the temperature dependence of C, at very low concentrations, the 
eigen-values of a pair Hamiltonian are obtained, where our attention is again confined to 
the quadrupolar part alone. Supposing ortho-ortho pairs to be independent of each other, 
we calculate C, without help of the 1/T-expansion method (§ 6). 

6). The splitting of rotational levels, JE, in the absence of the interactions characteristic of 
ottho-ortho pair, may be obtained from a of (4). Assuming that the rotational level with 
J.’ =0 is lower than that with J,/=+1,*” we take JE to be 3.1X10 “erg. If we 
take into account Cy, arising fiom this splitting JE, the experimental values of Cy at 
7% ortho-concentration can well be reproduced (§ 6, Fig. 6). 

7). The origin of JE may arise from the interactions which are common to ortho-ortho 
and ortho-para pairs. These interactions, which vanish identically in the rigid lattice, may 
produce the quenching through the vibrational motion of molecule. But we have not yet 
succeeded to explain the magnitude of JE by such a mechanism, so we shall not present 
any of our results in this paper. 


§ 2. Anisotropic interactions between two hydrogen molecules 


There are three important types of interactions between two hydrogen molecules, that 
is, the valence (repulsive), van der Waals, and quadrupolar interactions. We shall give 
a review which is necessary for our calculations."” 

In the first place, the valence force Ey, was obtained by Margenau and de Boer. 


Especially, de Boer’s expression is written in a convenient form’ 


Ey =V (77 acl? +e" oel? +e" aal? +e" val?), (6) 
where (a, 6) and (c,d) denote proton positions of a hydrogen molecule respectively and 
Tae etc. can be seen in Fig. 3. The numerical values of V and p are given by 


V=2.18 ¢/ do, P= dg) UBT, (7) 
where e is the usual charge quantum and a, the Bohr radius. 
Let us denote the distance between two protons within a single molecule by 1, and 
the distance between the centres of gravity of two molecules by r (Fig. 3). Assuming 


r>1, we may write (6) as” 


Eya= 4Ve7"!” cosh (7 cos 9,) cosh (7 cos 92), (8) 
cosh (7 cos 0) =AyP, (cos 8) + 5AgP, (cos 8) + +++, (9) 
Ay=sinh 7/7 5 (9a) 

2= (1/7 +3/7")sinh 7— (3/7°) cosh 7, (9b) 


where 


* By J./ we mean the eigen-value of the zcomponent of rotational angular momentum operator. 
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¥=n7/2e (10) 


and (4,, ¢;) are defined 
in Fig. 3. For r equal to 
3.75 A, which is the dis- 
tance between two neigh- 
bouring molecules in solid 
hydrogen,” some numerical 
values in (8) and (9) 
are tabulated in Table 1. 


: Fig. 3 Notati used in § 2. 
We denote the orien- bs * aa cde. 


tation-dependent part of Ey, by Ex which is written 
Table 1. 


Some numerical values for the valence force. 


Eya=4Ve!? {5A Ao( Ps(cos 0;) + P,(cos 45) 
-+25/,°P, (cos 4,;) P,(cos 8,)}, (11) 


TL 0.74 A 
y=n/20 1.308 because we may neglect P, (cos O) 5 fae aed, 

Ao Used which has no matrix element in the subspace 

de 0.1286 of fai 

Lay Ehyisy /2 ; : 

V 12.12X 10-1 erg Secondly, the anisotropic van der 
4)°Ver-r ole 14.62 X 107'6 erg Waals force may be obtained from a semi- 
4X AVe770!P 1.43 X 107° erg classical point of view,” and its expression 
4).°Ve-ro!/ 0.14 & 10716 . ap A . . ‘. > 

OSE ne erg with the definition of Fig. 3 is given by 

Eais= —c(0,, 15 @., 0») /r*, (12) 


c(91, $15 9, Yo) = (A—2B+C) {sin 0, sin 0, cos (Y,— $s) 
—2 cos 4, cos 0,}*-+ 3 (B—C) (cos*0, + cos*,) +2(B+2C). (13) 
A, B, and C satisfy the approximate relations 
Ac atk. Hee i Ole Cah. (14) 


where a, and a, are respectively the polarizabilities parallel and perpendicular to the 
molecular axis. The constant K may be related to the ionization potential. However, 
Hirschfelder et al attempt to determine K from the theoretical formula of the average van 


der Waals force given by Margenau. Eq. (13) is written in another convenient form 
€(9,, 215 A, %») =2P/3+ (2Q—4R/3) (Pp(cos 4,) 
+ P,(cos 0,) ) + 2RP, (cos 0,) P, (cos 4.) 
—4R cos 0, sin 0, cos Oy sin 0, cos (Y,— $s) 
+ R/2-sin°, sin°@, cos 2(%,—¢,), (15) 
where P, Q and R are determined from (13) and (14) as follows: 


P= (a@,+20,)*K, Q=a,(a,—a,)K, R=(a,—a,)°K. (16) 
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Then, the average van der Waals force Eis becomes 


Bag = (2P/3)/?; (17) 
which was evaluated by Margenau in the following form : 
Eais= —10.9 e/a: (a)/r)°. (18) 


With the help of the numerical values of a, and a, (18) is sufficient to determine the 
constant K in (14). By using a, and a, evaluated by Ishiguro et al," we have the 
anisotropic part of Fai, 


Eais= —c (6, Y; > Os >) fr, (19) 
¢ (4, 13 6., 2) =c(G1, Pi Ga Gs) 25/3. (1972) 


Some numerical values at r=r)(== 3.75 A) can be seen in Table 2. 


Thirdly, the quadrupolar interaction Eg is written 
Eg= (3e'4g?/4P) FG P13 G2 Pe)» (20) 
f(s, P15 929 Pe) =1—5 (cos°O, +-cos"A,) —15 cos"G, cos", 
+2 {—4cos 0, cos 0,+sin 0, sin 0, cos (Y,— $e) }*. (21) 
We may rewrite (21) as 
(Os G1 3 925 $2) =8P, (cos ,) P, (cos 4.) 
—16 cos 0, sin 4, cos O sin 0, cos (Y;— $2) 


-+-sin?6, sin’, cos 2(%,—@p)- (22) 
Table 2. As can easily be seen from (22), the value 
Some numerical values for the van der Waals of Eo averaged over the orientation of a 


and quadrupolar forces. 


EEE 


Eais= — (2P/3) /ro® + 37.50 X 10~*6 erg 


single molecule vanishes identically, and hence 


the quadrupolar interactions consist totally of 


fluctuating parts. The electrical quadrupole 


(Margenau) 
Q/P 0.0483 moment, //y, can be determined from the 
R/P ED rotational magnetic moment of hydrogen 
Q/ro® 272 10s’ ers p 
Rio? 0.77X10—8 erg molecule. Thus Harrick and Ramsey gave 
0 : - f 
=, po=0.110 X 107%cm2.9 The numerical 
1%; 0.110 X 107'6 cm? oy ra 
32 p19? /4r0° 2.82 10-'S erg value of 3eo°/4r) with this fg can be 


= Py OEE ee en seen also in Table Da! 


§ 3. Expressions for the ortho-ortho and ortho-para interactions 


In the preceding section, we gave a survey of the anisotropic parts of intermolecular 
forces. Let us consider how these parts are modified by the rotational state of the molecule. 


* It may be noted that Hirschfelder, Curtiss and Bird defined the quadrupole moment as twice our 1g. 
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Now, the following operator equivalence is written down within the subspace of a 


single J: 
P, (cos 0) = pj aJ Z Sj0+ 1), 


cos 6 sin 0 e+*? = p,- ; (ila Tales (23) 


sin et = Ba ledars 
where J,, J, and J, are the angular momentum operator and 
Jz=Jett y° (24) 


The constant p,; can be determined from the comparison of both sides of (23) with 
respect to one matrix element, for example (J, J.’|P,(cos 7) | J, J.’). Thus we have 


pr=—2/5, JH=1. (25) 


Using (23) and (25), we get the operator equivalence of Eq, in which both molecules 
are in the state J=1. That is, (21) is now written 


f = 8/25+ {(3Ja—2) (3Je’—2) — In Jar +S. Jes) SeeJ-2+J-2Je) 
— JaJ-1t+-J-Ja) Sed+2+J+2Jex) 
+1/4+ JisJa1J-2J-2+J-1J-1J+2J+2)} - (26) 
In the same way, ¢ (9,, ¢,3 4, .) of an ortho-ortho pair is transformed into 
E (xs P13 Om G2) ~ —1/5+(2Q—4R/3) {(3Jus°—2) + (Bf —2)} 
+2R/25° 1 (3]g 2) Joy —2) — faa cr tedinal oadihelosil catibeas Jus) 
— (JaJa1t+J-1Je1) Jeo +2 + J+ 2Je2) 
+1/2* SisJesJ-2J-2t+J-1J-1J+2J+2)} 5 (27) 
where ¢ is defined by (15) and (19a). 


As the operator form of Ba defined by (11) can easily be obtained by use of (23), 
we may omit, for the sake of brevity, to write down its explicit form. 

Next, let us consider the ortho-para interaction. It may simply be obtained from 
averaging (27) and (26) over the orientation of the second molecule, which we assume 
to be a para-molecule. Then, (26) vanishes identically, while (27) reduces to 


(1, P15 9s Yo) = —1/5 + (2Q—4R/3) (3J..°—2). (28) 


In the same way, the ortho-para representation of Ey.) may easily be obtained. 

It should be noted that we took the representation in which J, is diagonal, where 
our zaxis is along the line connecting two molecules. Hence, our quantization axes are 
different with each other for different pairs of molecules. 
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§4, The rotational part of Hamiltonian and the specific heat 
arising from ortho-ortho interactions 


The rotational part of Hamiltonian consists of kinetic and potential terms. The 
kinetic part is diagonal in our representation. The kinetic energy of ortho-molecule is 
2h°/2I, and that of paramolecule is zero, where I is the moment of inertia of hydrogen 
molecule and 6 the Planck constant divided by 27. Since this part is almost independent 


of temperature, we may put it out of consideration. 


Thus, we have only to take into account Eyq, Eqs and Eg. Let us confine our 
consideration to the interactions between two nearest neighbouring molecules. Then, the 


coupling constants of three kinds of interactions are given in Tables 1 and 2. Including 


Eva (cf. Eqs. (11), (23) and (25)), Ea (cf Eqs. (19), (27) and (28)), and Ey 
(cf. Eqs. (20) and (26)), we get the rotational Hamiltonian H: 


H= 3) H,+>) Au » (29) 
H,;= — (44 A Vero? — 20/5 root 4R/ 157.) 
x Di GBJu'—2) 2 : (30) 
Hyy= (8/25 + (Be? Y19?/410°) + 44: Ve” —2R/2510°) 
x Ca 2) Gla =A) 
— (8/25 + (3e?pug?/4n?) —1/25 + (2R/10)) (JerI+et Seder) Jord 2 FI-aJx) 
+ Ja J-at+J—sJer) Jer on +I cnJea)} 
4.2/25+ (Be? p4g?/ 41° —R/ 210°) Jes IeJ 00+ JJ orden) (31) 


where the indices i and k in (29) run over all pairs of ottho-molecules neighbouring each 
other, but the index & in (30) runs over all nearest neighbours irrespectively of para- or 
Eehomolecice, And (3/,,,—2), means that the quantization axis is along the line 


connecting i and k molecules. 
If we take the representation in which the component of J along the c-axis is diagonal, 


H, is transformed to 
H,= — (4A AVe7??” —2Q/51y° + 4R/1510') 
x > {P, (cos 9,) (3Je?—2) 
4.1/2+Py' (cos 8,) [8 Jes Jas tJ veJes) +O Jer J ot JJ) 
4.1/4 +B (cos 4) (2 *Jaclest ore_J-d} ° G?) 


with the help of (40), where (0,, ,) denotes the direction from the i-th molecule to 
the Eth ome in the coordinate system whose polar axis is the caxis. However, (32) 
vanishes identically after summation over k, because of the hexagonal close-packed structure 


with (5). Hence, we shall neglect it hereafter. This neglection is valid only in the case 


of rigid lattice. 
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Accordingly, our Hamiltonian has a simple form 


H=3} labs (33) 
t>k 
The Slater sum Z is then written 
Z=Tr exp(—H/kT), (34) 


whence we obtain the specific heats, Cy, due to ottho-ortho interactions by the moment 
expansion method of Waller-Van Vleck.” The result is 

Cp= (cN/2kT*) S\( Hix) av (35) 

k 

where we may note that (Hj) ,y=0 and (H;Hy),y=0. Assuming the random distri- 
bution of ortho-molecule on the lattice points we may write (35) as 

CT" /R=pe; (36) 

p= (z/2k) (Hi) AV? (37) 
in which z is the number of nearest neighbours. 


Now, we have to evaluate (H,’),y. It is sufficient for this purpose to note the 
following relations : 


((3}.'—2)*) v=2, 
(J+ 4+JeJa. J-+Jedo a= 
=(.J-+J-Je) IeI++I+Je) v= 4/3; 
(J+ J+J-J-) av = (J-J-JeIe) av = 4/3. (38) 
The average values of the other cross products prove to vanish. Thus, (31) leads to 
(Hal) ay={SAEEe t aasvecnh SEY 


ae Ose ie eh 
Pye eS eS eve yA 

a2 20) / Sense RY 

‘irae ( a eee te 

The numerical values of it can be evaluated with the help of Tables 1 and 2, and we have 
(Hix?) xy/k’=3.41. Substituting this value into (37) with Z=12, we obtain S=20.5, 
which should be compared with its experimental value =15.7 (cf. Eq. (4)). The 
agreement is fairly good. 

It should be noted that the main contributions to (H:2) xy come from the quadrupolar 
interactions. Both valence and van der Waals forces play their role only as a correction. 
In actuality, the numerical value obtained by neglecting 4/,°Ve"!" and R/r,° is given by 
B=19.9. Although this situation is due to the fact that the contributions of 4A°Ve-"olP 


and R/r,’ are in opposite directions to each other, the absolute values of them are not so 
appreciable in comparison with the magnitude of 3e"y1"/4r,°. 


a 
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Therefore, we suppose that the d-transition in solid hydrogen corresponds to the ordering 
process arising mainly from the quadrupolar interactions, and hence the ordered array of 
the orientations of ortho-molecule may be determined by, the lowest energy of quadrupolar 


interactions. 


§ 5. Specific heat at high ortho-concentrations 


The numerical value of evaluated in § 4 is larger than that of experimental by 
about 20%. This disagreement is due to the situation that our temperature region is not 
high enough to make C yl R 
constant. Let us calculate the 
(1/T )* -term of Cy in order to 
see this situation. 

The calculation is somewhat 
complicated. For, the (1/T)*- 
term comes from the third mo- 
ment of H, which is related to 
(H;jHpHu)av- Hence, it is 
necessary to use the quantized 
axis which is common to three 
molecules. 

The transformation formula 
from (x,¥,Z)- to (x’,9’,z/) system 
is well known, where the relation 
between two systems can be seen 
in Fig. 4. Then, the operator 


equivalence leads to 


Fig. 4. The transformation of quantized axis. 


Ja = 17 2 (iy cos O) ea ft 1/2- (1 = cos O) &*J_—sin 0-J,, 
J-1=1/2+(—1+c0s Oe? J, +.1/2+ (1 + c0s 6) e&*J_—sin 6-J., 
f= 1/2 -sin O(e-** J. +e J_) tqo0s 8 - Jon (40) 
For the sake of simplicity, we shall neglect the parts of valence and van der Waals 


forces. According to the discussion made at the end of § 4, such a neglection brings no 


serious error. 

Our object is an equilateral triangle ijk which gives the most important contribution 
to the third moment of H. Let us denote f in (26) by fi And let us take the zaxis 
so that it coincides with ij (see Fig. 4). The polar coordinates of the directions jk and ik 
may then be written (1/3, 0) and (27/3, 0) respectively. 

Now, the transformation formulas (40) give the expressions for fi, and fi, in the 
representation which diagonalizes J,. We shall define a, by the following relations : 
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25/8 -fy=>14A,3 (41) 


A,= (3J.7—2) (3J.x—2); 

A= (JaJit tJ side) Sordi tJ ado) + OEY) 

A,=JesJasJ-2J-2t-J-sJ- Sarton 

A,= (3J-2—2) {(JexJ-2+J-aJex) + Seeder t Jorden} + GS), (42) 
As=J_sJ—-+( Jen d sa +Janden) +JesJes Jalan +J-2Jen) + Es 

Ay=Jecdes JendaatJenden) +J-cJoc JaJ-24+ Jada) AOE: 

A,= (3).¢—2) (Jardeat JJ» + G28) 

A= (JeJeit+Jesde) Jed catJenJen) + JeJ-1t- JJ) SarJ-2t Jaden) 
A,=JasJesJerJen tJ —-<J-cJ—1J—x » 


where (i 72k) means the terms obtained by permuting i and k in the preceding terms. 
The numerical values of a, are given in the Table 3. fj, has the same form as (26). 


By using these results and (38), we get 


wif 8 Mas 12 \"-99040 

(fur fi fie )av=(*) (—) rag (43) 

The 1/T-expansion of the Slater sum (34) gives 

— 20N 1 1 ‘ 2 eS 1 1 ; 3 ey 
Z=3 {2 +>(=-) (H"*) ay +(=) (H*)ay+ \ : (44) 
And 

(H?) w= (Nzc*/2) : (Hii) ay > (45) 
(H*) v= 4 Nz? (Hy 5H Aas) ay ’ (46) 


because the numbers of the least equilateral triangles in hexagonal close-packed lattice are 


2zN/3. (Note that there are 2z triangles which have a lattice point as their vertices.) 
The internal energy due to H is then given by 


E=—kd (log Z) /0(1/T) (47) 


= —{(ge KH?) av— : (spz)(H")avt vf ’ 


which leads to 


=k{((H/RT )*) ny— { (H/kT )*) ay} - (48) 
Substituting (45) and (46) into (48), and taking (39) and (43) into account, we have 


ot 8c 3°Ha)’ 4g .3095/ 8c pd 


R 3 \25kT 44? 1536\25kT 4y5 heb 
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Now we plot C,/R against T/c in Fig. 5. The experimental C)/R seems to approach 
to the theoretical curve with increasing temperature. Since the experimental C,/R contains 
a@ in (4), the deviation of its value from the theoretical one should still remain to exist, 
especially for low ortho-concentrations. Actually, C yT’/R estimated from (49) is about 
17.7 at 9°K for 74% ortho-concentration, which should be compared with p=15.7. 


Table 3. The numerical values of a, defined by (41) and (42). 


Deen ee EERE EEE A TE 


| ay dg a3 d4 a5 


gs i ee 
fin | — 37/128 37/128 —1/4+37/128 . —W 3 -25/128 V3 /2+25/128 
fix | — 37/128 37/128 —1/4+37/128 V3 -25/128 —V 3 /2-25/128 
| a6 a7 a3 ag 
fix | 3V 3 /2-35/128 1/2+45/128 45/128 9/4-35/128 
fix | —3V 3 /2-35/128 1/2+45/128 45/128 9/4-35/128 
ce 
0.300 


C,/R 


0.200 


0.100 


(0) 


& 10 15 Tc 20 


Fig. 5. The curve for Cy/R versus T/c at high ortho-concentrations, 
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§ 6. Specific heats at very low ortho-concentrations 


As can be seen from Fig. 1, the value of (C,T*/R)"” in the case of 7% _ ortho- 
concentration deviates considerably from a linear law. Of course, it will be due to the 
appreciable contribution arising from a@ in (4). However, since the anomalous specific 
heat of 79% ortho-concentration does not appear appreciably until we go down to about 
5°K,* we are not allowed to use the 1/T-expansion method. The analysis of the situa- 
tion for this very low ortho-concentration will, moreover, serve to obtain more detailed 
informations about the state of ortho-molecules. 

Let us first evaluate the Slater sum of a pair Hamiltonian 


Zoair—= Tr exp(—H;,/kT ). (50) 


For this purpose, let us find the eigen-values of H,,. Of course, we have only to 
find the eigen-values of (25/8)fiz=9ix, in which f,, is given by (26). As is easily 
shown, 9; proves to commute with the zcomponent of the total angular momentum : 
Je" =Just Ix. Hence, our eigen-value problem is factorized into five parts specified by 


= Agi ahs ie 0, 
where J,'°" denotes an eigen-value of J.""". And let € be an eigen-value of g;,. Then, 
(1) Jf" =+2 : we get €=1 easily. (51) 


(2) J.°"=+1 : we have the matrix representation of 9;, 
ae Be) 
> 
2 


e=—4, 0. (52) 


whence 

(3) J.°”=0 : the matrix representation of 9, is given by 
As 
P42 9% |, 
Cee al 

whence 


€=0, 0, 6. (53) 


The Slater sum (50) is then written 
Lpair = 2” + 4+ 2e-* + e~ ®, (54) 
x= 8/25 + (1/kT) (3e?U9"/4r,°). (55) 


* We could not accurately read the numerical values above 5°K from the curve given by Hill and 
Ricketson. 
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Assuming that pairs of ortho-molecules are all independent of one another, and taking a 
procedure similar to (47) and (48), we get 


npr ts = x 
Ze" +4+2e7*+e 


4 
) {(32e% + 2e-* + 36e-™) 


X (2e* +44 2e-* +e ™) — (8c —2e-*— 6c”) 7} . (56) 


We plotted C,/cR evaluated from (56) against T. The result is the curve a in 
Fig. 6, where the experimental C, /CR is also plotted for the case of 7% ortho-concent- 


ration. By comparison between them, we see that the experimental values are about twice 


larger than the theoretical ones. The linear term with respect to c is therefore important. 


15 theoret. curve without JE. 
theoret. curve with JE=3.1><10-'° erg. 
theoret. curve with JZE=2.010~" erg. 


ss ) 2 4 6 8 
TK 


5 9 Py —70 
Fig. 6. The theoretical and experimental curves for Cy/&R versus T at very low concentration (c=7%). 


However, we have already obtained this term from the informations about the concent- 
ration dependency of C,T’/R. As can be seen from (2), the estimation of a, which is 
given by (4), should be regarded as based on the data at high ortho-concentrations. 

Let us consider that the threefold degenercte level of an ortho-molecule is split into 
two different ones in the absence of the interactions characteristic of ortho-ortho pair, where the 
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upper level corresponds to J.’= + 1, while the lower one to J./=0. Here the quantized axis 
may be taken as the caxis. Let JE be the splitting of these two levels. Then, the 
contribution from this splitting to CyT?/R can easily be obtained as 


Cy!T?/R=2/9 + (4E/k)*e. (57) 


The right-hand side of it is nothing but ac. Hence, we get the magnitude of JE with 
the help of a given by (4). That is, 


Ah soe Os» ety (58) 

The specific heat at low temperatures is then estimated according to 
Op (R= 268 (E77 (12 2e"), (59) 
a= dE /kT; (60) 


Superposing this contribution on (56), the experimental C,/c’R can be reproduced better. 
If we assume JE=2X 107" erg, the reproduction proves to be most satisfactory (see Fig. 6). 
Thus we may conclude that the magnitude of JE given by (58) is fairly reliable. 

Our final step will be to inquire into the elementary process causing JE-splitting. 
If we remember that the specific heat arising from JE is linear with respect to c, the 
origin of JE should be from the interactions which are common to ortho-ortho and ortho-para 
pairs. But, the rotational Hamiltonian coming from those interactions, (32), should vanish 
due to the crystalline symmetry in the case of rigid lattice. If we consider the vibrational 
motion of molecule, however, Hamiltonian (32) will cause the quenching of molecular 
rotation. We hope that we shall be able to discuss such a mechanism in a near future. 

In conclusion the writer wishes to express his sincere thanks to Prof. T. Nagamiya 
of Osaka University for his kind interest and valuable discussions and to Mr. N. Uryu 


for checking some of the results. The writer is also indebted to Mr. Y. Tanabe for his 
advices about the operator formulas used. 
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Dyson’s renormalization method has been applied to the simultaneous integral equations of the 
vacuum expectation values of Heisenberg operators. The renormalized integral equations will always 
be free from the well-known divergence difficulties, not only in the perturbation expansions but for 
any other approximations. 

The same method is also applicable to the bound state equations. Further, for the real nucleons 
which are surrounded by the cloud of virtual mesons, expressions are given for the S-matrix, the 
expectation values and the normalized wave functions. 


§ 1. Introduction 


Since a few years ago the treatment of Heisenberg operators in the Green function 
formalism has been advanced by Schwinger and other authors”. In connection with these 
investigations the simultaneous integral equations satisfied by the vacuum expectation values 
of Heisenberg operators have been proposed””*, the solution of which, if carried out 
practically, may offer the expectation values and S-matrix elements. Before reaching the 
concrete results directly applicable to the discussions of experiments, we must first give 
answer to some important problems. For these problems many considerations have been 
proposed. 

The most important problem concerns the well-known divergence difficulties of the 
self-energy, the vacuum polarization, etc. It should be possible to adopt some cut-off 
method so as to avoid these difficulties, but it is necessary to clarify the mechanism of the 
well-known divergencies so that one may be sure of the appropriateness of the cut-off method. 

It has been known that the treatments in the Heisenberg representation are convenient, 
by their covariant form, for the study of the correspondence to Dyson’s perturbation method. 
Also in the divergence problems, we shall assume, the whole results obtained from Dyson’s 
renormalization method” in the perturbation theory can be applied directly to the Heisenberg 
treatment and any new divergence will not appear. The renormalization of Heisenberg 
treatment on this line has been carried out by a few authors” in the approximation 
neglecting the Fermion closed loops and_ restricting the meson number. Our attempt is 
only a generalization of their tasks. The same idea is applied to the original integral 


: ; ~ ; 
equations themselves. And in consequence of no restriction on the meson number, Dyson's 


* Hereafter we refer to this paper as I. 
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renormalization method is applied straight-forwardly. The essential parts of Dyson’s re- 
normalization method are formulated with reference to some inner network taken out freely 
from some S-matrix diagram. So, also for the above integral equations, we may apply the 
same method to each network containing the new integrals in it. The results will have 
more general meaning than the renormalization in the perturbation method, that is, if we 
can solve the renormalized integral equations by any suitable method, the solutions will 
certainly be always free from the well-known divergence difficulties. 

The further application of Gell-Mann-Low’s method" becomes sufficient for obtaining 
the renormalized bound state equations. In conclusion, Dyson’s renormalization method 
can be applied to the general integral equations for the S-matrix and the bound states 
without using the perturbation expansions. Of course the above conclusions hold only for 
the systems which are renormalizable in the perturbation theory, namely the systems 
containing only the so-called first kind interactions.” In this paper just as in I, the 
practical calculations are carried out only for the system of Fermions interacting with neutral 
scalar mesons. And the divergences which are originated in the terms of meson emission, 
absorption and scattering by a meson are not considered. The renormalization of these 
terms may be carried out quite similarly to the others. But its procedure and resultant 
equations are so complicated that we should hardly be able to obtain any profit from 
them. 

Another problem lies in the situation that the real particles are surrounded by the 
clouds of virtual quanta of interacting fields even in their free motions. From this situation 
it follows that the solution of the S-matrix obtained by the method in I will not give the 
values immediately corresponding to the experimental scattering cross-sections. The same 
situation will be true for the case of the expectation values. As to this problem a detailed 
analysis has been carried out by Nishijima.* We shall show more simple and concrete 
expressions for the approximation neglecting Fermion closed loops. Namely we shall give 
the expressions of the expectation values or S-matrix elements connecting one bound state 
to another bound state, and a definition of the covariant orthonormality for the bound 
state wave functions in that approximation. 

As these procedures may easily be generalized to the solutions for two particle bound 


states, we should be able to make clearer the physical meanings of Salpeter-Bethe wave 
functions.” 


§2. Renormalization process of the integral equations 


Hereafter in the course of the renormalization for the integral equations of Heisenberg 
operators, the results obtained by Dyson’s® and Salam’s! analyses of the divergences 
in the perturbation expansions will be utilized. It is said that the perturbation expansion 
is the asymptotic expansion for it is not analytical at the origin. But the great successes 
of the renormalization method in the electrodynamics make us believe that the ideas in 
the renormaliration process in the perturbation theory may be applied more generally over 
the limits of its approximation. We shall use as before the ideas of the primitive 
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divergence, the overlapping divergence, etc., and their natures in the analysis of the 


perturbation expansions." 


The practical calculations are carried out for the Fermion 
(nucleon) and neutral scalar meson system. 

(a) Isolation of the divergent terms 

Adding the renormalization terms to the ordinary interaction Lagrangian density the 
original unrenormalized integral equations of the vacuum expectation values of Heisenberg 
operators (Feynman amplitudes) (37), (38) and (39) of I are given by 


pr 


(P(k), PL) ) = ORD) S(R) +igS(h | dpi (p), d(k—-p), $)) 


+ideS (PQ) PO)» (1) 
(bbs) $a) = (be +) 4Cb,) Fig d(H) | dp (F(A +P)» HCP)» 8h) 
+ id 2A (b,) (8 (b,) » 6b) >» (2) 


(Dk) a0 (Rm) » b(h,) 5° b(b,,) 5 PL) s5 P (Ln) 
=ig5(b) | dp (p46 Epo) +S) HAI), 


(f(ki) °°" b (Rm) > b (hy) y°°*5 b(hn) » PL) ss Pm) ) 


Hig 4(b) | ap, FHA DPD“) +9 EIG) Cs BBD») 

where S(k) and 4(h) are the momentum expressions of the ordinary Dyson’s Green functions 
S(k) =iliky — ky) /(F + —i€), (4) 
A(b) asi (i ee te). (5) 


(b(kiy) ss Bo ((l,),-:+)’s are four dimensional Fourier components of the Feynman 


amplitudes (EP(P (x), Pe BC) 90° P (Z) 9°77) pos bas 

We have rewritten here g/(27)* of I as gy. There are equations on ¢(/) conjugate 
to (1) and the first equations of (3) on (k).” As their treatments are quite symmetric 
to (1) and (3), we don’t express them especially. 

According to Dyson we take the following expressions : 


($(, FD) =Ak-DS'H, (6) 
(5(B,)» 6(bo)) = 9 (b, +b.) 4 (b,), (7) 
(6(b), $(b), FU)) =A RSD OPE DS OA), (8) 


where J” contains the coupling constant. 
(1) and (2) are written as follows : 


5! (k) =S(k) + ig (B) | ap 5S'(p) 4 (k—-p) LO, k) S’(k) 


+ idkeyS (k) SCA), (9) 
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A! (b) = A(b) ~i7 (8) \ dps! (—b-+p)S"(p)E'CP, —h+p) a! (6) 


+ id? 4 (hb) d'(h). (10) 


There are five types of the primitive divergences for the Fermion and scalar meson 
system, namely, i) Femion self-energy, ii) meson self energy, iii) vertex (V part), iv) meson 
emmission or absorption by meson and v) meson-meson scattering. By the reasons stated 
in the introduction we shall not consider here the divergences of the type iv) and v). 
Therefore we may regard that there are only three primitive divergences i), ii) and iii), 
and apply Dyson’s renormalization method to them. 

It is well known that the divergence difficulties arise from the point interaction of 
the field operators in the interaction Lagrangian density. Correspondingly, new divergences 


always arise in the integral equations, due to the integrals of the point interaction 


Japp(p) kp) or | c(—h-+p) $(p). 


Therefore, if we isolate the terms which are expected to diverge by the integration 
and renormalize them, we shall obtain the divergence-free integral equations, that is, their 
solutions will not diverge in any approximation. 

To isolate the terms expected to diverge by the integration we utilize Salam’s 
idea of the “class”"”". We call the irreducible V part as the V part of class I. All 
the classes of V part may be constructed by the process of inserting the irreducible V 
part in the end point of the irreducible V part (class 2), and again inserting the irreducible 
V part in the end point of the V part of class 2 (class 3), and so on. The general 
V part is the sum of all the classes. 

Using the kernel K which is obtained opening the end point of the irreducible V 


part, the above relation is written as 


=iy {1+ | dp 3k}. (11) 


n=1 


The exact expression of (11) will be given later. In the abbreviations as (11), we 
omit hereafter S’ or 4’ connecting the kernels. K is the total sum of the graphs which 
cannot be split into two parts which are joined by a Fermion line and a meson line. 

Now we consider the amplitude (¢/(k), 6(h,), d(bs), (i(l)). It consists of the 
two parts of the Dyson diagrams, which are the graphs /'S’/" joined by a Fermion 


line and the graphs ak" joined by a Fermion line and a meson line. That is 
($4666) =F +S) K*, (12) 
n=l 
If we put 
(¢$90)’=S) K"=8, (13) 


n=1 
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as the relation between the kernels K and St, we get the following integral equation : 


R= K+ KK. (14) 
Exact expression of (14) is 
K(k, hy ; by) =K(k, hy 5 by) 
+ | dbK(k, by 5 )S! Kb, +b) A (B) (Kb, bhy hs hy). (14’) 


(14’) is obtained by the following procedure: From the first integral equation of 
m=1, n=1 of (3) we have 


g(k), (0), FD =I95H { | aC), 6p), D 
LADD), BY} $id SPH), 4 FY 
=igS{ | dpS' ATX, b BY+ | dpS' ARS! A'3 (kt b—1) 
4 AS'D(kEb—D} +idkSCQ, 4, (15) 
which is reduced by (8) and (9) as follows 


{1—igs | dpS'A'T’—idteyS} (pb, 6, BY =SA'TS'(k+/—D 


= Sig {12 | dpS'A'R} S'A(k+b—L). (16) 
From (16) I’ is shown to be of the following form : 
P'(b 2 =ig {1+ | pS" (p) 4! kp) Cp, kp 3-8}. (11’) 


In the case of more general type {dp((p), é(k—p),:-+) the divergences arise from 
the three parts with [°(¢(p),--)s RC >< > and RC >”. The remaining part ae 
consists only of the graphs which cannot be split into parts which are joined by a Fermion 
line and a meson line. We put the summation of the third graphs §¢ )’” and the graphs 


>" as 
C =O TROD" (17) 


The exact relations among these functions become 


Lh (p), HE—p) 9 =S'(p) AN R—pP) PP PMs? 
D565" (p) dk p) | doi St(Ps kp 3 P- DAP MBP) 
+(p), b(k—p) +)’ (18) 


Here S}€ represents the sum of all the possible terms which are separated into two 


Feynman amplitudes, multiplied by +1 according to the permutation of Fermion operators. 
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Hereafter we omit € in the case of similar summations. 


And (17) is written as 
Kh (p), b(k—p) 3-1 = CP (p), BCRP) 9 D” 


+S'(p) a'(k—p)| dp, (p, k—p 3 pi 2) (pi), BCR pro)” (17’) 
Substituting (18) into the general integral equations (3) we have 


f= igS| dpS! AT’ —ide,S} (y+) 
=igS| dp {Cd, d,--> YE SKY, ++ )Kb,-+*> 


A NCC EE 


where the second term >}(¢,:--)>¢¢,::-) appears by (19) of I. 
By the consideration of (9) and (17’) similarly in the case of reduction (11’) and 
the use of (11’) itself, we get the following equations : 


KP =i99' | dp (1+) dp.5!(p) 4’ kp) RCP» APs p—B} 
X {CP (Pp), PR)” FSK (CP) KOR—p) 5-7} 


=5'()| dpl(k, p) KP (p), Rp) DU HIKE (CP) DM OCR—p) sD}, (19) 


where ¢ )’ are defined by (18) and (17’). 

We may apply the same treatment to the integrals (dpi (—h+p), ((p).> in 
the second equations of (3), and will get the similar equations. By the kernel H which 
is obtained opening the top point of the irreducible V part, we may write /’ cs follows: 


P=ig (1 +| dp SH"). (20) 
Corresponding to (12), (13) and (14), we have 

GoPP=LAT + YH", (21) 

Gop Py= >} H"=§, (22) 

§=H+H®. (23) 


From the second equation of m=1, n=1 of (3) we obtain the relation (20) by the 
calculation similar to (15) and (16), that is exactly 


Pb Dig a+ | dpS"(—b-+p)S'(P)O(— bp PSB}, (20') 
where h=k—l. 
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The terms which will be divergent in the integration {dp(g(—h+p), ¢(p),--:) are 
represented by the graphs as /"(d(h),---), O{ ){ ) and H( )”. Similarly to (18) and 
(17) we may define the following functions : 


(g, $,---) = —SST(9(h),--+) 


+I | OG bp), Hd) +G dors (24) 
(D, fy) =(G, on 45'S'| dp, 9(¢(—h+pi); PC pr s+)". (25) 


By a quite similar way we have the equations corresponding to (19), 
(8(8),-+=) =A") | dpl"(—b-+ ps P) 


X {P(—b+p), PCP)” +3, (hb +p) ) (PCP) -)}- (26) 


Thus the equations (19) and (26), which are convenient for applying the renormaliza- 
tion method, have been derived from the original equations (3). 

We wish to add different expressions for the relations between (ahivando( ee) eel 
the kernel K is given explicitly from (14) as 


K=R(1+8)", (27) 
we may rewrite ( )/’ from (17) also explicitly 
C= RUGS) (y=) KC) (28) 
Similarly in place of (25) we get 
Co ey ALE (29) 


(b) Application of Dyson's renormalization 


According to Dyson’s consideration, if we write the coupling constant 


PA Ps (30) 
and Heisenberg operators 


f=ar¢,, g=z"h,, b= 2", (31) 


with the infinite constants z,, % and z, we may regard the constant (7; and the operators 
,, ¢, and ¢, as a finite constant and finite operators. Corresponding to these facts we 

13) ,14 
may define in the same way as treated by Matthews and Salam and other authors,””""? 


as follows : 


(dh (by) !e+y PCRn)s BCB1) 92%» BChn)s PL) 9+» Bm) ) 
yee Ri) So > O(hy)5°°*5 PL) s+)» (32) 


and regard the function ( ), as finite. 
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Specially we may write 
8 =28,', W’=z,4,, hes Onset Aig Ber (33) 
and 
R=e7 47, © Haare (34) 


According to Dyson’s renormalization procedure we obtain from (9), (10) and (11’) 


or (20’) the integral equations containing only the finite functions : 


Sy! (k) =S(k) +5 (k) S10 (k) 51’ Ck); (35) 
A! (h) = 4(b) + 4(A) He(h) 4,’ (4), (36) 
I, (k, 1) =ig, {1+ A. (k, 1}. (37) 


In (18), (17’), (24) and (25) substituting the functions S’, J’, etc. to S,’, 4’, 
etc., we may obtain from ( ), finite relations for the functions ( ),’ and ( ),”. 

Consequently substituting these functions in to (19) and (26) and dividing both 
sides of these equations by the just equal infinite constant z,”z,"", we obtain the integral 
equations containing only the finite functions as follows : 


(DCE) os By) oy Po) 
=5, (4) | dp (bs PD 
x {O(p), Bb —p) sx” FMA (P) 5-16 —p) si} 
= 41! (b,) | dp (—h +p, p) 


x {(r, J(—h, +p), (p), ed tb Sie, J (—hit+p) (6 (p) s+) a} ° (38) 


Solving these simultaneous equations (35), (36), (37) and (38) and using the 
finite relations corresponding to (18), (17’), (24) and (25), we shall obtain the finite 
solutions in any approximation. 

We have not started from its proper stand point of the Heisenberg representation, 
but rather utilized the consequences in the perturbation expansions. For instance we have 
eliminated the terms which are expected to diverge in the perturbation series. However 
as referred at the beginning of this section, we may say that there is no divergence in all 
arbitrary processes, until there should actually happen any new difficulty. 


§ 3. Renormalization of the bound state equations 


We may apply the renormalization method to the bound state equations in the same 
By the use of Gell-Mann-Low’s treatment, as we showed in §5 of I, the bound 


states of one nucleon system surrounded by the meson cloud and nucleon pair cloud are 
represented by 


way. 


(P(A) ss P (inti) b(A,) °°, b (hn); PL) P(Ln) |x» (39) 
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where m,n=0, 1, 2,---. And the bound states of two nucleon system with the meson 
and pair cloud are represented by 


(ALR) a5 L (Rina) » O(Ay) °°" O(n); PL) os P(Ln) |x . (40) 


K is the four momentum of these states. Generally s nucleon bound states are 
represented in the same way. We call a set of functions such as (39) or (40), the 
wave functions of those bound state similarly to the Schroedinger wave functions.” We 
have the bound state equations from (1), (2) and (3) 


($O,le=i95(b | dp {(f(p), d(k—p),°*| x 


SUG E =P) 5) (POP) Let HCP) 9) BRP) aro La} 
+ idk,S (k) (p(k) yer lx > etc. (41) 


By the isolation of the divergent terms in § 2 and the replacement corresponding to 


(32) 
(PCR) 58023 D(Rinys)s O( by) 5° O(hn) » PLDs P (Lm) |x 


I dig let aaa a(S Aor P (Ln) lies (42) 


we obtain the renormalized equations as 


(ib )hae= Sv | dp’, (k, p) ((L(p), d(R—p) bie” 


LSNS (Rp) or) (P Cp) 9 be KEP) BRP) Lad» ete (43) 


The relations for {|,x” are similar to the relations for (Paes 


We may obtain the other equations from the second equations of (3). These equa- 
tions will be obtained also with Gell-Mann-Low’s averaging proceess from the renormalized 
amplitude equations of (38). 

Therefore it may be regarded that the renormalization and Gell-Mann-Low’s process 
are independent of each other and Dyson’s renormalization may be applied to the bound 
state equations similarly to the equations for Feynman amplitudes. 

Especially in the one nucleon system from the renormalized equation (35) and (33) 


we have 


((B) PUL) ):=S(B) ORL) +B) Sie (k) (PA) P(L))+ (35’) 


Generally we may regard the experimental nucleon mass K, to be different from the 
bare nucleon mass x, and then we cannot give Dyson’s condition to decide the renormali- 
zation constant, 


SL P=—Ky) =0. (44) 


If we use the averaging process, s term vanishes and we obtain the equation corre- 


sponding to n=0 in (41) as follows ; 
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Ch (k) |rw=S(k) S31. (4) (C8) lies (45) 
or 
S-1(k) (PCR) fii Ck +o) (CR) lie = De (A) (CR) lx - (45’) 
As we can write 
(Ph (k) hix=LxO(k—-K), (46) 


if we consider that there are four states with the same momentum K, (45/) becomes 


P7109 =i(x,—K,). (47) 


We may regard that (47) is the equation from which one can get the bound state 
momentum K, that corresponds to the Salpeter-Bethe equation of two nucleon system, or 
the condition for the renormalization constant corresponding to (44). 

We may rewrite (35) as 


eile ES Ai i alt (35”) 


Then the bound state momentum K is a singular point of the function S,’/(k), and the 


b Re ae St gi 14) 
are state momentum =-—Ky 1S not. 


If we take the condition (44) according to 
Dyson, it corresponds to x,=K, in (47) and the singular point of S,/ agrees with the 
bare nucleon pole*. 

If we know all the Feynman amplitudes and can get the eigenvalue K satisfying (47), 
we can obtain immediately the one nucleon wave functions. Namely, as we can put 


generally 


(DCR) s28+5 PCRm)s BCAi) 9275 BCbn)s PCL) s2**3 BUlm) 1 
= Sy! (hy) s+2 Ay (By) 21S CRyyno%y Ron 3 Byres Pama des" Led) 
i A SAUDER Pee hey are Pees (48) 
the wave functions (39) become 
(PCR) sr01> PCRmar)s BCA1) 9°75 b(n), PCL) a7 Pl) hie 
= 51’ (hi) By (by) 2 (Rips Rn § Bis 'sta Bad iyscs La RDA oe 
XS (Um) (ky thy be ha). (49) 
We should be able to get the bound state wave function (49) by means of the 
renormalized bound state equations (43), but before that we must know the explicit forms 
of S,’, 4,', I, &,, etc., which may be obtained only from the amplitude equations (38), 


Therefore it seems inevitable to solve the amplitude equations so as to obtain the bound 
state solutions. 


Lastly we point out that if we know the wave functions for all bound states of the 
systems, we could obtain the amplitudes by the following relations ; 


* Here we do not consider the imaginary poles of (35/’) which are pointed out by Feldman.15) 
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CP Cb) ys Pll) a= SP Bid s-> hae al Un) Do (50) 


When we try to solve (38) or (43), we must deal with the non-linear simultaneous 
equations even in the approximation neglecting the nucleon closed loops and they are more 
complicated because of the existence of the additional equations for ( }/’. 


§ 4. Expectation values and S-matrix for the real nucleons 


We have shown that the expectation values and S-matrix for the free particles can be 
obtained from the amplitudes in § 4 of I. In this paper we shall give their expressions 
for the “real”? nucleons, which will be the bound states surrounded with the meson cloud. 
In this section we restrict our culculations to the approximation neglecting the graphs 
including the nucleon closed loops. Therefore we can neglect the nucleon pair cloud 
attached to the real nucleons and then take into account only the components of m=0 
in (39) and (40) as the wave functions. Also the free mesons may be regarded as the 
real mesons. It is unnecessary to use the second equations of (3) or (38), so the 
renormalization of meson self-energy O° and the modification of meson lines 4,’ of (36) 
may be disregarded. In this approximation we know that, if we get the one nucleon 
amplitudes, we can immediately obtain the two nucleon amplitudes. Accordingly it should 
be most necessary to get the one nucleon amplitudes, the relation of which for the bound 
state wave functions 


(oh (k), b(bi) 9011 BBn) fixe Lae Chis ss Pn) OCR Py + + FP — K) (39') 
have been given by (49) of § 3. 


From these functions we may obtain the expectation values, isobar energies and the 
nucleon-meson S-matrix with the emission and absorption of mesons by the real nucleons. 
Next we proceed to the formation of two nucleon amplitudes by the one nucleon amplitudes, 
and then we may obtain the nucleon-nucleon S-matrix with the emission and absorption of 
mesons. As we may obtain the kernel in § 2 form them, we could proceed to the 
approximation containing a few nucleon closed loops. In the same way as we may construct 
the kernel of the Salpeter-Bethe equation we can proceed to the treatment of two nucleon 
bound states. 

In the following we shall show the way to derive the expectation values and S-matrix 
from the one nucleon amplitudes or one nucleon bound state wave functions, and lastly add 
the covariant normalization. 

Now disregarding the renormalization process by the one nucleon amplitudes which 


satisfies the first equations of (3) 
=ig5(b) {| dep), §&—p), 8D.» FO) 


£51 A) +b 5 $s), Haare BO Ys (51) 
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we shall put as 


(hy), P (ho), Bi) 9°725 BCPm), GCL)s P(e) ) 


=3} =| dh’: a ‘dbp! A" (h,’) 4 (h,’) 


n=) n! 


X SEG), Sd 6G)» Bho Bn)» FL) 

X (Cbs), b(Beas)s***s (Pm) BC — hy!) 5--°5 (ba!) BCL)) 

— (l,, l, exchanged)}, (52) 
where 4"(h) =i(h +2), (53) 
and pa represents the sum of all possible terms allotting (h,),---, (4,,) to two parts. 


The expressions of (52) satisfy the integral equations for two nucleon amplitudes of 
(3), and we can show that the first few terms of the perturbation expansions of the both 
sides of (52) coincide. Thus the relations (52) are confirmed in the approximation that 
one neglects the nucleon closed loops. And these relations do not vary with the use of 
the renormalization method. 

(a) Expectation vaiues 

We shall consider the expectation values of the product of field operators 6(x,)6(x) ++ 
d(x) or 9 (x)O oh (x) d(x) -+-O(%,,) between the real nucleon states K and K’, where O 
is the arbitrary product of 7 and 7 matrix. 

Using Gell-Mann-Low’s treatment ¢/(k)—>-+ co and &(1)——oco for the amplitudes 


as 
(f(A), BCA: 5+) OCAm), PCL) Y, 
“ (54) 
| BSCR), FBP ONC), 8 (by)-s 6Pu)s BD), 
we have 
rl OCA) 505 d(h,,) lar > 
= S(K 3 hyy***5 Pin KR) Ld (by) +++ 4(b,,) OK +A, ++ +h, —R’), (35) 


and from (52) 


| abel bp) OCP), 8h), 5 bm) Le 


=| dp DirlPi)»s d(h,), §(—h+p))O(b(p), O(hce1) 5°, O(h,,) | xr 


+| dps} : 


n=1 n! 


| dh,! »-dby! A (by!) «+= 4-1 (hy!) 


X Delo d(b.), Oh"), d(hn’), §}(—h+p)) 


om 
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KOCH Cp), BCbes1) s°*75 BCPm)s BC — by) 5023 BC bn!) Lap 
He [BCh1) 9-025 DCPs)» 8 (Aa!) °2*5 Bn”) | er 
xX (P(—h+p)OP(p), bCbeat) s+ Bn)» 8C—by’) 5+) B(—bn’) J} 
As the last terms may be neglected in the approximation of this section, we have 


=| i s+ 


n=0 n! 


| ety! sdb! 1-8 (By!) (Oy!) 


X Did 9 Ci) s°*5 b (bs), BCAy)5°*+) Pn’), (—b +p) ) 


XO(d(p), b(hs41) 9°**s b(hn) >» b(—h,’),**, d(—hn’) | xr * (56) 


The expressions (55) and (56) are constructed by the wave functions of (39’) or 
S-functions of (49). 
(b) S-matrix 

The S-matrix for the transition K’—>K of one nucleon with the emission and absorp- 


tion of m mesons corresponding to (53) of I are represented by 


S(K; hy,--+, Ain 3 K’) (57) 
of (48), where h= (Pos Nb2 + p2). 


The S-matrix for the transition K,’, Ks/—>K,, K, of two nucleons with the emission 
and absorption of m mesons are represented by the treatment #(k,), ((k)—>-+ co and 
(4), 0) >—o for (52), namely 

S(K, Ky; h,,-*-, hy, 3 Ky’, K,’) 


= S32 dhy!--dby Ab.) ACh) 


n=1n! 


ODEO 5 hy-*:, h,, hye bn. 5 K,!) S(K, 5 hrtt9**> hyn» —hyl,, —hy! ; Ki?) 


om 


x 0(K, +h, te +h. +h! + ... + h,! — K,!) — (K,’, K,! exchanged)}. (58) 


(c) Covariant orthonormality 

OF course it is able to define the orthogonality and normalization of the bound state 
wave functions of (39) by returning to the Schroedinger wave functions as (73) and (74) 
of I. But we can give the different definition of the covariant orthogonality and normali- 


zation from the method of Nishijima.” 


Namely we use the operator 


N=i\ FO) rs doy (59) 


which represents the nucleon number and commutes with the total energy momentum of 


the system. By the momentum representation of (59) 
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n=| ob) dp (—b-+ p)r(p)s (60) 
7 
or its abbreviation 

=| oy dp J (—hy +p) 7. (p)s (60’) 


and (56), the definition of the orthonormality of one nucleon systems is written as 


ANla= | 2 ap S34 dh,t--dby 4°64) 4") 


X wld Chi’) s2*°5 Bn’), PC —bo +p) 7h Pp)» BC — Ay’) 5205 BC An’) |e 
= dan O(K—K’) , (61) 


where n and n’ are the level numbers of the isobar states. 


Similarly for the bound states of two nucleons we have 


dhyy d dh, 20 dp, dp, S" Sone al dh, iD. .-dh,! 4-1 (b,’) A (ey, 


pale val 2n 2n i= nl 
X wb (Ay!) ++) BChn’), P(—hro tps) Fa 2 (— boot po) 74) 
X (LC p1)P (pe) B(— Ay!) 525 Bb") [20 
= Om O(K— KR’) . (62) 


These definitions are similar to those of the Schroedinger wave functions, in the 
circumstance that they are divergent in their original forms. By the renormalization process 


as in § 2, for the one nucleon systems (56) becomes 

rN = | 2 don F(—hy+p) Ub +ps p)S(P) |x (63) 
where 

LD, (—b+p, p) =r. {1+ | dp.5!(—b+p.)5"(p)S(—b-+ Pw pri p)}- (64) 


Corresponding to Beata identity of the charge renormalization in the quantum 
electrodynamics we may put"? 


Ly=a Ta (65) 
From (42) and (65) and (63) 


dh, 7 7 
| ab alB(—b+p)) Pau (—bok ps PPC) he 


a, = Ny pee Y Msp 
On Axl (K, K’) L100 (K—K’) = Onn 0 (K—K’). (66) 


(66) is the finite relation, and by the definition of z, so as to 
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Pa (K, K) ie he) (67) 


it coincides the ordinary free nucleon normalization. 

For the two nucleon systems the renormalized orthonormality is more complicated 
even by the relation (67), therefore we can not justify with our definition the normaliza- 
tion of Goldstein,” which is related only to the Salpeter-Bethe wave function ((k,), 9 (hy) | x 

In conclusion the author wishes to thank Prof. T. Muto and Prof. M. Nogami for 


their constant stimulation and encouragement. 
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Letters to the Editor 


On the Wave Equation for Spin 1 
in Hamiltonian Form 


Izuru Fujiwara 
Department of Physics, Naniwa University, Sakai 


July 2, 1955 


As is well known the vector meson is governed 
by Proca’s set of field equations 


0,,U,—0,U,, —«U,,, =0, (A) 

d*U,,,, —«U, =0. (B) 

In 1939 Kemmer wrote this in the matrix form” 
(0°Bp+xn)~=0 (1) 


with the four matrices B»’s defined by the commu- 
tation relations 


BBy By + ByB,B, =O ay By + OyyBa- (2) 
From (A) and (B) we get the equations 
O,U yy + 9,0 ya, +0,Ua,=0, 
a’Up=0 


(C) 


wherein no mass terms appear. The corresponding 

ones in Kemmer’s formulation are obtained in the 

following way. By operating 0, to eq. (1) we get 
0,0°Bpp+Kd,~=0 (3) 


and the left multiplication of eq. (1) by —O? BoB. 
gives according to eq. (2) 


— 0,0" Bod—Kd" BpBy p=. (4) 
The sum of these equations divided by « 
0,¢—9° BpB,~=0 (5) 


is the required one as will easily be confirmed with 
the aid of the projection operator technique proposed 
by the author.” 

The transition from the covariant form of field 
equations such as eq. (1), which is characterized by 
the mass term having the matrix factor unity, to 
the Hamiltonian form wherein the time derivative 
has the matrix factor unity is straightforward in the 


case of the Dirac equation since each yp has its 


reciprocal. But the 8» has no reciprocal on account 
of the eigenvalue 0, so that the said transition is 
not so easy in the case of Kemmer’s {-formalism. 
In his recent note) Schrédinger has proposed a 
direct method of setting up a matrix formulation of 
the vector meson in Hamiltonian form, which is 
stated as follows. In terms of the symbols E and H 
for U,, and A and V for Up eqs. (A) and (B) 


are rewritten respectively as 


(A) (B) 
grad V+A=—«E, curl H-E=-—«A, (6) 


curl d=«H, div E=— «KV (7) 


and eqs. (C) transform into 


curl E+H=0, div A+V=0. (8) 


He has expressed the field variables E, H, A and 
V in the form of the 10-componental column matrix 
¢ and rewritten eqs. (6) and (8) containing time 
derivatives in matrix form, getting the Schrodinger 
equation 


ig=He (9) 


with the Hamiltonian 


=—idtE,+nbs, (k=1, 2,3). (10) 


He has found that the 10-dimensional matrices &p’s 
are all Hermitian and moreover by actual construc- 
tion that they satisfy Kemmer’s commutation rela- 
tions (2). Author’s remark concerns with that the 
essential part of these results are found in Kemmer’s 
original treatments! of eq. (1) which is nothing 
but the matrix formulation of eqs. (6) and (7) 
containing mass terms. 

Now that B,3=£8y, By and (1—8,2) form two 
mutually orthogonal idempotents and the operation 
of these projectors split up the wave function @ into 
two parts. The multiplication of eq. (1) by By 
gives according to the relationship 8,.8,2+ B’8,=Bx 


048d + O° B4B,(1— BY) b+ KBs-BYP=0. (11) 


Then the left multiplication of eq. (1) by (1—8,2) 
annihilates the term with fy yielding 


O*B xB p +e —Bs) p=. (12) 


Thus one is led to conclude with the correspondences 
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boo (E, A) and (—62) ¢<-— (A, V), (13) 


that eqs. (6) and (7) are identical with eqs. (11) 
and (12) respectively. In order to pass into the 
Hamiltonian form, which is nothing but the coupled 
equations (6) and (8) written in matrix form, we 
need the matrix form of eq. (8). This is supplied 
by eq. (5) for w=4: 


05(1—B?) P—0* 8x84: Be p=, (14) 
and the sum of eqs. (11) and (14) furnishes the 
required equation 

Oa + [0* (B48x—BxBs) +xBs] =O, (15) 


which shows that the Hamiltonian ts 


$= —i0*-i(Bs8x—BxBs) + KBs (16) 


Now on comparison with Schrédinger’s result (10) 
we find that 


£,=i(Bs82—BxBs) and &4=Bs. (17) 
Since exp (ia8s) = (1—84?) +184 sin at By? cos a, 


we see with the aid of the relationship (s8%8s=0 
that 


exp (iaB4) Bx exp(—iaBs) 
=i (8s84—BxBs) sin at Bx cos a. 
eordiuply we get for a=n/2. 
&, =exp (izB4/2) Byexp (— imB4/2). (18) 


This shows that the commutation relations (2) are 
satisfied by &p’s. 

In the case of the Dirac equation the transition 
to the Hamiltonian form is performed by a single 
operation of multiplication by vs Then it is 
interesting to find out what the operator is that 
produces such a transition in the 6-formalism. The 
answer is simple enough, for the examination of 
eqs. (3), (4) for w=4 and (11) tells us that eq. 
(1) multiplied by 


R=0,—9?BpBst KBs 
=0,(1—B,2) + («Bs—9*B xB.) (19) 


affords x times the equation (15). But the reverse 
process of passing from the Hamiltonian form to 
the original covariant form (1) is impossible. For 
rewriting eq. (15) as 

(a?Ept+O,)p=0 (20) 


with 0,=i0,, az=9% and a,=ik we see at once that 


the operator corresponding to the above St is 


(a,—a°&p&,+0,&,) which yields on operating on 
eq. (20) 


04lay+a* (€46%—€x€4) +9164] P=O. (21) 


The relationship £,&,—&%64=18% shows that this is 
the time derivative of eq. (1). Thus corresponding 
to the fact that eq. (6) coupled with eq. (8) furnishes 
not eq. (7) itself but its time derivative, it is not 
the eq. (12) itself but its time derivative that follows 
from the Hamiltonian formulation. In Hamiltonian 
formalism the equivalent to the covariant equation 
(1) is therefore eq. (9) coupled with eq. (12) 
regarded now as the initial conditions. The vanishing 
of the quantity on the left hand side of eq. (12) 
is ensured, when once assumed, automatically by eq. 
(21) derived from eq. (9) or eq. (15). This may 
also be stated alternatively as follows, as has been 
pointed out by Schrédinger. The above quantity is 
rewritten in terms of as (ck —$P,)¢, so that its time 
derivative vanishes always on account of eq. (9) 
and the matrix identity 58,;5=«9. These considera- 
tions are not confined to a special irreducible repre- 
sentation of the B-matrices, so that they are equally 
applicable for the scalar meson. 

As a further remark we add that the quantities 
rer =i (ExE2 — €2€k) fore kal—dpe2oes which Schré- 
dinger has regarded as spin matrices, turn out to 
be the usual spin matrices i(882 —B28x) themselves 
since they ate expressible as 


7x2 =i exp (imB,/2) (8x82 —B Bx) exp(—izB4/2) 


and $B, commutes with (8%82—878x) om account of 
eqs. (2). 


1) N. Kemmer, Proc. Roy. Soc. 173A (1939), 91. 

2) I. Fujiwara, Prog. Theor. Phys. 10 (1953), 589. 

3) E. Schrédinger, Proc. Roy. Soc. 229A (1955), 
39. 


Note on the Lehmann’s Modified 
Propagators 


Kichiro Hiida and Makoto Sawamura 


Department of Physics, Hiroshima University 
Hiroshima 


July 11, 1955 


Recently Lehmann! has shown that the modified 


propagators, 
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Se (p)=—| HP M(THG)O)) dO—D, 
(1) 
Ay (k) = \ e~tk(2-Y (T (6 (x) 6()) od (x9), 


are given by 


/ 


Sr’ (p) = 6G Tame 1—(iyp+M)- 
: de? irp=)os («) + 0s os 
0 pea Othe 


Ay’ (k) taped + (R+ yp) - 


. erway a 
0 K+K—-ie )’ 
where g(x) and ¢(x) stand for the nucleon and 
meson field operators in the Heisenberg representa- 
tion respectively. The density functions o), p: and 
¢ satisfy the conditions: 


2ko\po=0 for P=>(M+ p)?, 
o>0 for r°=>(3y)? (3) 


and, if there are no bound states, 
6)=~=0 for (M+y)?>r°20, 
o=0 for (34)? >Kn=0. (4) 


The renormalization constants Z», Z3, 0M and 6.2 
are given by 


Zo 4$=14+ \, oydx*, Z31=1+ \ odk*, 
0 


1>(Zo, Zs) =0, 
(5) 


OM=Zy J (Me) + pal de’ 


and 6y?= ~Z,| (x? — 2") odk®. 


The arguments which were used in deriving eqs. 
(1), (2), (3), and (4) do not matter whether the 
renormalization has been performed or not. Never- 
theless the results are exclusively true of the re- 
normalized case. 

Under the same assumptions as Lehmann has 
made, we can find the expressions for the unrenormal- 
ized modified propagators. For example, the unre- 
normalized modified propagator Sj-/(p) is given by 


Sie’ (p) =Sr(p) + Sr (p)S(p) Se(p), 


2 ()) =————— (6) 


t 
itp-+My—ie : 


Dp) = | <T(O~)O()) roe d (x9) 
and (7) 
O(x) =igystidi (x) (x) for the symmetrical 
ps(ps) theory, 
where My stands for the unrenormalized nucleon 
mass. Using the same method as Lehmann has 
done, we get from eqs. (6) and (7) the following 
expressions 
Se, 9; M)) 
A ie Gixp—«) Ai («?, 9, Mo) + As («*, 9, Mo) 4 9 
~*eS p?+K*—ié 5 
Srun’ (Pp, 9; Mo) (8) 
tae f° Crp Dt As de 
(i7p+Mo—i€)*J0 89=p*+K*—i€ 


=Sr(p)— 


where arguments g and Mp express that the charge 
and mass renormalization is not performed. 

We now proceed with the mass and charge 
renormalization without recourse to the perturbation 
method. If we perform the mass renormalization 
only and not the charge one, we get, instead of eqs. 
(7) and (8), 


Dp, 9, M) =| (TOG) O()) doe#PM d(x) 
—idM, 
1 
iyp+M-—ie’ 
O (x) =igrstibi (x) (x) —OM (x), 
and this can be expressed in the integral form: 
Xp, 9, M) 


nif det ORDA, 9, M) + dale’, gM) 
0 ptne—ie 


Sr(p)= (9) 


—10M. (10) 


The density functions A;, Ao, A, and Ay in eqs. 
(8) and (10) have the similar inequalities as oj 


and p do: 
2xA\=>As>0 for c°=(Mo+p0)2, 
2KA\>A=>0 for P=>(M+y)?, Pe. 
and if there are no bound states, 
A\=4,=0 for (Mo+p0)?>=0, 
(12) 


Ay=4.=0 for (M+y)?>n2=0. 


Next, we can perform the charge renormalization 
after the prescription by Dyson. From eq. (10) 
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there result, then, 


sM= [\ de? [(M—«)S4+D41, 


a (13) 
1= | de? [D+ 69 (2 -M2)] 
and 
m 5 1B _ Grpt+M) | 
Sri+e() CARES B 
Phe? jesGrp =e) Dat Be 
J, a p+ —ie |. ee 
where 


(x-+M)2A,—2M Ay 


Dan, 9; M) = 


(xc? — M2)? , 
(15) 
F _ (k—M)?Ap 
Sho (ne, 9, M) = (x2 —M2)2 ? 


and @ is an arbitrary constant factor. Sj’, should 
satisfy the following conditions, according to its 
physical meaning of the renormalized modified 
propagator : 


1. Sp/pe(p)=Sr(p) for (ivp+M)=0 and 
(p?+ M?) =0. 
2. Sp/ye(p) should be expressed by the re- 
normalized quantities alone. Using these conditions 
for Sy/,e, we get from eq. (14) 


B=Ly, 
(16) 
Sh=La01 (Kk, CL M), Sho= Loo (x, Go M) 
and from eqs. (11), (12), (15) and (16) 
Z[2K01 — 0] =0 for P=>(M+ 4)’, 
(17) 


=0 for (M+p)?>«=0. 


Physically Zs is interpreted as probability that a 
physical particle will be found in the bare state, and 
it would have non-zero value, i.e., 1>Z2>0, though 
the perturbation calculations show this is not the 
case, ie., Z,=0. The same arguments can also be 
applied to the unrenormalized modified propagator 
Bee ne eqs. (13)-(7), therefore, are exactly 
equal to the eqs. (2)-(5). We can thus conclude 
that the eg. (8) expresses the unrenormalized 
modified propagator and, when renormalized (without 
recourse to the perturbation method), it results in 
the Lehmann’s one. 

The foregoing statements can be confirmed by 
the perturbation calculation. In gy? approximation, 
the results obtained by using the eqs. (8) and (10) 
really agree with those obtained by the use of the 
usual perturbation method without renormalization. 


The imaginary parts of them are finite and coincide 
with those of renormalized ones, and the real parts 
diverge. 

Now we discuss why Lehmann has got solely 
the renormalized modified propagator but not the 
unrenormalized one, though his discussions were 
independent of renormalization. In deriving eq. (2) 
it is assumed that the x? integration is commutable 
with other ones. Then, in order to express the 
modified propagator in a parametrical integral form, 
the former integration must be left to the end being 
untouched. This necessarily results that the density 
functions oj, p, and o depend on x? alone but not 
on p® or &. As will be seen from eq. (8), however, 
1, po and o in eqs. (2) must depend on p? or & 
as well as x«%, when the renormalization is not 
performed. This is the reason why Lehmann has 
got the renormalized modified propagator but not 
the unrenormalized one. 

Finally we will briefly discuss about the causality 
problem. In eqs. (2) and (8) we can find the 
infinitesimal imaginary factor i€, which gives a re- 
lation between the real and imaginary parts of the 
modified propagators. This relation expresses just 
the causality condition, which was pointed out by 
Nambu”). Therefore, we may conclude that the 
causality requirements are also satisfied either before 
or after the renormalization is performed. The 
details will be published later in this journal. 

The authors are indebted to Professor K. Sakuma, 
Drs. S. Ogawa and W. Watari for their helpful 


discussions. 


1) H. Lehmann, Nuovo Cimento 11 (1954), 341. 
2) Y. Nambu, Phys. Rev. 98 (1955), 803. 
Y. Nambu, “ On the Structure of Green’s Func- 
tions in Quantum Field Theory” to be published. 
We would like to express our sincere thanks to 
Professor Y. Nambu for sending us his manu- 
scripts before publication. 
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Magnetic Exchange Moment to Order 


eg’ in Adiabatic Approximation 
Shigeaki Hatano 


Department of Physics, Kyoto University, Kyoto 


July 12, 1955 


Recently considerable progress was made in 
the meson theory of nuclear forces. Nuclear forces 
derived from the symmetrical pseudoscalar meson 
theory have succeeded in explaining many experi- 
The next 


interesting test of the meson theory will be the 


mental data of two nucleon system.) 


electromagnetic properties of the two nucleon system. 
Many authors therefore calculated the mesonic correc- 
tions to the magnetic and quadrupole moments of 
the deuteron using pseudoscalar meson theory.”) 

In these calculations of deuteron moments there 
is no contribution of meson current. However the 
meson current will contribute to the transition effects, 
e.g., photodisintegration of the deuteron, or to the 
magnetic moment of the three nucleon system, so 
we investigate here the expression for the magnetic 
exchange moment up to order eg! in the adiabatic 
approximation. This approximation is consistent 
with that adopted in the recent studies of nuclear 
forces. 

The calculation is made in the same way as 
Villars’ one.) We start from the following Hamil- 
tonian 

H=Hy+Hyy, (1) 
where Hy, is the Hamiltonian for the free meson 
field and Hyyy is 

2 3 
Anuy=(9/w) > 2-7) (tq Ga(%s). (2) 


s=l a= 


The current density due to the fields ¢, and go is 


(a) (b) 


the Edtor 


S=$7 1-49 b2— (g/n) E98 (2—¥5) 
+ (gita") — gots“). G3) 
The magnetic moment is related to the current 
density by 
M=—el [xxS] dV (4) 
Hf texsie 


We transform (1) by successive canonical transforma- 
tions and eliminate non-diagonal parts with respect 
to meson occupation numbers step by step, and then 
apply these transformations to M. In this manner 
we calculate magnetic exchange moment up to order 
eg!. The resulting expression in order eg? is the 
same with that of Villars®), that is 


M®) =M,®)+M,+M/y, 

M,° =e/2- [e) Xe] 5 [x1 X x2] V (x), 
M7=1/4- [¢ Xe©]3(6 xo) Fz (x), 
M,/=1/4- [e Xe] 5{3 [r- (6 Xo) ] rj? 


— (6) Xo) } Fy’ (x), 


where 
iy {> () og 2) 'G A, =) | 
PON oe tye Ng a ee 
-¢-*/x, 
Si9=3 (6D -r) (6 -r)/P—(eY-¢), 
aes 
F(x) =o 5 (—24 Uae, (6) 


2 
F/G) =—f 5 Atixes, 


F=X;—2%, T=(|r\| and xX—pr. 


From eg! terms we pick up only terms corres- 
ponding to diagrams (a) and (b) in Fig. 1, because 
terms corresponding to (c) give only renormaliza- 
tion of coupling constant in the non-covariant sense 


(c) (d) 


Fig. 1. ——— nucleon; i 
g NUCLEON; we ~~ meson; —-~---- electromagnetic field 
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and those corresponding to (d) are connected with 
the difficulty of one nucleon magnetic moment 
problem and the strengths of these terms are probably 
small. 


The expression thus obtained for the magnetic 


exchange moment in order eg! is 

M® =M,° +My 7+My77/+Mii7+ Miz’, 

M, (4) =e/2- [r) Xr] 3 [x4 X xX] Vo (x), 

Myz7=1/4- (e3'9 — 23) (6 9 —0) Fr), 

M77/=1/4: (e3 —73) {3 [r- (@) —0) |r /r° 
— (6) —¢)}F77’(x), (7) 

My77=1/4: (t3 +175) 6 +0) Friz), 

Mz77’/=1/4: (73) +73) {3 [r- (6) +o) |r/r* 
—(¢ 9 4+o)}Frri’ (x) 


where 
9 (3) = — (gn) (2+ £2 ) Ro) 
37 25 
+ (preg) 
Fy) = —Frir(x) = — (9/4)? 


via gerel 
TpNGS 3 


)k (2x), (8) 


Fr7/() =— Fir’ & = — (9/42)? (4e/mp) 


x (Zk (2x) — ($-33)« 2x) ) 


The notation M’s in (5) and (7) are analogous 
to Berger’s.1) Of course M’s here obtained do not 
contribute to the magnetic moment of the deuteron. 
V(x) and V“ (x) are the second order nuclear 
potential and that part of the fourth order one®) 
which is proportional to 1-7 respectively, there- 
fore M,® and M;™ are the so-called Sachs ex- 
change moment), the relation of which to the 
exchange potential was investigated by Dalitz’). 

For the deuteron the exchange moment operators 
M,, Mizz and M777’ can give no contribution to 
the matrix elements for the photodisintegration. If 
we assume that the ground state of the deuteron is 
completely an S state, M, and M77 give rise to 
transitions to a final singlet S state, while M7’ and 
M,1’ give rise to transitions to final singlet S or 
singlet D states. As Berger!) pointed out these M,, 
M/’, Mz, and M77’ are the main terms of all the 


possible exchange magnetic moment operators obtain- 
ed in phenomenological method. 

In phenomenological approach the radial depend- 
ences F(x)’s are left arbitrary, but our investigation 
determines these functions unambiguously. The radial 
dependences of M7, and M7’ have shorter ranges 
than M, and M,’, and may become significant at 
higher energies. It will be very interesting to 
calculate the exchange moment contributions to the 
photodisintegration of the deuteron or to the magnetic 
moment of the three nucleon system using operators 
here obtained and to investigate whether it is possible 
to explain these phenomena consistently with meson 
theory. 

The author would like to thank Prof. S. Takagi 
for his continual encouragement and helpful discus- 


sions. 
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Recently Tiomno!) has proposed to require the 
invariance of the fundamental equations under mass 
reversion. But in his discussions the physical mean- 
ing of the mass reversion operation is not so clear 
as charge-conjugation, etc., and we find some in- 
adequacies there. So we examine this operation in 
the quantized field theory to know how many types 
of transformation we can take as mass reversal 
transformations. Next we try to restrict the types 
of interactions especially in taking account of the 
possibility that we can perform the mass reversion 
for some or all of the elementary particles concerned. 
We can show that there is an essential difference 
between Lorents- and mass reversal transformations. 

We discuss this problem in the interaction re- 
presentation in the same manner as time reversal is 
treated.”) The field equations, which can be derived 
from Lagrangian, should be invariant under the mass 
reversal k->k=—nk, and 


Pyyyo...bor (x, kK) > P/Wibo.Bo (x, k) 


= Arrive... (x, ©) 
and 


Ou ip2...Bn(x, &) ~U/pir2...4n (x, K) 


=U pype...un (x, &), 
fetieei voles 
for the fermion and the boson field respectively. 
We can easily show that the only permissible 


transformation for state vector under mass reversion 
is written as follows: 


T [o]->¥ lo] =RY¥ Io]. 


The requirements of invariance of canonical field 
equations under this transformation allow us two 
types of transformations My, and My, as mass reversal 
just as the Pauli-®) and Wigner’) type transforma- 
tions in the time reversal. 

Type M, is obtained without assuming any 
commutation relations between field variables, and 


type M, is obtained by assuming the positive and 
negative type commutation relations for the fermion 
and the boson field respectively. 

Now we define the sign function JI of the 
physical quantities by the equation 


F(Qa’ (x, &)) =H uF (Qa (x, «)), 


where JI takes the value 1 or —1. The transfor- 


mation properties of the tensorial quantities of spinor 


fields under M, or Mz are shown in Table. 


Table 

M, M, 
(S) og = 
V) ot + _ 
(T) Ot yt, - - 
(PS) drs - - 
(PV) drstyd a < 
(PT) OTST yt? = a 


By requiring the invariance of the Schrédinger 
equation under mass reversal, the interaction 
Hamiltonians are restricted either in M; or M, to 
the ones which satisfy 


A(Q’ (x, «)) =RH(Q(x, «)) R71. 


We examine the typical interactions in the 
following. 
Case A. The boson field couples linearly with fermion 
source. 

(a). When we reverse all of the masses, we 
find the following relations between coupling constants 
f’s and phase factors 9’s ; 


+fipa*oso=fi 
+fooa*pro=fe* 
respectively, where+is for (V, PV) and — is for 
(S, T, PS, PT). As the phase factors are arbitrary 
but fixed, simultaneous coupling with and without 


derivatives is forbidden in the case M,, but, in the 
case My, these relations put no restriction concerning 


for M,, 
for M,, 


the mixing of the different types of interaction. 

(b). When we perform the mass reversion for 
spinor fields, only My is allowed by the charge 
conservation, i.e., we have 
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+foa* po — hi 


So we can not take the coupling both with and 
without derivatives simultaneously. Thus the sources 
can be mixed only within the group (V, PV) or 
(S, T, PS, PT),® these results seem to conform to 
the prescription in 5-dimensional theory of Corben.® 
Case B. The fermion fields interact directly with 
each other (universal Fermi interaction) - 

By reversing all the masses of fermions we get 
the relations, independent of the commutation rela- 
tions between two pairs, 


for M,, 


fau*=faPa*Pv0c* a for My. 


Under Mz the ratio fa/fx’ for all combinations of 


a and a’ must be real. 


fa =fala*Po0c*ba 


If we reverse the masses of one pair only, we get 
fe =fala* pr for My. 


This leads to the same conclusion as what is given 
by Tiomno, i.e., either a linear combination of (V) 
and (PV) interaction or a linear combination of 
(S), (PS) and (T) interaction is allowed. 

Case C. Pseudospinors”) exist in the universal Fermi 
interaction. 


We get the rebations 
for My, 
for M.. 


fa=fa0a*0n0c*ba 
+fa*=faa*ov0c* ba 


Under My, the interactions are divided into two 
groups. Different types of interaction can be mixed 
only within each group. 


When we apply this operation to Pais’) theory, 
Meggitt® formalism, or other theories considering 
the structure of elementary particles, the definition 
of mass reversal should be revised properly. 

It is now in progress to classify all the elementary 
particles with the help of constant factor A or 1” and. 
to examine whether it may be possible, by the mass 
reversal, to divide the whole elementary particles 
into families or not. Detailed discussions on these 
points, together with our general method of treating 
this problem, will be published shortly. 

We wish to thank Prof. K. Sakuma and Dr. 
S. Ogawa for their helpful discussions. 
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Errata 
Errata 


On the 8-7 Angular Correlations of Tm™ and Sb™ 


— VT Interaction 


Y. KATO and M. MORITA 


Prog. Theor. Phys. 13 (1955), 276 

3. line of Formula S and A: 

-++-+3No3) P,(cos 6)] should be replaced by 

+++ +3N~95) P;(cos@) } . 

6. line of Formula V and T: 

+--+ {— (1/6) K°L~5+ (1/2) KL-;::- should be replaced by 

set fi (1/6) Kage (1/2) KE y-o 

4. line of Formula V and A: 

--- [{(1/15) K8L+-:» should be replaced by 

+++ [{(1/15) K°Lo+-:- 5 

12. line: Delete, L~;; and N-;;. 

13. line: Add, L~;; and N-;,; are as follows: . 

in the remark of Fig. 2 and p. 284, in the Note added in proof: 

The set of parameters x=0.8, y=0.96, y’=1.01, A=1.2 should be replaced by x=0.8, 
y/ =0.96, y=1.01, A=1.2. 

4. line: The factor — (1/96) should be replaced by — ( p?/96). 

in the ‘ote added in proof: The word “ There” should be replaced by “ Therefore.” 
reference 5i): Add, Phys. Rev. Rev. 89 (1953), 16. 

reference 9): p. 367 should be replaced by p, 1202. 
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The time-dependent theory of scattering is reformulated. In §1, it is developed on the basis of 
a sew limiting process which is self-consistent, and the equivalence is shown of Heisenberg’s S-matrix 
and Dyson’s one, when the total Hamiltonian permits the existence of bound states. In § 2, a theory 
of scattering of wave packet is proposed in conformity with the physical picture. The damping 
factor e-‘\¢! is derived from the amplitude of the wave packet. In § 3, the rearrangement scattering 


is treated on the basis of the wave packet formalism. 


Introduction 


The time-dependent formulation of scattering has been investigated by many authors. 
In their treatments, they are always forced to use some limiting procedures such as the 
adiabatic ‘“ switch-off ” procedure of an interaction” and the averaging procedure over 
initial states. These theories, however, seem to be somewhat unsatisfactory as will be 
shown afterwards. On the other hand, Ma” and Belinfante and Mller” used the concept 
of the conditional equality. As this concept is not free from mathematical obscurity, we 
leave this standpoint out of consideration. 

Firstly, let us consider Lippmann-Schwinger’s theory” which is based on the “ switch- 
off”. The total Hamiltonian of a system is given by H=K-+V in the Schrédinger 
representation, where K is the free Hamiltonian and V is the interaction part. Let us 


denote by %, the eigenfunction of K which belongs to the eigenvalue E,: 


K0,=E,%, 


Dyson’s S-matrix is given by 


Spp= D/*U(, — 0) D,= O/* D,—iD VE (E;) , 
ee W\) (E) = Peco me"U, (1) %,. (0-1) 


Here Lippmann and Schwinger have used the adiabatic “ switch-off ” procedure by introduc- 


ing the factor e‘'’. (€ is an infinitesimal positive constant.) From the definition of 


WS (E) and the integral equation for U, (t), they derived the equation : 


WS) (E) =\ a gE Fitetlel 0,—i\ de fF Wr yy +) (E), (0-2) 
-o 0 


Integrating this equation, one obtains 
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U < (E) =270(E—E,) i a er LAE 


Writing YO (E) =270(E—E,;) Pat? (0-3) 
one gets the well-known Lippmann-Schwinger’s equation : 


1 
DP Ma Dyih se (0-4) 
: i sty LL 
As to the above derivation, we have the following questions ; 
(a) U,(t) in (0-1) is usually denoted as U(t, t’—>— 00), the limit of which as t—> + 00 
is made definite by the factor e~‘'’', but that of which as t‘— co seems to be obscure. 
(b) We cannot derive (0-2) from (0-1) by a lucid calculation. If we use the equation 


t 
Gi | V(t) U, (ty de! 
which is the equation (1-12) in Lippmann-Schwinger’s paper, we have 


Pi) (PB) =|"a et (E-Fy)t get] 0,—i| dz Zeapatatl dt’ e ele ttl Palin iol & (t’) —, 
—o J0 -2 
instead of (0-2). 
In order to clarify the question (a), let us introduce, as usual, the time-dependent 
Hamiltonian H=K-+e‘'V which assures the adiabatic “ switch-off”? of the interaction.” 
From this Hamiltonian, the integral equation for U(t, —0o) is given by 


Ut, —co)=1-i| dt'e"\V(L) Ut, —00). (0-5) 


U(t, —00) is defined by the solution of this equation. It has been attempted by many 
authors to derive Lippmann-Schwinger’s equation from (0-5), by using the iteration method. 
However, the convergence of the series thus derived by iteration will not generally be 
assured, when the total Hamiltonian permits the existence of bound states.” Actually, 
if we iterate formally (0-5), we arrive at the conclusion that the wave matrix 
P/U(0, —co) Y; is unitary and the eigenfunctions of the total Hamiltonian belonging to 
the continuous spectrum constitute the complete set without the contributions from bound 
states. Thus, the validity of the adiabatic ‘“ switch-off ” procedure comes to be doubtful 
for the system with bound states. 

On the other hand, Gell-Mann and Coldberger’s theory” which utilizes the averaging 
procedure need not use the iteration method in order to derive (0-4). In their theory, 


U(+o, t) and U(t, —oo) are defined respectively by 


0 
Utes 0 tim «| dT TU, T) 


€.>0 —c 


- (0 -6) 
aad UF (oot) we lien c| dTe-TU(T, t). 
€>) 0 
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With these definitions, we can easily derive Lippmann-Schwinger’s equation without iteration, 
and by virtue of the definitions (0-6) it holds that the wave matrix should be non-unitary 
in a system with bound states. In this respect, the theory based on the the averaging 
procedure is preferable to that of the adiabatic “ switch-off.” If we consider the S-matrix, 


however, we encounter the following difficulty. They define the S-matrix in the following 
ways : 


S=U(c, 0)U(O, —~@) (0-7) 
a s=1—i["d' ve) Ue, Bayi (0-8) 


where U(oo, t) and U(t, —oo) in the right hand sides are defined by (0-6), and the 
integral in (0-8) with respect to ¢t/ is defined by an appropriate limit that will give the 
usual meaning to the oscillatory integral. They proved the unitarity of the S-matrix by 
using the definition (0-7), and proved the equivalence between Heisenberg’s S-matrix and 
Dyson’s one by the definition (0-8). Then, the consistency of the theory requires 
the equivalence between the definitions (0-7) and (0-8). We substitute (0-6) into 
(0-7) to get an equation corresponding to (0-8), and the resultant equation contains an 
extra term as will be shown in the appendix I. As we cannot show definitely the equi- 
valence between the definitions (0-7) and (0-8), we are forced to conclude that the 
averaging precedure is not perfect as a limiting process. 

It is for these reasons that we shall introduce in §1 a limiting procedure that will 
make us free from the above difficulties. Using this limiting process, we can show the 
equivalence between Fcisenberg’s S-matrix and Dyson’s one for a system with bound states. 

Now, in the preceding discussions, all the limiting procedures are rather mathematical 
than physical. In fact, in practical experiments the incident waves must be considered as 
wave packets rather than plane waves. In the infinite past, the wave packet is very far 
from a target spacially and travels freely. At some instant within some finite time-interval, 
the wave packet begins to interact with the target, and then the scattered wave packet will 
travel freely after the interaction. In § 2, we shall construct a time-dependent scattering 


5910) In this treatment, the damping factor 


theory on the basis of such a physical picture. 
e-‘lt| which was introduced in order to make definite the integrals will be derived from 
the amplitude of the wave packet in a natural way, and we can give a physical meaning 
to the small positive constant «. We shall be able to show the validity of Lippmann- 
Schwinger’s equation in the limit of the plane wave. 

In the last section, we shall treat the scattering process involving bound states with 


the example of the pick-up process from the standpoint of the wave packet.” 


§1. The theory based on a new limiting process 


The Schrodinger equation is given by 
id V(t) /Ot= (K+V) Y(t), CE) 


in which 6 is taken as unity. In order to transform it to the interaction representation, 
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let us put 

Y (Hae " P70). (1-2) 
The new state vector  (t) satisfies 

id (t) /ot=V(t) F (2), (1-3) 
where 

ViGy=e ewe (1-4) 


We introduce a unitary operator U(t, f)) such that 
PT (£) =U (ty to) F(t). (1-5) 
U(t, t) has two obvious properties : 
U(t, d=. and Uren) Ue Ue) (1-6) 
We can easily derive an explicit formula for U(t, t) : 
UG ime ee! vet, (1-7) 
Setting t or f equal to zero, we have 
OU Oye ee «and "UNO, =e Ve (1-8) 


From (1:7), we get the following integral equations : 

OSE) =1-i| wv) U(t’, t), (1-9) 
and 

U(t, ty) =14i| WUC, ) Be). (1-10) 


In the integral equations (1-9) and (1-10), the domains of integration are finite. When 
either ¢ or f, is infinite, we must take care of the limits of the integrals as will be seen 
from (1-7). We have discussed in the introduction the various methods to define the 
limits. 

Here we adopt the following new procedure. By using (1-9) and (1-10), we take 
the definitions : 


to 
U(ti00,.) = 1-—-P ie | dt'e"'V(t") U(t, 8), (1-11) 
€>0 t 
and 
Fo 
Ut acco) elie te | dt'e"'U (4, &) V(t). (1-12) 
€>0 t 


U(t, t’) in the right hand sides of (1-11) and (1-12) is given by the explicit solution 
(1-7), and the limit €—>0 must be taken after all other calculations. Of course, this 
limiting procedure is different from the ordinary adiabatic ‘“ switch-off ” procedure. If we 
differentiate (0-5) with respect to t, we have for finite € 
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j dU.(t, — ©) 


=e! V(t)U.(t, — oo), 
dt 


which means the adiabatic ‘“ewitch-off” of the interaction. On the other hand, if we 
differentiate (1-12) with respect to t, we obtain for finite € 


5 dU, (t, =) 


PP RV (QU — 0) +7 Ol" I], 


which does not mean necessarily the ‘ switch-off” of the interaction itself. 
Let us now establish the properties of the U-matrices with infinite arguments. It can 
easily be seen that from (1-11) and (1-12) 


U(+ 0, t)=U(4 0, #)U(H,7 2), (1-13) 
and 
U(t, +o) =U(t, /) U(t’, +o) (1-14) 
in the limit as € 40, and by using the unitary character of U(t, t)), 
U(+o, t)'=UUt, t+), (1:15) 
U(t, + o)'=U(+ ~, 2), (1-16) 


where the superscript 7 means hermite conjugate. 
We shall now investigate the equations satisfied by Y (4) which are defined by 


Y#H=U(0, Foo) Y;. (1:17) 
From the definition (1-12), we get 
Foo 
v®=U(0, +00) 0= +i lim | dle"\U(0, LV (e) @. (117)! 
€->0 0 
Using (1-4) and (1-8), we have 


aoe * PES nh 
PH) =P, +i lim | delet! Veit"! D, 


€>0 0 


Fo 
= —, +1 lim | dt'e~* le" ef A-E 7D, 


€+>0 J0 


= @0,+lim VO,. (1-18) 


€>0 E,—H+ 1€ 


If we apply the identity given by Chew and Goldberger," we obtain the following 
Lippmann-Schwinger’s equations : 


PY = 0+ lim ———_V 9. (1-19) 
€>() ee Bete 


Obviously, 7{*) are the eigenfunctions of the total Hamiltonian H with the eigenvalue E;,. 
We must further investigate the propertics of such products 2s U(— oo, 0) U(0, — OS) 


From (1-17) we get 
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S10) OF =U(0, $0) OO. 
i z 


2 


In view of the fact that S}%,0*=1, we obtain 


a 


U(r roy seedy, 


Similarly, we can see that 


U(# o9,.0) =U (0,07 c0)'= 510, - oe" 


Thus we have 
U(0, #~)'U(0, FG ei wa eae (1-20) 
where we have used the normalizable properties of Y{*), which were already shown by 


Mller,’” Belinfante-Mdller” and Gell-Mann-Goldberger.” Of course, it holds in our theory, 


too. U(0, #co) are, however, not unitary for the system with bound states, since 


U(0, Fo)U(O, ¥ Pee OF 0,0 


=D SPH t=1- TP, I, (1-21) 
l 


i=continons spectrum 


where we have taken account of the contribution from the bound states Y, among the 
eigenstates of the total Hamiltonian H. If our theory is consistent, the bound states should 
vanish in the limit as t— +00. Then, we shall prove that 


Lim Y(t) =Lim (Ut, 0) Z,) =U(+ ~, 0) ¥,=0, 


toto 


where Lim means the limit in our sense. From (1-11), (1-4) and (1-8), we have 
t-> Fo 


= 
Lim Y(t) =U( #0, 0) ¥,=%,—i lim \ belgie ee 
t> Fo 


€>0 0 
= lim " 
opt KSB, pre 


By using the equation (K+V)¥,=E,¥,, it becomes 


pet er 
«00 K—E, Fi€ 
In the limit as € + 0, it runs 
=%7,—¥%,=0, 
“ ee the assumption that the eigenvalues of K do not overlap with the discrete eigen- 
value E). 


Let us now consider the relation between the S-matrix and the wave matrices. We 
shall d-fne U(4+0co, oo) in the following ways : 
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+00 
U(40, Fo)=1-ilim | d’e“"'V“) UW, Fo), (1-22) 


€>0 J Fao 


by taking the limit f— +00 in (1-11), or 


Fo 
U'(40, Fo)=1+i lim | die Ce co, FV), (1-23) 
€>0 Jto 
by using (1-12), where U(t, +00) and U(+, ¢) in the right hand sides of (1-22) 
and (1-23) are given by (1-11) and (1:12) respeccively. The equivalence between the 
definitions (1-22) and (1-23) is not self-evident, so the proof may be given below: 
+0 
U'(+ 0, Fo) =1—i lim | die” U(4 0, #) V(t’) 
Fo 


€>0 


to { 
=1—i lim | dee 1 —i lim | 


€>0 J Fx >) 


+n 
Ahem | Ka Le" ey Wee’) 


t 


m +00 } ‘boo to 6(t’—#) 
=1—ilim | dt'e“'"\V(t") + (i)* lim | dite] del"en "| oe } 
€>0 Fo Ata Fo Fo A(t ib ) 
1->0 


XVEDUCL EV). 
Carrying out the transformation ¢/ 7 t’’ and €’ 7 € in the third term, we have 


Set car nd Ratt ae to etn) (8 —t") 
4) 5) dt! €\e/| / 2] | dt!’ “esi dt’ €\e7| ? 
2 itim | de aces caaA ot ivoe fateh} 
VU UG, POV) 
to t! 
=1—ilim | d'e“W\V (e) [1 ili | dle "UH, EN V(t) - 


€>0 Fo €/>0 Fo 
From (1-12), we get 
+0 
=1—i lim \ de" 'IV(t) Ut, FO) =U(4 0, Fo), 
€>0 Fo 
where we have used the step function (¢) defined by 
forte =10; 


d() = 


0 for ¢< 0. 


We can easily verify the property 
U( #00, +0) =U(+, Fo)! 
from (1°15), (1-16), (1+22) and (1-23). Furthermore, we can prove the important 
relation 
U(40, Fw)=U(+ 0, Ut, +), (1-24) 
as will be mentioned below. This property assures that the definitions of U(+ 0, Fo) 


given by (1 -22) and (1-23) are equivalent to those which will be given by the products 
of (1-11) and (1-12), too. It is this property that could not be assured in Gell-Mann 
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and Goldberger’s theory. 
We shall give a proof of (1-24). Because of the fact that 


U(+ 0, t)U(t, Fo) =U(+ ~, 0)U(0, t)U(t, FO) 


=U(+o, 0)U(0, Fo), 
let us prove 
U(40, Fo)=U(+, 0)U(0, Fo). 
Now, from (1-22) we have 


+a 
Uae: #00) =1—i lim | dt'e"'V(#) Ut, 0) -U(0, #00) 


€>0 JF 


+o 
Bah S \ dt'e*!"\7 (#") U(t", 0) -U(0, #0) 
0 


€>0 


0 
=i lim | dtle*"'\V (t’) U(t’,0) -U(0, #00). 
Fo 


€>0) 


Substituting (1-11) into the above equation, we obtain 
U(+ 0, Fo)=1+ {U(4+o, 0) —1}U(0, Fo) — {U( Fo, 0) —1}U(0, F~) 
=1+U(+ 0, 0)U(0, Fo)—U(Fom, 0)U(0, Fo). 
Rhy Coro? GEPOk Rewer 
=U(+o, 0)U(0, Fo). 
The matrix element of the S-matrix may be computed from (1-22) as follows; 


(f1S|i) =PFU(+ 0, — 0) O, 


= 07 0,— if lim \"dle"'V(W) UC 0) UO, —c0) @, 


€>0 


= oy P,—iO* lim [delete erst ‘U(0, —oo) @, 


€>0) —o 


= DF D,—i FV lim [ders ertiayo me -U(0, — 0) @, 
= DF 0,—i DEVE (Ey), Civ23) 

where 
€>0 —o 


959 (E) = lim \"e“le- de! U(0, — co) 


=270(E—H) -U(0, — oo) 9,. (1-26) 


This is the equation which corresponds to (0-1) defined by Lippmann and Schwinger. 
From (1-26) we can see that YS*)(E) is the eigenfunction of the total Hamiltonian 
with the eigenvalue E. In view of the fect that U(0O, —cw) O, = W* is the eigenfunc- 


tion of the total Hamiltonian belonging to the eigenvalue E,, we can rewrite (1-26) as 


The Formal Theory of Scattering 183 


Pi (E) =200(E—E,) -¥{». (1-27) 
Substituting (1-27) into (1-25), we obtain 
(f |S|i) = OF O,— 2710 (E,-E,) FV ES. (1-28) 
Starting with the definition (1-23), we get another expression : 
(f |S|t) = OF @,—27i0 (E, —E,) PSV @,, (1-29) 


Clearly, these S-matrices are equivalent to Heisenberg’s S-matrices. Here, we must note 
that the proof of the equivalence is valid even in the case of the system which permits 
the existence of the bound states. 

Our final task is to prove that the S-matrix is unitary. It is easily seen in the 


following way. First of all, we see that 
(a|S|b) = (a|U(+ &, 0)U(0, — co) |b} =(U(4 ~, 0)'P,|U(0, — ) ) 
=(U(0, +0) @,|U(0, —0) M)= (PO |"5), 
and 
(a|S"b) =( PFS). 
Then, we have 


Dia|SIc) CelS[b)= SP CFP PO) POEs) 


e=co.tinuons 
Spectrum 
= (PPPS) — SOL) (PILI) = ba TPO PY (FEI). 
Z=discrete t 
spectrum 


The second term vanishes by virtue of the orthogonality between the continuous state and 


the bound state. Similarly, we can see that 


>} (a|S|e) (elS"16) = Aas 


§2. The theory based on the wave packet 


So far, we have treated the scattering on the basis of the mathematical limiting 
process which seems to be unnatural from the physical point of view. This procedure is 
used for the reason that the incident particle is described as a plane wave and the inter- 
action between the particle and the target does not vanish even at t=-+ 00. Thus, as was 
mentioned in the introduction, we shall propose a theory based on the standpoint of the 


wave packet. 
i) Preliminary considerations 
In order to construct the theory based on the wave packet, let us discuss how to 


describe it.” The free wave packet @,(x) which spreads around the point x=0 at t=0 


with momentum centered about k,, is described by 
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0,(x) = { a(k—k,) "dk = \ a(k—hk,) eo oak ee 
= A(x), (2-1) 
where A(x) =| a(k—k,)&*®-!"dk and A(x) =A(—2). 


A(x) is a function which is localized around x=0, and means the amplitude of the wave 
packet. 


: . : : ‘th 
When this wave packet moves under the influence of the free Hamiltonian K= ———P’, 
2m 


it can be expressed as 


eo tikt ~, (x) = | a (k = k,) eikoc—ik3t mp, 


=| a (dk) efAkCw— Urolm+ Ak/2m)t)  Afy . ef (ox Hot) (2 +2) 
where 4k=k—k, and Ey=— ky. On account of the existence of the factor 
Ake] t ae 
exp| — 2s] in the right hand side of (2-2), the breadth of the packet increases as ¢. 
m 


At this place, let us assume that a(4k) has a large value only in the case of ky > Jk. 
From this assumption, we can, for a considerably long time-interval ¢, neglect the term 


4k?/2m-t in comparison with the term dele in the exponent of (2-2). In other words, 
m 


the form of the wave packet can be held for a long time, if its initial spread is large. 
(Of course, this argument comes to be precise in the limit of the plane wave by virtue 


of the fact that a(dk) tends to 0(Jk).) In this case, we have 
en ik 0, (x) =| a(dk) eth (e—vol) Je, pi(koaw— Kt) 


— A(x—»,t) Fi lta (2 ‘ 3) 


where 0)=k,/m. Let us now denote by T, the critical time which is too large to neglect 
the contribution from the factor exp(Jk*+t/2m) in spite of the condition k,> dk. T, can 
be determined in the following way. a(dk) is not small only in the case of 1/L>|dk|~>0, 
where L is the breadth of the packet. Thus, we see that Jk*/2m-t<1/2mL?-t. In order 
to be able to neglect the contribution from this factor, the condition t/2mL*>. 1 must be 
satishied. Then, we have T,~2mL*. The distance over which the wave packet travels 
during T, is given by z,=|w,|T,, which is considerably larger than the scale of the usual 
laboratory. For example, z, is of the order of 10'cm for a wave packet of a proton whose 
energy is about 1 Mev and whose spread is about 107~‘cm. 


ii) The theory of scattering 


Starting with the Schrodinger representation, the Schrédinger equation is given by 


iV ,(t) /Ot= (K+V) ¥,(t), (2-4) 
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where V=V(x) is a potential which falls off rapidly at large distances from x=0 and 
does not contain velocity. 


Now, we consider a wave packet centered around x=—v,T (or+v,7T) at a remote 
time —T (or T; T>0), where x is far away from the potential but the distance from 
x=0 is small in comparison with z,. Let us give the initial (or final) condition to 
(2:4) at t=—T (or+T) by this wave packet. It can be written from (2-3) by 

CFT) Se? O, (x) = A(x 0,T) oor ten, (235) 

From (2-4) and (2-5), we have 

yp) (t) =e Mt P (FT) =e FHUET) tix (x). 
In order to transform it to the interaction representation, let 
Pane Y(t). 
Then, we have 
Pt) (¢) = eX p+) (t) = ef Mtg-tHULT) oti kT D(x), 
At the time t= + T, we see that 
P*) (FT) =@,(x). 
Introducing the operator U(t, #T) such as 


w(t) =U(t, FT) 0 (FT) =U, FT) G(x), (2-6) 
we get 
U(t, ae ) = ef Xtg—t MULT) pti? 
ae tei) 
UGE )=1-i( dt'V (t)U(t, 8) (2-7) 
a 
and Ut, #T)=1+i| d’U(t, V(t"). (2-8) 


At first sight, the integrals for J’—> co in the right hand sides of (2+7) and (2:8) 
seem to be indefinite. However, the properties of limits of the integrals in such operator 
equations as (2-7) and (2-8) should be decided by the behavior of the state to be 
operated by them. Namely, we have from (2:6) 


P+) (4) =U(t, FT) ¥“ (FT) 


So) +i["d/UU V(t!) G, (x) 


s +7 : 
oe D,(x) sieme| dtle""'V (x) A(x—v,t') ei row Kot!) | 
t 


Taking the limit T— oo at this place, we can see that the amplitude A(x—v,t’) will 
take the part of the damping factor. We must, however, note that the assumption used 
in (2-3) comes to be incorrect for \t/|>T, and the last expression of the above equation 
for T—> 00 will be inadequate. However, the product V(«) X (the amplitude of the spread 
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wave packet) for |t/|>T, vanishes at all x, since the center of the wave packet lies farther 


c 


than z, from the potential in the case of |¢/| >T. and the velocity of expansion of the 
wave packet is always smaller than that of the center v) by virtue of the condition k, » Jk. 
So it is permitted for us to extend T formally to +00. Thus, we obtain 


P(t) =U(t, F 00) D(x) 
= O,(x) ident at dt'e™"'V (x) A(x—vyt!) hor) | (2.9) 

Putting U(0, Foo) Dj =*, we have 
Pi = Oy x) +i “dle A(x— vg) V (x) e™, (2-10) 


which corresponds to (1-17)’. 
In order to develop our computation further, we take the simple amplitude A(x) 
such as 
A(x) ene lwilh gr lelE == @lel/E 
and A(x—D,f) =e l#l/Le-lyl/Le—\z—rot| = PL tie aa (2 . 11) 
where v,=|v,| and the identities are for the abbreviated symbols. From (2-11), we have 
the following normalization : 


J | Gt Od'x=1. 
lee 
Substituting (2-11) into (2-10), we obtain 


deer Fo)a! eat= vot! |/L [7 pikow 


Po) — PD, (x) —1 


a dt’ et H- Bo) t! 6 |2| [Lp €|t!| 7 gikox 


‘dt rails an |je— vot! |/L _ o—|zl/Le yee | Vetkow 
= 0,(x) —i dt! eX FF)" oi" IVD (x) + (the third term) 
= 850) + 1 VO) + third term), (2-12) 
where €=p,/L. (2-13) 


Namely, we see that the constant € is concerned with the properties of the wave packet. 
From (2:13) the limiting process 1/¢€Z*—+0 which was used by Gell-Mann and Gold- 


berger comes to be self-evident. Now, let us compute the third term. Changing ¢’ to 
—t, we have 


+00 
(the third term ) = — i dt alamo Cbg al a a ay V(x) tow 
0 


The Formal Theory of Scattering 187 
(1) In the case of z> 0, we have 
galt voll i onesie Sie 


since t is always positive. Thus we see that the third term vanishes. 
(2) In the case of z<0, we obtain the following result after the straightforward 
calculation as will be seen in the appendix II: 


s Ke > x —tko-z/vo z ikow 
(the third term) = Fey gl Emp tHE +e site! —e!* \V (aye A (2-14) 
where Exp (ia-b) = s (+1)"/n!-a"-6" 
n=0 


in contrast with 
oF Sif +3)"/nls(aed)®. 
n=0 
Substituting (2-14) into (2-12), we have 


= * ‘ - | : 
(+)— @ puirerist Go VO, re eT eS ee 
ee ae gee eet 

X { Exp (iH-z/vy) e7 */ — &l4 1 Vebhow, 


In the limit as Loo (€—0), it runs 


; 1 PN 
PSY = O,(x) + = en Taran —0(—z)2ni-0(H—E,) 


X {Exp (iH-z/vp) e**"— 1} VP, (x), 
where lim 7{Y =F and lim O(a) ete 0) 
I>o L>o 


At this place, we shall investigate the third term of the above equation : 
271d (H—E,) {Exp (iH: z/v9) 7" — 1} V(x) 


= 2nid (H—E,) = Fun {(Zyemrrd, (x) | -2710(H—E,) (H—E,) %(x), 
n= ! 0 


(2-15) 
where we have used the equation 


(H—V) ®,(x) =E,P,(x). 


. ; i ; ore 
Using the property of d-function, we see that the second term vanishes. Furthermore, 


because of the fact that 
H"0(H—E,) f(x) =E70(H—E,) f(x) 


for an arbitrary function f(x), (2-15) can be written as follows : 


(2-15) =27i0 (H—E,) 3} TEU (@/n)"e VACA} 
n=0 n!} 
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= 2710 (H—E,) e* ihorz I"0g—tEo-2/"0 7D (x) 
=27i0 (H—E,) (H—E) ®,(x) =0. 


: net ; hora : ; 
Therefore, we have succeeded in deriving Lippmann-Schwinger’s equation from the stand: 


point of the wave packet : 


Pi — M+ lim - V(x) FS. (2-16) 


€>0 E,— 1€ 


Similarly, we have the following equation for TO) = U(0, +00) D(x): 


FT) = Olim oe po, (2-17) 
€ 


€>0 aa —1 


So far, we have used such a particular amplitude as (2-11). However, we can 


generalize slightly the type of the amplitude in the following way; 
A(x) = A(x) A(y) A(z) 
ond A(x) =| 6c ; Lye“ lida, ete, 
where 6(A; L) is an arbitrary function which makes the above integral converge, and which 
satishes the following condition, 
lim (A L) =0(2), 
By using this generalized amplitude, (2-16) and (2-17) can be derived in the same way 


as before. 


From (2-16) and (2-17), we can easily verify the relations 
U( +o, 0)U(0O, -Fo)=1 
2°18 
and U(0, #o)U( Fo, 0) £1. ( ) 


In the next place, we consider the S-matrix. Here we define U(+ 0, Foo) as 
follows; 


to 
ts: #0) =1—i dV) Ute, Feo) 


and (2-19) 


Fo 
U4 0, Foo) =1+i| dt'U(+ c, t')V(t!). 
+0 
In this case, it is apparent that the two definitions of U(+., 0c) are equivalent. 
Furthermore, we can easily see that 
U(+ 0, Fo)=U(+~, t)U(t, Fo). (2-20) 


Let us now compute an element of the S-matrix : 


(f |S |i)= lim (%,|U(+o, —«)|@,) } 
€ 7 you 
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Using (2:19) and (2-20), we have 


Sim (Oi) wv UL, 0) -U(0, — co) | G,) 


€ 7&4 70 


=(P,|®,)—i lim ( O,\\ Ee’ Verde Fi) 
€ 7, €5> 


(= 
—« 


= ( O,\ iy Sis lint (\arem' ye 0, a) 


€7.€i>0 J- 


= ( ?,| 0; —i lim (|e 4>" Ae — 0g!) Veikor| Us), 
ey oS 


By the similar calculation to (2-12), it leads to 
= (0,| 0,) —2ni¢ 0,|V0(E,—)|P9) 
=(,| 9;) —27i0 (E,—E,) (P,|V| PS), 


where we have used the fact that Y‘*) is an eigenfunction of H. Then, we can see that 
Dyson’s S-matrix is equivalent to Heisenberg’s one. It is easily seen that the S-matrix is 
unitary. 

§ 3. The scattering involving bound states?” 

In this section, we shall treat the scattering involving bound states on the basis of 
the wave packet. As an example of our formalism, we shall present a rigorous theory 
of the so-called “pick-up” process. It is easy to extend our formalism to other cases. 

Now, we consider the following problem: A proton is bound to a fixed nucleus by 
a potential V;, and is bombarded by a neutron which interacts with the proton and the 
nucleus through the potentials V,, and Vy respectively. The neutron and the proton may 
be bound together by Vp» to form a deuteron, and we wish to compute the transition 
probability per unit time for producing deuterons. 

As it is necessary to extend the physical interpretation of Dyson’s S-matrix in order 
to compute such a probability, we shall review the ordinary interpretation of the S-matrix : 


The transition probability per unit time is obtained from 
(|S\a) = PFU(+ 0, — 00) Pas (3-1) 


where @, and @, are the eigenstates of the free Hamiltonian. The interpretation of (3-1) 
is given as follows: At the time f= — co, an incident particle and a target are very far 
from each other, and there is no interaction between them. So we shall be able to specify 
the initial state with the eigenstate of the free Hamiltonian @,. As the lapse of time, 
the particle will be scattered under the influence of the interaction (U(+ 00, —©o)), and 
it will be released from the interaction at the time ¢=-++0o. This state U (+00, —~)®, 
will be described by a superposition of the eigenstates of the free Hamiltonian. Then, 
(3-1) gives the probability amplitude with which we shall find a state Y, in U(+, 


— co) D,. 
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There is an alternative interpretation for the S-matrix. Rewriting (3-1), we have 


(b|S|a) = D¥U(co, 0)U(0, — 0) P= (U(0, +0) %)'-U(0, — 0) Fa 
=P Oreo, (3-2) 


The rewritten S-matrix (3-2) can be interpreted in the following way: The state V - 
at t=0 is a state which will become %, at the infinite future. On the other hand, the 
state Y, at the time t=—©O grows up to the state PH=U(0, —c)®, at t=0. 
Then, (3-2) gives the probability amplitude with which we shall find a state PS an 
the state 7+) at the time t=0, where we must note that Y{*) and V$~ are the eigen- 
states of the same total Hamiltonion. 

Now, let us define the S-matrix by the form of (3-2), even if the Hamiltonian H, 
in the remote past is different from the Hamiltonian H,’ in the infinite future. Namely, 


the S-matrix is defined by 
Ssa= (U'(0, +00) 9)*-(U(0, — 00) 9,) = FiO1- F™, (3-3) 


where %, and @, are the eigenstates of H,’ and H, respectively and 7,‘ and V{* are 
those of the same total Hamiltonian H. (This definition (3-3) can be derived readily 
from the standpoint of §1.) Using the definition (3-3), we shall compute an element 
of the S-matrix for the pick-up process. 
Starting with the Schrédinger representation, the wave equation of the total system is 
given by 
id? ,(t) /At=HF, (2), (3-4) 


where H=K+V,+V,y+Vy and K=K,+Ky. K, and Ky are the free Hamiltonian 
of the proton and the neutron respectively. We consider now a wave packet of the neutron 
which is centered around x=0, y=0 and z=—v,T at the time t=—T, where T, T 0. 
At this time T, the interactions V,, and Vy vanish effectively in the same way as in § 2. 
Then, this wave packet will be composed of the eigenstates %,’s of Hamiltonian H,=K-+ age 
in the following way: The eigenstate Y, of K+V,. satisfies 


(Ky+ Kp+V>p) 0,=E,@,, 
sO we can write it in the form 
P,=e*n* vg, (xp) ’ (3 ~ 5) 


where E,=E(ky) +E, and ¢,(x,) is the eigenfunction of the bound proton. Using 
(3-5), we can describe the wave packet which is the initial condition for (3-4) at the 
time t= —T by 


Y (—T) — et tat "PTD. (x) a tT EA (a) @,(x) 
=A (Xy+OyT ) Gq (Hp) OONT Nt” | (3-6) 
where x=(xy, xp). At the time ¢, the wave packet may be given by 


T(t) = ep tH(t+7) CT = e~ tH E+ 7) oi (K+ PPT D(x). (3 -7) 


The Formal Theory of Scattering 191 


Now, let us introduce the interaction representation for 0 >t>—T as follows ; 
Pp (t) —_— i( K+ PPD (t) , 
From (3-6) and (3-7), we have 


P(t) Set Xt V pte-tHe+ 7) p+ i(K+ V p)r d, (x) G. 8) 
and P(—T) set Frit p(T) = @,(x). (3-9) 
Writing Y(t) =U(t, —T)¥(-T), 
we obtain 

U(t, co 13) = br Vp)te-tH (t+ 7) o+ i+ Vpyr. GB ‘ 10) 


If we differentiate (3-10) with respect to —T and then integrate, we have 


—7 C 
UG Rh) =1 +i] dt'U(t, t) Vex!) +¥ a(t) ], (3-11) 
where Vee Ve TP and Ve FV ye Pe, 


From (3-8), (3-10) and (3-11), we get 
TUt)y=UG, —T)2,= O,+i\ dU(, Pentel.) 12, 


As a result of the discussion in § 2, we can put T—»+ 0 in this equation and get the 
following important equation : 


7 =U(0, —w) G,= b,+i\ dU, Y)[Vew(t) +Vy(t)]G,. — (3+12) 


In the next place, we consider a wave packet of the deuteron concerning the motion 
of its center of mass for the time ¢ >0. At atime T’ where T,>T’ 0, the interactions 
. . ( 
V, and Vy vanish. The wave packet can be described as follows: The eigenstate D, of 
H,’=K+V py satisfies the equation 


(K+V py) 0/ =E,P/; 
and is expressed as 
0, (X, r) =&*r%o,(r) 


where r=%,—%X,, X=4(x,p+4y) and E,=E(Ky)+E,. Thus, we can describe the wave 
packet at the time t=-+T” by 


BT) He ire ® ?,/ (X, r) = A(X—»2,T') ¢.(r) eye?) , (3-13) 
In the same way as before, we can derive the following equation : 

F/O =U'(0, +o) 0/=9, +i\ aU, t) (Vit) 4 Vi) G/, (3-14) 
where U’ (t Ty = ei(k+ V py)te—tH (t-7) 6-4 Ves 
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; - -7i a , / — (K+ Ppy)t —i(X+V p; ye 
Vi(t) =item e Xt Pew and = Vy(t) =e PNY ne Paes 


From (3-12) and (3-14), we obtain Lippmann-Schwinger’s equations in the same 
way as in §2 in the limit as €;,==v,/L;,—>0 and €,=v,/L,—0 respectively : 


P= O,+ lim : 


Vent Vu) FY, (3-15) 
ae En (KiV,) die, PN i) 


and 


1 is 
PA) =e OD fcker lin ee ee eee Ye 3-16) 
t ee ea + Py ( 


where we can easily see that both Y{*) and 7) are the eigenstates of the total 
Hamiltonian H. 


From the definition (3-3), we can compute the transition amplitude for producing 
deuterons in the following way : 


S,= lim (U’(0, +00) D)|U(0, — co) D> 


€ 770 


= lim {U'(0,+ 0) BP), (3-17) 
€ 779 


From (3-14), we have 


= 4h (0, +i) dU"(0, 1) (VEC) 4V L(t) BPO) 
€;>0 0 
€7>0 
= lim CGB) — i | de + Vx) eV ext Di) FO} 
0 


& >0 
€ 779 


= Him (GPK de oO 40 AX — oy) Ve +V 5) OJ POY}. 
€;>0 ( 
€7>0 


After the same calculation as (2-12), we obtain 


=( PPO) 4 lin ( ee (ie Oe Fy) 
ba > ee! E,—H—ie, ( p+ y) | i 


€7>0 


=(D|PO4. lim (G ee | de oe Fi) 
Slt as AK p+Vy) E,—H+ie) i 


e770 


= , r) (+) . 1 / 
CPPS 4 Lim (pig MMe t Val OY). (3-18) 


&; > 
€7>0 


Now, using (3-15), we can compute the first term : 


OPS = lim (O'}@,4- 1 
¢ | i ») lim ( "| «xk EH yae, ee ta) % 
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= lim (0) 0,+ Z V 
€,>0 Z, pe iar) an pyt Vy) ?, 
1 1 
+ ety Igy es ee @ 74 0) 
ekcuin ae EH. ae 
ct bh ONO a en 
fim (CO). + = ek lVewt Val) 
Se See esa Bien 
=(9;|9,)+ fe a Ke pV al BI) + Gen Vel Oe) - 
»0 E,—E,+i€; 
(3-19) 
In view of (K+V,)9,=E.®; and (K+ V py) OF =E,%;, we find that 
(DIV py—V pl Os) = (Ey— Ex) (Py Pe (3-20) 
Substituting (3-20) into (3-19), we have 
Ni ' : E, ’ 
DPS? =O | PD + oe, Lael 
ee Ee eae . 
a oa pe Ee ri Y|Vp+V )- (3-21) 
Let us consider the second term. From the fact that 
E,— Ege 2e8e be i€; 
E,—E,+i€; E,— Ete, 
we see that 
—( P| 9;) for E;#E,, 
the second term of (3-21)= 
0 E;=E,. 
In the same calculation, however, Gell-Mann and Goldberger” say that 
the second term=—(9%|@,) for all E, and E,, 
which is apparently incorrect in the case of E;=E,. Therefore, we have 
CDEP =(O\P,) nang + lim Sh MMe t Val PPD. (3-22) 


po E,-E s+; 
Substituting (3-22) into (3-18), we have 


VCO) Val) 


F al 
Sp= C9, Ps) many? ! tin neo —E,+i€; ive be +16, 


jae 


=( DD) ger, 270 (EE) UAV + Vol PE) (3-23) 
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If we start with 


Si= lim (#5 [U(0, — oo) ?;,) 
€y>0 
in contract with (3-17), we obtain 
S= (P| D;) n=n,— 2710 (E,—E,) ¢ aa | Voext V5 ;). (3 -24) 
Comparing (3-24) with (3-23), we can seen the reciprocity character. 
It will be difficult to investigate the properties of wave matrices U’(+ ©, 0) and 
U(0, —0o), corresponding to (2:18). 
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Appendix I. 
Inconsistency between (0-7) and (0-8) 
We shall compute (0-7) and show that the resultant equation contains an extra term. 
From (0-6) and (0-7), we have 
U(co, —c) =U(co, 0)U(0, — a) 


foe) 0 
=ee'( dr dT'ePe''U(T, T!) 
0 


@ 0 te de 
=e dTe*"| dTlet "(1 —i| dt V(t)U(t, T’)) 
0 J-—ao TI 
=1-iee’| dTe*| dT'e'*"? "de (T—1) 0 C—T) VW) UC T’), 


Exchanging the sequence of integration, we see that 


fos) fo) 0 
=1-iee’| dt v| dTe70(T—1)| dT'e'"0(t—T!) U(t, T’). 
0 0 -—o@ 


From the fact that 

i eo tor F SO" 
c| dTe"0(T = 

0 


we get HM for (i<.0 % 


oo} 0 
Odo Ui) =1—ie'( dt vje| dT'e*'"0(t—T') U(t, T!) 
0 J -@ 


—ie'| dt vi "6 (t—T') U(t, T!)dT’. 
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Since ¢ is always positive in the second term, it runs 


© hat) 0) 
=1—ie'|'av(ne| dT'Eé''U(t, T!) —ie’| dtV(t) je"u, T')dT! 


= —o 


=1-i fe"'r@ U(t, —0o)dt 


0 ro 0 
—i| dt(1—e) V(t) | eT'U(t, TdT! —i | dtV (1) ef "Ut, T!) dT". 


0 
Thus, it is necessary that the extra terms should vanish definitely. Substituting (1-4) 
and (1-7) in them, we have 


0 0 
the extra terms= -i| dt(1—e‘‘) eke Vewme'| QT! i HT! .-iXT! fT! 
—o 


nn GO: 


— il deemyertme’| eit! AAT! iT! IT! (A : i) 
—o 0 

In order to carry out the integration with respect to T’, let us multiply (A-1) by OF 
and @, from the respective sides. Then we have 


f ; 
{| the extra terms| 0,)= 07 | dt [ee eam Le pigny—moey Ss @ 
=6 H—E,—i<' 
/ 
Se es ay or, ee) eve a) 
ua OP ed SP eng Nig ed ores SY Ft Sa 2 


Using the equation (H—V) D,=E,O,, we get 
1 1 0, 
Hob i¢H—E,—vel 


1 é/ ; 
oy 9 es 8 (HE) (HE, —i(6'—€ 
i E,—E,—ie! 7 1) ( i( )) 


If we take the limit €/—>0 after €—>0, we have 
= —(9,— Fi |, xan, 
On the other hand, if we take the limit ¢=¢€’—>0, we obtain 
=—(D,— GO) Oe pak, 
Appendix IL. 
Calculation of (2-14) 


Let us prove (2:14). At first, we consider the term 


—¥ Woe Sage e, V(x) eikox : 
0 
Expanding this in the power series of H, we have 


oo (=i) © . | sh 
=) eae H"| dt tre Mot eM Lele +108 7 (4p) efor 
n=0 n! 0 
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et tiot oct 
+] i(E,—i€) 


fos) S\N 


n=0) n! 


iKoz [10 ,2/ 1 \n 
Hiellscraarry (pias 


oe the /vo elt: 
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a ( dt tei Hor tt g-2/L +\. hime i(Ho—i€)t a | V(x) eilkox 


—z/t0 


rf -) 


elliot o—«t 1 
nm est 
eae tt BAe) 
i 


n(n—1 : moe 
i OAL oe teat 


a) 1 Cae al 1 V ikooe 
(° tape Heyer ere) ri (xe 


@ 
-) elt 


—zlvo 


Aa 4 elt 


—i(E, ee 


—) 
z Vig ee élt 


i(E,—ie) cae 


1 


1 
+e a 7S Ai Uo 


(A-2) 


~ i(E,—ie) (—i)"(E,—i€)” 


! 
wt a V(x) aa 


Here, we shall compute the first and second terms of (A-2) as follows: 


the { “es } 


term of (A-2) pot (=i) 57 


1 
E,+1€ 


\n ~\n-l 
x[(- =) ae .) i 


> (—1)*" 


oe t#oz/ro 


n=0 n! 


| V (xe) efron 


npn ee 


1 


Es a las oF 


= (n—1)! 


_H” A) 


x e7 tHorz/r0 V(x) etlor 


n! 


(Ey ot 


Fi. H? 


E,+i€ 


1 


(Etie? 


(E,+ie)® * ) Exp (HE Jertonrey (x) skew 


1 


il 


I 
= 


E,+i¢ 1—H/(Ey tie) 


- E iH —iKo-z/'o . tow 
Hee an E, rie xp (; «ye V(x ) é ° 


p (iS Jersey (a cto 


(A-3) 


In the next place, we shall compute the third term of (A-2) in the following way : 


the third term of (A-2) =S}(—)""' pm n! 
n=0 og! (—i)"*'(E,— 


e! yp, V(x) eilton 


je)"* 


I 
Vv, 


H y 2/2 iKeoa 
payee a as 
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Atl 1 II re 
ss z ‘V ; Keowee 
se ane 
-_ 1 V(x) er! F eiktow . (A-4) 
E,—H—ie 


Now, we can easily see that 


0 
+i | dt! ett Foot! ew NZ" 7 (x) eikox 


J —oO 


1 : 
= — 3 V x —|z|/Likow p E 
cee oe? ok or AP 


Collecting (A:3), (A-4) and (A-5), we have 
the third term of (2-12) for 7<0 


—21€ - {Exp (iH -z/vy) e~ tFore/v0__ ee! V(x) elton, 


 (GT=E,)*+« Q.ED. 
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Pion-proton scattering at 1.4 Bev observed by Eisberg et al.!) is analyzed in a phenomenological 


‘ 


way. Interpreting the peak in forward direction as “ shadow scattering” and analyzing this angular 


distribution, we obtain the result which agrees fairly well with the experimental one. By this method, 
moreover, it is found that the partial waves of /=0, 1, 2 and /=1, 2, 3, 4 are mainly responsible to 


the elastic and production cross sections, respectively. 


$1. Introduction 


2) 


Recent experiments on pion-nucleon” and nucleon-nucleon” collisions have revealed that 
the shadow scattering plays an important role in these processes. Eisberg et al. have tried 
to analyze their experiment on elastic pion-nucleon scattering in terms of a phenomenological 
potential, as customarily employed in interpreting nuclear reactions. 

As is well known, the shadow effect results from the opening of new channels which 
have been closed at lower energies. As it is closely related to the multiple production of pions, 
some knowledge about the multiple pion production is required for the analysis of the scat- 
tering data in a Bev region. The experiments at the present stage, however, do not seem 
to supply enough data to such an approach. In these circumstances, we intend to attempt 
another approach, that is, estimation of the cross section for the multiple pion production 
from the knowledge about the shadow scattering. When we notice the result of Eisberg 
et al., it will be expected that it may be possible to separate, without large error, the contri- 
bution of the shadow scattering from the angular distribution of elastic scattering. Taking 
advantage of this, we have tried to estimate the cross section for pion production through 
the analysis of this shadow scattering. 

In § 2, the general theory of scattering including the shadow effect is developed for 
the most simplified model. In § 3, the shadow part of the differential cross section obtained 
by Hisberg et al. is analyzed in terms of partial waves. From this result, the cross section 
of pion production is calculated for every partial waves. In spite of this somewhat crude 


estimation, the obtained total cross section of pion production shows fairly good agreement 
with the observed one. 


§ 2. Shadow scattering and S-matrix theory 


Below the threshold of the pion production, the unitarity of S-matrix is guaranteed in 


Phenomenological Analysis of Elastic n-—p Scattering at 1.4 Bey 199 


the one pion subspace (0) of the Pion configuration, and may be expressed as 
Sue (2-1) 


In a Bev region, however, the cross section for the multiple pion production o,,o4 is 
observed as slightly larger than that for the elastic scattering goa In such a case, the 
unitarity has to be expressed as 

StOSO 4 S4OSO 4 ay (2:2) 


where, S®’s represent the submatrices relevant to (i-+1)-pions production. 
In the first place, let us simply ignore the spin of nucleon and analyze (2-2) into 
partial waves. Then 


S,= Sf + SO 4 SP) + ---==S + M, 
1S,[P= |S P+ |MP=1 (2-3) 
for every partial wave. 
From this relation, S{” may be written as 


S= V1—|MJ? €2i8: =cos 4,-exp (2id,), (2-4) 
where M=exp (i¢,) -sin 4). 
Then the scattering and the production cross sections are expressed respectively as 
AC scar, / 12 = (1/ 4k") [So (2h+ 1) {exp (2i0,) -cosd,—1{ P, (cos 4) |’, (2-5) 
dO yroa/d2 = (1/4k,’) [So(2l+ 1) exp (is) -sind,-P,(cos 4) |”. (2-6) 


Here it must be noticed that the phase factor exp(iS,) is not important so far as the 
total cross section ,,,q is discussed. 
Even when the spin of nucleon is taken into account, a similar procedure can easily 


be carried out. In this case, R,(=S{—1) becomes as follows : 


,f41 = 
RR; topiet HO) pm (Is) (2-7) 
221 2-1 
7 § 3. Analysis of experiment 
od 
5 4 Eisberg et al. have obtained the following cross 
ef sections 
he Fen: = 10.0 + 0.8 mb 
» C prt = 24-6 at (3-1) 
I and the angular distribution for the elastic scatter- 


0 30 ~—«60 on walzor @is0s sasonpito b 
ing illustrated in Fig. 1. 


1% 
C.M.S. Scattering angle As they have pointed out, the strong forward 


Fig. 1. 


* Here we discard weakly interacting processes such as the radiative capture of pions. 
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peak may be attributed to the shadow scattering. Adopting this interpretation, the angular 
distribution is analyzed. For simplicity, we shall set the crude assumptions of R7 =k; = 
—T, and of 0,'s=0*. 


With such a simplification, the scattering amplitude can be expressed as follows : 
{@®= (i/2ky) S} (20+ 1) T,P, (cos 7) = G/2) Si(2l+ 1) Q,'P, (cos 4), (3-2) 
T,=1—cos 4, and Q,/=T,/kp. 
Here the phase shift analysis is made considerably simpler by the fact that Q,’s in eq. 
(3-2) are real numbers. Moreover, if the experimental values of do/d2 are expressed by 


an empirical formula, the analysis may be carried out more easily. 


As an empirical formula, we adopt 
do /d2=0.2/(1.13—cos 0)? mb/sterad., (3-3) 


which fits fairly well to the experiment as is shown in Fig. 1**. From (3-3), the scat- 


tering amplitude can generally be written as 
fO= Vv 0.2/ (1.13 —cos @). (3-4) 


The unknown phase factor e may be determined on account of the dispersion relation 


holding at @=0°. (c.f. (3-2)). Thus 


f(0) =i 0.2/ (1.13 —cos 8). (3-4)! 
From the eqs. (3:2) and (3-4)’ 
V0.8/ (1.13 —x) =>}(2/+-1) Q/P, (x). (3-5) 
z 
Q/ in eq. (3:5) is readily obtained by 
Poss aahaoe a =A" 08 
Q, =1{\, ~O8 _ P(x)dx= ¥0.8Q, (3-6) 


=i P,(x) 
@ Ta ee ee ee 


dx, (3+6)’ 


According to the well known Neumann-Heine’s formula,*** the right hand side of 
(3:6)’ is Q,(1.13), where Q,(x) is the Legendre function of second kind. Their nu- 
merical values are easily obtained from a table as listed in the 2nd column of Table 1. 
From these values of Q,’, the partial scattering cross sections of“ =z (2/-+ 1) Q? are calculat- 
ed and they are also listed in the 3rd column of the Table. 

The scattering cross section thus obtained as 2 m (214-1) Q/=9.1 mb agrees fairly well 


with the experimental value (3-1). 


* Note that we consider only the shadow part of elastic scattering. 


As only the shadow scattering is taken into account, it will be rather natural that our empirical 
formula gives somewhat smaller value of cross section than the experimental value of elastic scattering. 


*#* c.f. Whittaker and Watson’ 4 Course of Modern Analysis (Fourth ed.) pp. 320-322, (1935) 


** 
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Table 1 
1 Q)’ go pBeutt mb o yPret mb 
(0) ies) 4.91 1.79 
1 0.519 2.54 5.80 
2 0.254 1.01 5.79 
3 0.133 0.39 4.59 
4 0.0716 0.15 Biol 
5 0.0396 0.05 2.28 
6 0.0224 0.02 1.54 
total 9,1 mb 25.1 mb 


The partial production cross sections 
ott = (1 /k,’) (21+1)sin? J, (3=7) 


are evaluated by inserting the values of d's calculated from the relation T,=1—cos te 
k,Q,'. The results are listed in the 4th column of Table 1. The production cross secction 
calculated up to 1=6 (0 )r0a=>2(/b') (21+ 1)sin’d,=25.1 mb) shows a fairly good agree- 
ment with the experimental value (3-1), in spite of the rather crude estimation. These 
results are illustrated in Fig. 2. 

In order to examine our approximation of neglecting the contributions from the orbital 
angular momenta higher than [=6, let us evaluate the total cross section (p= Oscatt + Fproa) 


by the well-known relation of 
4x Im f(0°) =k, oy. (3-8) 


Inserting the value at 0° of our empirical 
formula (3-4)/ into the left hand side 
of (3-8), we obtain the result of op= 
36:8 mb. This value is not so different 
from that of 34-2 mb in Table 1. 


“ 
(oye 


ye 


§4. Concluding remarks 


; as Although the above results have to be 
() ‘O (4) A) Ge) (yet O) regarded as qualitative, it may be said 
Fig. 2 that dominant contributions come from 
s, p and d waves in the case of the elastic scattering, and from p, d and f waves in the 
case of the production. . 

Since the mean value of l’s responsible for production in the case of 1/k)=2.7 X10 4 
cm is estimated to be 3 or 4, we may consider that the collision is taking place in the 
region of 4~5 times nucleon Compton wave length (mean value of collision parameter) . 


This result is consistent with the experimental fact that the momentum transfer in the reac- 


tion is small. 
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It is important to examine whether or not the above conclusions depend sensitively upon 
the assumed form of the empirical formula. Within the range of the experimental errors, 
we have examined it in two extreme cases; that is, the steepest case 0.1/(1.08—cos @)? 
and the broadest case 0.36/(1.2—cos 7)°. It may be seen that our qualitative conclusions 
are not sensitively affected by the assumed forms of the empirical formulae. 

The authors would like to express their thanks to Prof. T. Miyazima, Prof. S. Haya- 
kawa and Dr. K. Nishijima for their valuable discussions. 


Table 2. 
pee NO ee eee SS eee 
stapes! da /d2=0.1/(1.08—cos 6)? . da /d.2=0.36/(1.2—cos 6)* 
l Qi’ o 7 8catt mb o ,Pred mb | Qi’ o yseatt mb ozbred mb 
aL 

0 1.03 3.34 2.19 | 1.44 6.50 £21 

1 0.480 ne! 5.55 | 0.527 2.61 5.85 

2 0.263 1.09 5.96 | 0.228 0.82 5.30 

3 0.153 0.51 5.22 | 0.106 0.25 3.72 

4 0.0919 0.24 4.19 | 0.0508 0.07 2.38 

5 0.0564 0.11 3.21 | 0.0251 0.02 1.46 

6 0.0350 0.05 2.39 | 0.0128 0.01 0.89 
{| 7 ins 
toca 7 Sink | 28.7 mb | eee. | 20.8 mb 
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J 


A complete set of scattering-state solutions of a Bethe-Salpeter equation is obtained in this paper. 
This equation is the one for which Wick and Cutkosky succeeded to obtain the bound-state solutions. 
For bound-state solutions, they have found the same degeneracy as that of the non-relativistic hydro- 
gen atom. This result is very suggestive for the present case, and indeed the scattering-state solutions 
are obtained without decomposing them into partial waves as is the case for Rutherford scattering. 

Adopting the integral transformation method, the four dimensional integral equation is reduced 
to a simple ordinary differential equation. It is interesting to see that this equation is identical with 
Cutkosky’s one for n=0. Finally by a close inspection of the resulting equation and boundary condi- 
tion, it is shown that the virtual-state solutions, if any, can be obtained by modifying the inhomogeneous 
boundary condition for scattering states into a homogeneous one. Furthermore, it is proved that an 
isolated virtual level, if it really exists, gives rise to a resonance scattering. 


§ 1. Introduction 


It is generally anticipated that the completely relativistic formulation of the two-body 
problem will provide us with a more powerful tool than those achieved by the non-relativistic 
approach. For instance, the non-separability of the equation between centre of mass and 
relative coordinates shows in a direct way that a two-body system in a composite state suffers 
a Lorentz contraction when it is put in motion. The apparent covariance makes one readily 
believe its renormalizability, its ease in taking account of various relativistic effects, and so 
on. 

Nevertheless, the equation has hardly been utilized for the solutions of actual problems 
except for the case of quantum electrodynamics mainly because of the difficulty related to 
the appearance of a surplus variable, the relative time or the relative energy. Many au- 
thors have endeavoured for the elimination of this redundant variable so as to reduce the 
equation into familiar forms, but it is successful only for quantum electrodynamics in which 
the instantaneous Coulomb interaction is dominant. 

For this reason, illustration of the relativistic solutions of the equation seems to be es- 
pecially instructive at the present stage. A real progress towards this direction was first 
achieved by Wick” and Cutkosky”. These authors have investigated the Bethe-Salpeter 
equation (abbreviated as B-S hereafter) for two scalar particles interacting through a massless 
scalar field and obtained a complete set of bound-state solutions. It was shown that the 
degeneracy of the eigenvalues are the same as that in the non-relativistic hydrogen atom. 
This result suggests us that the scattering-state solutions of this special equation will possess, 


in many respects, close similarities to the nonrelativistic Rutherford scattering. 
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Invoking that it is really the case, the integral transformation method is applied to this 
equation with a more complicated ansatz on the form of the parametric representation than 
those used for bound states. Then after some calculations it is shown that the B—S equa- 


tion for scattering states can be reduced to an ordinary differential equation 
g” (v) —2v(1—v*) “"9' (v) +A(1— 0") 7 (1-7? + °*— 1) “9 (v) =0, (1-1) 


with the boundary condition g(1) =g(—1) =const.4-0. In this equation, € represents an 
infinitesimal positive quantity. 
It is worth while to mention that the above equation bears a strong resemblance to 


Cutkosky’s one for bound states 
Gute) 492 Gr yz (ia he) A Ee) ee 
+A(1—2) 7 (1-9 +972) 79 n (2) =, (1-2) 


with the boundary condition 7,(1)=%,(—1)=0. Indeed, eq. (1-1) is the special case 
of eq. (1-2) for n=O although Cutkosky’s derivation requires n> 0 for bound states. For 
scattering states we have 7° >1, so that there are additional poles in eq. (1-1) that have 
never appeared in the case of bound states. The occurrence of these new poles is due to 
the energy momentum conservation in the intermediate states and the quantity —i€é designates 
the contour to be taken at these poles so as to satisfy the outgoing wave condition. Thus 
it may be feasible to solve the simple differential eq. (1-1). 

It is remarkable that we have now a complete set of solutions of a simple B-S equa- 
tion for bound states as well as scattering states just like for the case of the non-relativistic 
Schrodinger equation for a Coulomb potential. 

Furthermore, it can be seen that if we replace the inhomogeneous boundary condition 
g(1) =9(—1) =const. |= 0 by a homogeneous one g(1) =y(—1) =0 the eq. (1-1) turns 
out to represent an eigenvalue problem for 7. A precise argument shows that the eigen- 
values are those for virtual levels. This reasoning provides us with a general means to 
formulate the theory of virtual levels or resonance scattering. 


§2. The integral transformation method 


The B-S equation for two scalar particles intcracting through a massless scalar field, 
in the ladder approximation, takes the form 


2 My Ti 9 eee aye (9) 
ptpP+ + — \ip—pP+ wo +— )¢(p) = — E| at dq), (2-1 
( i ( P 7 ) P eo (pm? ae (dq), (2-1) 
where P, p and ys denote the total and relative four momenta and the rest mass of the two 
scalar particles, respectively, and (dq) =dgq, dq, dq, dqo. 


For bound states, we can rewrite eq. (2+1) as 


P 2 F Fe P? : * =" P P? ey | 
$(p)=—“E (p+ pP+24+——— i) ( pp—ppt pet? ie {—%@ 108 
sat aT) (eet + ie) a eC 
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This equation was thoroughly investigated by Wick and Cutkosky. 
In the present paper, we shall be concerned with scattering states for which the eq. 
(2-1) can be written as 


= tad pip gh eee) re ats Ae 2 (9) 
$(p)=9(p) “2 (pt ppt et 8) (pf —pP+ + — ie) ae 
(2-2b) 


where Y(p) represents the incident wave and conveniently we shall fix it as 
¢(p) =9(p—po)> (2-3) 


Po is the relative four momentum in the initial state. 


For the solution of eq.(2-2a), Wick utilized a parametric representation of the form 


A g (z)dz ; 
#(p) he (p+ zpP+ p+ P?/4—i€)’ f aie 


and reduced the complicated eq. (2-2a) to a simple equation for (2) 
(MC AAO Ry ob Wal] Eero Ek (2-5) 
with a boundary condition (1) =g(—1) =0. Q(z) and 7 are defined respectively by 
Q(g) =1—7 +772, and P?= — (2pm)’. 
Then Cutkosky extended Wick’s method so as to obtain a complete set of bound-state solu- 


tions. With a more complicated ansatz on the form of the parametric representation than 


(2-4), he has generalized the eigenvalue equation (2-5) as 


g!!(z) +2(n—1) (1-2) "9n! (2) n(n —1) (1 —2Z)"9n(2) 
+4(1—2) Q(z) "Yn (2) =9; (2-6) 


with a boundary condition g,(1) = In( —1) =0. 

Since the integral transformation method enabled us to much simplify the bound-state 
equation, we may invoke that it will also be the case for scattering problem. For this 
purpose, however, it gives rise to a discussion whether such a parametric representation is 
always possible. Recently this problem was resolved positively by Nambu” on the basis of 
the microscopic causality condition. Hence we can utilize this method with confidence, and 
furthermore we may interpret this result as that the microscopic causality condition imposes a 
new kind of boundary condition on the relative energy dependence of the Feynman amplitudes so 
as to supplement the conventional outgoing wave condition. 

In order to apply the integral transformation method to eq. (2:2b), it is more con 
venient to express ¢/( p)—¢ (Pp) parametrically than to do with ~(p) itself. We shall 
denote (p) —9(p) newly by ¢(p), then the new #/(p) satisfies an integral equation 


a 2 “ oF 2 J =—1/ P? =s) 
(py =— Tl (pit pP+ y+ + is) (ea pR h —ié) 


oeetle phe @) ke 
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In accordance with the microscopic causality condition, we have adopted the following re- 


presentation to (pp): 


, < 2 9 (z ¢,; M”) 2 (2-8) 
Wp) = [de ae OTE PA P/4-+ epP—20ppy + ie 


which is quite general and covers the case of bound states. Inserting this expression into 
eq. (2-7), one sees at once that if M’=€ (p> —p—P?/4), the mass term reproduces 
itself. Thus we set 
9 (2, ¢; M*) =9(z C) OLM? + (y?+ P?/4— py’) |. (2-93 
We shall call this function g(z, €) the density function. The equation for the density 
function is obtained by inserting (2-8) and (2-9) into eq. (2-7) and then trying to 
reduce the result again to the form (2-8). By utilizing the well-known relation 
\ (dq) : 1 
(p—9q)*—iE (g? +2Q9+M*—i€)® 
n-iR sya fe YSIS : : - (2-10) 
2 M’?—Q—ié (¢+2Qq+M*—i€) 


the equation for the density function is given by 


9(% C)=G (% 0) + Gp? /2) | exh aydy de’ fede’ dz— (xy+ 2 (1—y)) Jo[C—¢'(1—) J 


= Pp? 9 1 , . =—1 
| Se ut = pe) — 2 (eP—2¢'p)* =i) PV, Os (2-11) 
where 
aye 1 1 x 
9° (% €) =— HE de if dy 3(z—xy) [¢— (1—y)]. (2-12) 
The derivation is completely analogous to Wick’s one. 
§ 3. Reduction of the parametric integral equation 


: The equation (2-11) is still consi- 
derably complicated and we shall try to 
reduce it into a differential equation, For 
this purpose, we shall first eliminate the 
delta-functions appearing in eqs. (2-11) 
and (2-12). 


The integration of (2-12) readily yields 
9 (% C) = —idpt/a* x 
= 0 1 z 1, if the point (z, €) is in the 
Fide 1: x 
The domain of the density function. The density 


function g(z, ¢) differs from zero only inside the 
shaded triangle. 


domain 4, (3-1) 
0, otherwise. 


The triangular domain J is indicated in 
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Fig. 1 by shaded lines and defined by the inequalities 
ft] 0 ad Pe Oe (3-2) 
The delta-functions in the eq. (2-11) require 
c=C'(1—y), and 2/(1—0) = (xy (1-9) ) /GQ + 1-0") (i-y))- G3) 


Hence if the point (z’, €/) moves in the domain 4, the point (z, €) will also move in 
the same domain, since y,(1—y), and (1—€’) are positive and 


a arene /-(L-PC') <0. 


Thus we can prove by induction that the density function 9(z,€) differs from zero only in the 
triangular domain d. 
Eliminating x and y from (3-3), we have inequalities which restrict the domain of 


(7, C’) for given values of z and €. 


Pt and t) —C 2k Gage 4 - (3-4) 
Thus we can transform the integration appearing in the eq. (2511) "as 
1_dx(ty dy ade’ dt! Oe— (yt 2 (1—y) JCC —y) J 
1 1 ¢MinG, (1+2)/R—-1) 1 1 p(tz)/R-1 
= ee tue peas | ola o(z)-*s (3-5) 
t ‘es Mac(-1, 1-(1—2)/R) t tas 1—(1—2)/R& 


Here .Ryis theszatio C/C’ <1, and p(')=1-for |Z |X1 and p(z’) =0 otherwise. Let 
us put 
Zz Oo katate ([-1, 2-=1— 0 —-9)/R=— aad be (3-6) 


and 


x=2/C, y=1/C, (3-7) 
then we can rewrite (3-5) 
ay 
\ a \ ae Pee (3-5) 
nae 
and one readily sees 
Onno 0.0O(C«O# 
Se ee ae ee ee) 7 3-8 
D.Z-=(<-+ 5 0, DZ=(< _ (3-8) 
Let us consider an integral 
1 Be 
Ge = &/[de FRO), (3-9) 


and apply the operation D_D, on G. Noticing that Z.=Z_=z for ('=€, one obtains 
i Ae 
DG 0) =| de! D.|de FE, 0) 
3 3 


={ a hCG E ca) (D.Z+), 
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and 
D_D,G(z OQ =— (D_O[F (Zs 6) (Ds Ze) Jere 
= —F(z €) (DC) (D+Z4) v= (3-10) 
Inserting into (3-10) the relations 
D.0=C, (D1Z+) prop = 26, 
we have 
D.D,G(z C)=—20F(z ©); (3-11) 


i.e. the integral equation (3-9) can be transformed into a differential form (3-11). By 
applying this formula to the eq. (2-11), we have with reference to (3-5) a hyperbolic 
type differential equation 


D_D.9(% 0) AWC} Q(z OG (% €) =0, (in the domain 4) — (3+ 12) 
where 
Q(z 0) =e + P?/4—C (e+ P?/4— po’) = (1/4) (eP—20p,.)? —1€. (3-13) 


The boundary condition for this equation can be inferred from the original eq. (2-11). An 
inspection of the eqs. (3-5’) and (2-11) leads to the result that 9(z, €) —9°(z, £) is con- 


tinuous at the boundary lines 
7-0) =+1. (3-14) 


Since the density functions g(z, €) and g'(z, €) vanish outside the triangular domain J, 
one sees at once that 


g(z, C) =, conse. at z= +(1—C). (3-15) 


This is a sufficient boundary condition to settle the solution of the differential equation (3-12) 
uniquely. 


Let us put 
C/Q(% 6) =[(e+ P?/4) 9° — (2 + P?/4— py’) y— (1/4) (xP—2p,)?—i€]}- = 9 (x, ¥) 7, 
then the eq. (3-12) can be written as 
(0°/dx'— 3° /dy* + Ape /q(x, ¥))g=0. (3-16) 


The solution of this equation with the boundary condition (3-15) represents the Green 
function for the scattering if the four vector Po is unspecified. However, if we impose an 
initial condition on p, that the incident scalar particles are free, ice., 


(P/2 + py)? + ?=0, (3-17) 


the eq. (3-16) becomes separable. In this case Po 1s a spatial vector with vanishing time 
component in the centre of mass system, and we have 


poP=0, e+P/4s = Pas 
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and consequently 


q(x, y) = (pot 2)? —p2(1—y)?— 8. 
If we make a variable transformation y/=y—1, the eq. (3-16) takes the form 
3° oh hw 
Vase : =0, 3-18 
Ox dy 2 (po+ [f) x — poy? — 1€ \e ( ) 


The triangular domain J is transformed into a region in the (x, y’) plane defined by the 
inequalities ; 


1 > x/y' > —1, and »/ = 0, (3-19) 


which is indicated in Fig. 2 by shaded lines. 
The boundary condition is now reduced to 


g=9 at x= +y’. (3-20) 


An inspection of (3-18) and (3-19) sug- 
gests us a transformation of variables 


x=r sinh ¢, 
y'=r cosh gy, (r> 0) (3-21) 


by which the inequalities (3-19) are automatically 
satisfied for all positive values of 1, and all real 
values of gy. The boundary condition (3-20) is 


Bigs 2: ae) simplified as 
The domain of the density function in 


the (x, y’) plane. g=/ at P>tO, (322) 


and the eq. (3-18) turns out to be of the form: 


1M of LoneOk 2A ) 
= = =0, 323) 
( r Or a) Ye dg? (cosh 29—cosh 2¢,—i€) z ( ) 


where 9 is defined by 


po'/ (po +p") = tanh? yo=v0's 
v, denotes the initial velocity of the two scalar particles in the centre of mass system. It 
is worth noticing that the eq. (3-23) is of a separable type, and indeed by putting 
g=R(r)- PC), (3-24) 
one finds a couple of separated equations 
r (d/dr) (r dR/dr) =kR, dD /dy? +240 / (cosh2y —cosh 29,—i&) =kP, (3-25) 
determined subject to the boundary condition 


where & is a constant of integration to be 
(3-22). The solution of the first equation is readily found to be 


R= Or Cir, with k=n’. (3.26) 
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Since, however, the inhomogeneous boundary condition (3+22) is independent of 1, only 
the case n=0 is accessible, i.e, g is a function of ¢ alone. Then making a further variable 


transformation 
v=tanh g=x/y/=2/(1—€), (3-27) 
one can transform the second equation into 
d ad 2 Owns 
a (1 —)7 )sa— A(l— Pe) (3-28) 
dv ag) dv abel boom) v—v, —i€ 


with the boundary condition 
9A) =9(-1) =P =—VpE/e. 
Since 
ve = (4/P*) (+ P’/4) = — 1/7") +1, 
we can also write the eq. (3-28) as 
9! (v) —2v(1—0*) “9! (v) FAA 0") (1-7? +9’? iE) Mg (v) =0. (3-29) 


This equation has a strong resemblance to Cutkosky’s one (1-2) for bound states, and indeed it 
is identical with Cutkosky’s equation for n=O althovgh his argument requires n>O for bound 
states*, The scattering equation (3-28) or (3-29) hasa pair of new poles at v= -tv, which 
do not appear in the bound-state equation (1-2). The occurrence of these new poles, 
characteristic of scattering problems, is due to the energy momentum conservation in the 
intermediate states and the quantity —i€ designates the contour to be taken at these poles 
so as to automatically select the outgoing waves. 

We shall not further discuss the eq. (3-29), but it may be susceptible of solutions 
if any. 


§4 The virtual levels 


Until now the theory of virtual levels in terms of Bethe-Salpeter equation was not 
available, but a close investigation of the especially simple B-S cq. (2-1) makes it pos- 
sible to formulate the problem in a completely general form. 

Suppose that a B-S equation for scattering states is transformed into a parametric inte- 


gral equation as has been done in § 2, 


g=9 +Kg, (4-1) 
where y and g’ are the density functions and the integral operator K involves an infinitesi- 
mal quantity —i€ so as to automatically select outgoing scattered waves alone. Let the 


masses of the two colliding particles be m, and m,, then the initial condition for scattering 
requires 


* Wick’s equation corresponds to the case n=1. 
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(uaP-+ po) . oF my = 0, 


4-2 
(1 P— po)? +m,’ =0, ) 


where P, py, Ha and fy are the total four momentum, relative four momentum in the initial 
state, and the mass ratios defined by 


fa=m,/ (m,+mp), fo =m,/ (m,+m,). 
The relations (4-2) enable us to eliminate p,° and p,P in favour of P?= —E’, where 

E is the total energy of the system in the centre of mass system. 
Owing to the appropriate choice of the operator K, the scattering state solution will 


have a form 
~ (incident wave) + (outgoing scattered wave). (4:3) 


Now consider a homogeneous equation instead of (4-1) 
g=Ky, eaten) 


then this equation has non-vanishing solutions only if E is equal to one of the characteris- 


tic values 
[a eee ; (4-5) 


These values are of course complex in general since the eq. (4-4) is not self-adjoint. Fur- 
thermore it must be noticed that the eq. (4-4) is by no means equivalent to the homo- 
geneous B-S equation for bound states, since the insertion of the solution of (4-4) in 
general brings about divergent integrals in the configuration space. 

The characteristic values (4-5) represent the virtual levels as we shall see in the 


following discussions. 
In the first place, the solution of (4-4) will have a form 


~ (outgoing scattered wave), (4-6) 


since there is no incident wave i.e., the solutions consist of outgoing waves only. This is one 
of the well-known properties of the virtual levels or decaying states in the theory of nuclear 
reactions”. 

In the second place, such levels can give rise to resonance scattering if the energy of 
the system is close to one of the levels (5-5), say E,. If the total energy E is close to 
E,, then on comparing eqs. (4-1) and (4-4) one sees that the density function g will 
not be small even if the amplitude of the incident wave 7° is small, i.e., the incident wave 
is very much amplified near the virtual levels. This statement can also be verified mathe- 


matically. 
Suppose that there exists such a differential operator D that satisfies 


Dg’=0, (in a region R) (4:7) 
then the eqs. (4-1) and (4-4) are transformed into a single equation 


Lg=0, (L=D—Dk), (4-8) 
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and the difference between the eqs. (4-1) and (4-4) remains only in the boundary condi- 
tions. The density function g satisfies an inhomogeneous boundary condition for scattering 


states as is the case for (3-29) 
g=f (at the boundary B), (4-9a) 


and a homogeneous one for virtual states 

g=0 (at the boundary B), (4-9b) 
Since g is a function of a set of variables ¢,, ©5,--- and a parameter E, we shall explicitly 
write the eq. (4:8) as 

L(E)g (§, E) =0, (4-10) 
and (4-9a) as 

g(§, E)=f(§, E) at the boundary B. (4-11) 

For simplicity we shall tentatively assume that f(¢, £) can be factorized : 

f(F, E) =f(E)b(), 
where f(E) is a function of the parameter E alone and 6(¢) is a function of the variables 
$1, So*++ defined at the boundary B. 


Next we shall define such a function G(¢S, E) for values of E in the neighbourhood 
E,, that satisfies 


L(E)G(é, E) =0, 


and the boundary condition 


G(f, En) =0, 0 G(S, E) /AE=f(E)b(€) at the boundary B. (4-13) 
Then we can show that in the neighbourhood of E,, y(¢, E) is related to G(¢, E) by 
9 (5, E) =c(E) G(S, E) = (f(E)/\7,4Ef(E) ) G(E, E). (4-14) 


It is clear that c(E)G(€, E) satisfies the same equation with g(¢, E) and from the relation 
c(E)G(S, E) us n=c(E) (G(S, E,) + (E—E,) (0/0E) G(E, En) +: an 
=c(E) ((E—E,) f(En) + (1/2) (E—E,)*f’ (En) + +++) bE) 
=f(E)b (6), (4223) 


we see that c(E)G(¢, E) satisfies the same boundary condition with g(¢, E). This esta- 
blishes the equality (4-14). Then expanding the right hand side of (4-14) in the 
neighbourhood of E,,, one has 


(5, B) = (E-E,) “G(E, By) +( 2 aa GE, E,) +.G6@,E,)) (4-16) 


This relation explicitly shows that near an isolated virtual level E,, the so-called resonance scattering 
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takes place as is clear from the occurrence of the characteristic energy denominator (E—E,)~ 
provided that the imaginary part of E,, is not large. 
Finally it can be inferred that for the eigenvalues (4-5) one has 


ImE <0 7) (n= 1625+) (4-17) 


The virtual levels (4-5) are the poles of the scattering matrix in the complex E-plane as 
seen from (4-16). The causality condition’) requires that the scattering matrix has no pole 
in the upper half plane, which establishes the inequality (4-17). Thus we have com- 
pleted the proof that the eigenvalues (4-5) represent the virtual levels. 

Although our reasoning stands on the inspection of the eq. (3-29), this equation will 
not possess such a virtual level solution that causes a resonance scattering, since it is not 
the case for Rutherford scattering. The above arguments remain to be valid only for short 
range interactions. 

In conclusion, the author expresses his sincere thanks to Prof. G. C. Wick, Dr. R. 
E. Cutkosky, and Prof. Y. Nambu for their preprints and to Dr. T. Nakano for his help- 


ful discussions. 


References 


1) G. C. Wick, Phys. Rev. 96 (1954), 1124. 

2) R. E. Cutkosky, Phys. Rev. 96 (1954), 1135. 

3) Y. Nambu, Phys. Rev. 98 (1955), 803. 

4) J. Blatt and V. Weisskopf, Theoretical Nuclear Physics, Chap. VIII, 412. 

5) See for instance, Gell-Mann, Goldberger and Thirring, Phys. Rev. 95 (1954), 1612. 


Note added in proof: In a private communication to the author, Mr. S. Okubo pointed out that the 
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The first five energy levels and the oscillator strengths for transitions involving the first three 
states have been numerically computed for a bounded linear harmonic oscillator for various values of 
the boundary parameter. It is found that for / >3lo, where / is the length of the box within which 
the oscillator is confined and I is the classical amplitude of the oscillator when it has energy hy, the 
bounded oscillator behaves more or less like a free oscillator (in the first few energy levels), while 
for [<p it has properties closely approaching those of a free particle enclosed in a box. 


Introduction 


The study of artificially bounded atomic systems on the basis of quantum mechanics 
was initiated by Sommerfeld and Welker” in 1938. They dealt with the problem of the 
hydrogen atom confined in a spherical enclosure of radius R. The wave function instead 
of vanishing at infinity, as usual, now vanishes on the surface of the sphere. They found 
that for R>1.835a where a is the radius of the first Bohr orbit, the electron is bound to 
the nucleus while for R< 1.835 a, it is not (energy positive). The corresponding problem of 
the bounded linear harmonic oscillator has been attacked by Auluck and Kothari”, and 
they have obtained expressions for the energy levels of the oscillator in two extreme cases, 
viz., /<l, and />1,, where [ is the length of the box within which the oscillator is con- 
fined and /, is the classical amplitude of the oscillator when it has energy hy (v=classical 
frequency of the oscillator). In this paper we have numerically evaluated the energy levels 
of the bounded oscillator for intermediate values of /, and have also considered the problem 
of the transition probabilities of the oscillator. In the case of a free oscillator (wave func- 
tion vanishing at ©©), transitions can occur only between adjacent levels. For a bounded 
oscillator, however, there is a non-zero probability of transition between any two states of 
different parities (we label the states as 1 (lowest energy), 2, 3,-:-; the ‘odd’ states 1, 
3, 5--- and the ‘even’ states 2, 4, 6,--+, are referred to as states of different parities). 
We have numerically worked out the oscillator strengths for all transitions involving the 
first three states (Tables III, IV, and V). It is of interest to note that recently Corson 
& Kaplan” have referred to a possible role of the bounded oscillator in the theory of the 
specific heats of solids. It might also find an application in the study of the second order 
phase transitions”. We hope to discuss these questions in a subsequent paper. 
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§1. The wave equation 


For a particle of mass m moving in a field of force of potential (1/2) ax’, the Schrédinger 
wave-equation is 


d*h/dx? +2m/h? (E—1/2-ax°)p=0. (1) 
Putting E= (n+1/2)ba, 
and x= (b/2mw)'” &, (2) 


where w=(a@/m)'” is the ‘classical’ angular frequency of the oscillator, we get 
d°yp 
d¢? 


+ (n+1/2—1/4-) $=0. (3) 


This equation has solutions 
f(¢) ee My jo+s /4,£°/4 So PO 


where the M’s are the confluent hypergeometric functions given by” 


Le =o —2 nx n(n—2 = 
uae Mijo+1/4,-1/4 ($°/2) ce 1 y ot ( 41 ) fo] ’ (4) 


go EAP Bynes ain (2 =eP| = oy) s4 eo) ce!) ea]. 
(5) 
In what follows we shall denote the two solutions (4) and (5) by Wa, -14(€) and Wy 414 (F) 
respectively. * 
We assume the oscillator to be enclosed between infinitely high and steep potential 
walls at x= +//2. The energy eigenvalues are then determined from the condition 


h(x) —>0 as x—> +1/2, 
or in terms of & 
b (¢) —>0 as F—> 4%, 
where E,=1/2-(2mw/b)'P=1/l ; (6) 
1, = (26/mw)'” is the ‘classical amplitude’ of the oscillator when it has energy bw. 
The zeros of (4) and (5) can be evaluated numerically (this is done in Section III). 
Zeros of W,,-1)4(¢) give the first (lowest), third, fifth--- energy levels, while those of 


W,, +:4(€) determine the even energy levels. 
An approximate formula for the energy levels in terms of ¢, can be obtained by trea- 
ting the term (1/2) ax in the Hamiltonian as a small perturbation. When this term is 


neglected, we have the Hamiltonian for a free particle, and the energy levels are given by 


E,=7'¢'/45, -bo, q=1, 2,3 ,.8% 


*) These W-functicn are not identical with those defined by Whittaker and Watson. Reader should 


be careful not to confuse them. 
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The first order correction term according to the ordinary perturbation theory is 


2 ca. oo ee es yp 
(q|1/2 + a@x"|q) =—-(1 aa bw, 
and the second order term is 
yy la(2-ea I = 256 23 ty 
ima ~=—Ss (E, —E,) n° 0 (q?— 


where’ p takes on odd or even integral values ee: as q is odd or even. Thus we 


have for the encrgy of the q-th level, 
E,= (n,+ 1/2)buw 


Ae = 2 
eee E pro cbee(t —— a eT sha - | fo (7) 
45," x va (q'—p')? 


This formula gives correct values of energy, (correct to 1 in 10°) for the first few levels 


up to ¢,< 1.5. For higher levels the approximation is still better. 
We list below a few recurrence relations between the W’’s that are of help in evalua- 
ting the matrix elements (Sec. II). These formulae may be verified by direct substitution. 


aWrrsato Wain — (+1) Wasa 5 (8a) 
Wrst SW, 1— Waa =0, (8b) 
Win 1/2) FW Waar a=; (8c) 
W"s.-aja > (1/2) € Wnty tk (n+1) Wass ay=0. (8d) 


(‘Dash’ denotes differentiation with respect to ©). 


§ 2. The matrix elements 


The dipole matrix element between two states q and p is 


i/2 


(q|x\p) Sn | Lox, dx 


-1/2 


5 ) So 
=e “¢ —— }\ W. “ 
Mq,£1/4 sent SB PoggryW. Mpytt/4 a, (9) 
where the c’s are the normalisation constants given by 
2 “Eo 
1/2 fs 
Ou a= (2meo/b) | i kesiitas (10) 
—fo 


Since Wrot is an odd function of € and W,, nest is an even function of & 


Lip My py 1/4 


to "Ko 
\ Woo il a 1/4 «=| W, EW, dé=0. 


Hence transitions between states labelled by integers of the same parity are forbidden. Next 
ie) 

we consider} Wrgsals EW, aaa &- We have 
—to 
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d? Biya 


+ (n,+1/2—1/4- o) Wa, 1/42 0r5 (i) 


ee PE1/221/4-2)W, S=0: (ii) 


S 


From (i) and (ii) we easily obtain 


(rm) Wr, “14 cW,, -1/4 di =2\ 7, 1 Wen UA dé, 


= —%o 


or using recurrence relation (8d), 


(n, mv) |W igs) EW, antl d= = —2(n, +1) |W, ng lA WV, nue Ges 
Again 
(my — my +1) | Wragg Ways nt =2¥ yo Eo) Wages a) 
He 
hence 
[00 Wan B= — ae 5 — Masscens Vgarohen ea ll) 


The normalisation constants can be evaluated as follows: it may be shown from the wave 


equation” that 
Fi2 np ECM" d= De u/An) ng o(BU/ AE) og 
—to 
where 
u(n, €) =e Writs CAE 
From u(n,, €)) =0, we have 
dng/ y= (— 8/35) ng al (84/82) ng (13) 
so that 


3 (ny é) et? dé —2e0"? [(0u/OF) n, v0) / (dn,/d>y) : 


From this equation and the recurrence formulae (8c) and (8d), it is readily shown that 


(Hd / Eo) (14) 
Was. —1/4 ks: aia Goan 


(—dn,/4&o) sats (15) 
(n, + T) Wr +1 1/4 (So) 


ae (mw/2b)'" 


ni —1l4 a (mw/25) a 


Substituting from (11), (14) and (15) in (9), we obtain 
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2 


(q|x|p) = (6/2mw) de earn ee (dn,/d>,)*” (dn,/dé,)"”, (16) 
q p 


q and p being of different parities. The oscillator strengths f,, are given by 
2. ; 
tn —s ay (E,—E,) | (q|x\p) fs 
b 


4 (n,—n,) Bs Es 
pa Se q (dn, dS) (dn, /d>,). (17) 
[(s,—n,)*—1F f 


The f’s satisfy the Thomas-Kuhn rule 
p> te =1, (18) 
Pp 


§ 3. Numerical calculations 


In order to calculate the oscillator strengths f,,,, we need the values of n,’s and (dn,/d>4)’s. 
These values have been computed in this paper for €) <3. For g>5, the values of n, 
obtained from formula (7) are correct to 1 in 10° for ¢, << 3. For the lower levels (7) 


gives correct n,’s for ¢) << 1.5 only, and for larger values of ¢, the n,’s have to be evaluat- 
ed directly from the equations Ws j4(¢))=0. Equation (7) is still useful in as much 
as it provides us with the rough values of the zeros of W,, 4 (So). The correct roots are 
computed by applying Newton’s rule which states that if n’ is an approximate root of 
f(n) =0, a better value for the root is 


nica nt f(n’) 


(df/dn) ,’ 


In our case the functions W,, 41)4(€o) correspond to f(n). This procedure was adopted 
to calculate the first three roots of W,, _-;4(¢)) and the first two roots of Wy 4.)4(&)) for 
1.5<¢, < 3. Usually one Newton approximation was sufficient to give the roots correct 
to 1 in 10°. The derivatives dn,/d>, were obtained from (7) for qg>5. For the lower 
levels, they were calculated from the relations (for €)> 1.5) 


(19) 


(ao 1) Wagers (Fo) 
(OWn, 114/92) n &o 
a Ronen; —1/4 Ge) 


=_ Sa ———) Ge. 46> 
(OW 14/9) v " > q > > 


dn, /ds = —, q=1, 3 Bye 


(20) 


which follows from (13) with the help of recurrence formulae. (For ¢,< 1.5, (7) was again 
used). The calculation of the derivatives does not involve much additional labour since 


OW, +, /9n become available from the calculation of the ns. The overall accuracy of the 
calculations is 1 in 10,000. 
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Table 1. 
ny=(Eq/bw—1/2) as function of &)=//l) for g=1, 2, 3, 4 and 5. 


Ri 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 

q a. o 3 ; 
1 61.186 14.926 6.3657 3.3762 2.0000 1.2603 0.82236 0.54624 
2 246.24 61.196 26.941 14.966 9.4402 6.4555 4.6735 3.5350 
3 554.66 138.30 61.213 34.247 21.784 15.0332 10.982 8.3736 
4 986.46 246.25 109.191 61.236 39.059 27.0311 19.7993 15.1268 
5 1541.6 385.04 170.877 95.935 61.266 42.454 31.1314 23.8041 


aS 1.8 | 2.0 22 2.4 2.6 2.8 3.0 

q 
1 0.36496 0.24300 0.16002 0.10355 0.065476 0.040247 0.023946 
72 2.7728 2.24566 1.87342 1.60747 1.41680 1.28064 1.18450 
3 6.6061 5.36323 4.4654 3.80463 3.3125 2.94404 2.66842 
4 11.9451 9.69148 8.0468 6.81909 5.88730 5.17207 4.61953 
5 18.8026 15.2475 12.6402 10.6806 9.17941 8.01278 7.0966 


Table 2. 
(dn,/d&o) as function of &)=I/l for q=1, 2, 3, 4 and 5. 


| 0.2 | 0.4 0.6 | 0.8 | 1.0 | 2 | 1.4 | 1.6 

q | 
1 | 616.84 77.080 22.807 9.5861 4.8699 2.7785 1.7093 1.1048 
2 2467.4 308.37 91.300 38.440 19.598 11.254 6.9979 4.5974 
3 5551.6 693.89 205.52 86.620 44.258 yoyo) ib} 15.967 10.594 
4 9869.6 1233.6 365.44 154.08 78.796 45.500 28.549 19.019 
5 15421.3 1927.6 571.06 240.83 123.207 71.200 44.732 29.858 
&o 

ae | 1.8 | 2.0 | 22. 2.4 2.6 2.8 3.0 

Gas 

1 0.73657 0.49945 0.34041 0.23089 | 0.15444 0.10107 0.064267 
2) 3.1381 2.1979 1.5639 1.1208 0.80288 0.57058 0.39945 
3 7.3345 5.2395 3.8265 2.8371 2.1210 1.5889 1.1853 
4 13.248 9.5454 7.0570 5.3186 4.0639 3.1326 2.4230 
5 20.859 15.093 11.2235 8.5265 6.5853 5.1497 4.0604 
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Table III. 


The oscillator strengths fi, (p=2, 4, 6-*:) as functions of &9=[/lo. 
Initial level 1 (LOWEST) 


ase 0.2 0.4 0.6 0.8 1.0 17 1.4 1.6 
p | 
Z 0.9607 0.9607 0.9608 0.9610 0.9613 | 0.9620 0.9632 0.9649 
4 0.0307 0.0307 0.0307 0.0305 0.0302 0.0296 0.0287 0.0274 
6 0.0054 0.0054 0.0054 0.0054 0.0054 0.0053 0.0051 0.0049 
8 0.0017 0.0017 0.0016 0.0016 0.0016 0.0016 0.0016 0.0015 
10 0.0007 0.0007 0.0007 0.0007 0.0007 0.0006 0.0006 0.0006 
ald 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 
14 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005 0.0004 
(to 9° 
Total) 
Asymptotic] 6.5 x p~4 65Xp4 | 65xXp-4 6.4Xp4 | 6.4xp4 6.3X pre 6.2X pri 5.9Xp-4 
Formula 
Sum 1.0000 1.0000 1.0000 1.0000 nea .00000 0.9999 1.0000 1.0000 
& | | c= B A, Z 
1.8 2.0 ply) 2.4 2.6 | 2.8 3.0 
p 
2 0.9673 0.9702 0.9738 0.9778 0.9823 | 0.9864 0.9904 
4 0.0255 0.0231 0.0202 0.0170 0.0135 0.0101 0.0071 
6 0.0046 0.0042 0.0038 0.0032 0.0027 0.0021 0.0015 
8 0.0014 0.0013 0.0012 0.0010 0.0008 | 0.0007 0.0005 
10 0.0006 0.0005 0.0005 0.0004 0.0003 0.0003 0.0002 
i WPA 0.0003 0.0002 0.0002 0.0002 0.0002 0.0001 0.0001 
14 0.0004 0.0004 0.0004 0.0003 0.0003 0.0002 0.0002 
(to - 
Total) | 
Asymptotic, 5.6Xp~$ | 5.2Xp-4 | 4.8x p74 4.2xXp4 3.6Xp4 | 2.9xp-4 2.3Xp-4 
Formuia 
Sum 1.0001 0.9999 1.0001 0.9999 | 1.0001 0.9999 1.0000 
Sener 
Table IV. 


The oscillator strengths fo, (p=1, 3, S++ ) as functions of &)=l/lp. 
Initial level =2. 


ee — — = = : ——————— a =— 
0.2 0.4 0.6 0.8 1.0 bh 1.4 1.6 
) ESS ee Se ae es alla —_ 
1 — 0.9607 — 0.9607 — 0.9508 —0.9610 —=O09613 |— 0.9520 — 0.9632 — 0.9649 
3 1.8677 1.8677 1.8678 1.8681 1.8690 1.8704 1.8730 1.8766 
2) 0.0700 0.0700 0.0699 0.0698 0.0694 0.0688 0.0678 0.0663 
7 0.0139 0.0139 0.0139 0.0139 0.0138 0.0137 0.0135 0.0132 
9 0.0046 0.0046 0.0046 0.0046 0.0046 0.0045 0.0045 0.0044 
11 0.0020 0.0020 0.0020 0.0020 0.0019 0.0019 0.0019 0.0019 
io ae 0.0026 0.0026 0.0026 0.0026 0.0025 0.0025 0.0025 0.0025 
oo ZOO pee | 22.9 Dan 25.9 Abhay | Lope | Loi Locpae ees im eo eae 24.7 X p-4 
Sum 1.0001 1.0001 1.0000 1.0000 0.9999 0.9998 1.0000 1.0000 
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& 
1.8 2.0 22. 
Pp - 
1 — 0.9673 —0.9702 —0.9738 
3 1.8818 1.8888 1.8973 
5 0.0641 0.0611 0.0572 
7 0.0128 0.0122 0.0115 
9 0.0042 0.0041 0.0038 
11 0.0018 0.0017 0.0016 
13 0.0024 0.0023 0.0021 
(to 00) 
Asymptotic] 24.0Xp~4 | 23.1Xp7* | 21.9xp™4 
Formula 
Sum 0.9998 1.0000 0.9998 


The oscillator strengths f;, (p=2, 4, 6 


2.4 
—0.9778 
1.9076 
0.0524 
0.0106 
0.0035 
0.0015 
0.0020 


20S pa 


0.9998 


2.6 2.8 3.0 
— 0.9822 — 0.9864 — 0.9904 
1.9195 1.9322 1.9451 
0.0467 0.0403 0.0333 
0.0095 0.0083 0.0070 
0.0032 0.0028 0.0024 
0.0014 0.0012 0.0010 
0.0018 0.0016 0.0014 
{8S X<p | 16.0 Xpe* || 14.2 >pe 


0.9999 


Table V. 


Initial level=3. 


1.0000 


& 
ae 0.2 0.4 0.6 0.8 1.0 eZ 1.4 1.6 
P 
5 |_18676- |—1.8676 |—1.8678 |—1.8681 |—1.8690 f |—1.8704 -1.8730 |—1.8766 
4 2.7226 2227 2.7228 2ZI232 2.7244 2.7264 2730 2.7353 
6 0.1067 0.1067 0.1067 0.1065 0.1063 0.1058 0.1050 0.1038 
8 0.0224 0.0224 0.0224 0.0224 0.0224 0.0223 0.0221 0.0219 
10 0.0077 0.0077 0.0077 0.0077 0.0077 0.0077 0.0076 0.0075 
12 0.0034 0.0034 0.0034 0.0034 0.0034 0.0034 0.0034 0.0033 
14 0.0048 0.0048 0.0048 0.0048 0.0048 0.0047 0.0047 0.0047 
‘eo rch 58.3p4X | 58.3p-4X | 58.3p~4x | 58.3p-4X | 58.1p4 x 57.9p-4X | 57.6p-4x | 57,0p4x 
eae ira +27p—2) | (1 +27p-2) [[1+27p-8] | [1+ 27p8] | [1+ 277] | + 27e 7) [1+27p-2] | [1+27p~*] 
Sum 1.0000 1.0001 1.0000 1.0001 1.0000 0.9999 0.9999 0.9999 


& 
et. 1.8 2.0 22 2.4 2.6 2.8 3.0 
2 
> |—1.8818 |—1.8888 |—18973 |—1.9076 |—1.9195 j—1.9322 —1.9451 
4 2.7430 2.7532 2.7660 o7ach 2.8012 2.8229 2.8462 
6 0.1021 0.0996 0.0964 0.0921 0.0867 0.0801 0.0722 
8 0.0215 0.0210 0.0203 0.0195 0.0184 0.0170 0.0155 
10 0 0074 0.0073 0.0070 0.0068 0.0064 0.0059 0.0054 
12 0.0033 0.0032 0.0031 0.0030 0.0028 0.0026 0.0024 
14 0.0046 0.0045 0.0044 0.0042 0.0040 0.0037 0.0034 
(tocoTotal)) S¢o5-4y | 55.1p-4x- | 53.6p-4X | 51.5p-X | 49.0p "x | 45.8p "> 42.0p-4X 
Bap to [1+ 27p~2] | [1+26p-2] |[1+26p~*] | + 26p-2] | [1+ 25p—2]| [1+ 24p~*] | [1+ 24077] 
ormu. 
Sum 1.0001 1.0000 0.9999 1.0001 1.0000 1.0000 1.0000 
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Table I gives the first five energy levels as functions of €, from €,=0 to €,=3 at 
sub-intervals of 0.2. The higher levels for the same interval (0 <¢,<3) can be computed 
from (7) and are consequently not tabulated. Figure 1 is a plot of the first three energy 
levels against ¢,. Table II gives dn,/d>, as a function of €, for g=1, 2, 3, 4, and 5. The 
oscillator strengths f,,, f;, and f,, are tabulated (tables III, IV, and V). Asymptotic ex- 
Pressions for the f,,, when p is large, are obtained from (17) by assuming (n,—n)?> 1 


and substituting for dn,/d¢, the approximate value 


a rr 2 é 4 
(dn, /ds,), large — a (1 ane ang? ) . 
This gives 
128-€2—dn-—-1 1262 t—-€3 
l — 0 q il 0 eS 
fon (p large) OEE, [ ig mp” (m+ 2a )} ee 


9.50 


8.50 


7.50 


6.50 


5.50 


4.50 


3.50 


2.50 


1.50 


0.50 


0.2 0.6 1.0 1.4 1.8 747 2.6 3.0 3.4 


Fig. 1. The first three energy levels as functions of the boundary Parameter €)=[//[o. 
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dn,/d5, and n, being obtained directly from the tables. The asymptotic formulae for 
fi» fop» and fy, are listed in the corresponding tables. The Thomas-Kuhn tule, >) f,, =1, 
Pp 


is seen to be satisfied in all the three cases and this serves as a check on the calculations. 
The oscillator strengths f,, and f,, are plotted against €, in Fig. 2. It will be noted that 
while the energy levels become increasingly sensitive to variations in €, as the latter decreases, 
the oscillator strengths become sensitive to changes in €, for relatively large values of &, 
(€,>1.5). In fact, for 0<&,<1, the results are almost the same as those for a free 
particle enclosed in a box. The effects of the potential begin to show up as €, increases 
beyond 1, and for €,>3, the bounded oscillator behaves more or less like a free oscillator 
(in the first few energy states.) 

In conclusion, we wish to express our thanks to Prof. D. S. Kothari for valuable 
advice, and to Prof. F. C. Auluck for continued interest and guidance during the course 
of this work. 

One of us (K. K. S.) is also indebted to the Atomic Energy Commission, Govern- 
ment of India, for the award of a research-fellowship. 
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Fig. 2. fiz and fi, as functions of the boundary parameter £)=//lo. 
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As an approach to theoretical understanding of neutral particles a new kind of field recently sug- 
gested by Jauch, referred to as Jauch field below, is discussed in detail. Lagrangian and Hamiltonian 
formulation of Jauch field is obtained, which leads to the required anticommutators given by Jauch. 
The Jauch field, in appearance, shows the intermediate nature between Dirac and Majorana fields, but 
it is shown that contrary to Jauch’s conclusion it can be a charged field with gauge invariant electro- 
magnetic interaction. Gauge and Lorentz transformations of this field are examined, which again lead 
to quite contrary results to Jauch. Interaction terms are introduced and as an example the application 
to B-decay neutrino is discussed. 

It is concluded that Jauch field is essentially equivalent to Dirac field and so in general the 
problem of this field should be considered from the view-point of the structure of interactions of Dirac 
field. It is pointed out, however, that in some circumstances the concept of Jauch field may more 
suitably describe the physical reality than that of Dirac field. In the Appendix some remarks are 
given on the quantization of Majorana field. 


§ 1. Introduction and summary 


Recent experimental observations have made clear the fact that in addition to several 
charged particles there exist in nature various kinds of neutral particles, that is, neutrino, 
7-meson, /°-meson, §’-meson and so on. On the other hand, most of the theoretical 
studies done in the past were mainly concerned with properties of charged particles and it 
seems for us that there remain many problems to be investigated concerning the theoretical 
understanding of neutral particles. In view of their physical reality we believe that we are 
now in a position to face these problems not only from the academic interests but also 
from the more realistic standpoint. The investigations recently made by Sakata” and Pais- 
Gell-Mann” in connection with neutrino and @-meson are very interesting in this sense. 

Now, let us restrict our consideration to neutral fermions. It has been well known 
that the theoretical formulation allows two kinds of possibilities, namely, Dirac and 
Majorana particles.*’ But, in connection with the problem of spinor field quantization, 
Jauch® has recently suggested a new possibility of field, which in appearance has charac- 
teristic features intermediate between Dirac and Majorana cases. Thus, there immediately 
arises a question as to whether this field in fact corresponds to a new physical reality or 


*) Corresponding to the fermion case, there are also two kinds of neutral bosons, so to speak, Dirac 
boson and Majorana boson. The former is described by a complex field or two real fields, while the latter 
by a real field. In this paper we shall be concerned with the fermion case only, but we can easily see that 


the same argument may also apply to the boson case. 
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not. In view of theoretical approach to the problem of neutral particles we aim in this 
paper to make clear the physical meanings of this field and further to examine in what 
way such a field can be applied to the concrete example of neutral particles found in 


nature. 
Jauch has given the following generalized anticommutators for a spinor field ¢(x) ; 


(f(x), $*(x')} =P (x—x’) , 


; CAl® 
(f(x), $(’)} =p (x—2/), Op. 


In this paper, the field which satisfies the above relations, will be called ‘ Jauch field ” 
and the suffix J be attached together with the corresponding p-value, when necessary. For 
special values of parameter =O or p=1, Jauch field reduces to Dirac or Majorana field, 
respectively. Jauch’s main conclusions may be summarized as follows: i) Jauch field for 
different p-values are not equivalent, since they can never be combined with each other 
through a canonical transformation, ii) this field is necessarily neutral since in the case 9>=1 
the relation (A) can not remain invariant under the gauge transformation, iii) this field 
has C, D type transformation properties for space reflection and A, B type for time reversal.**? 
In the following sections we shall examine Jauch’s conclusion and show that they are not 
necessarily correct. 

In § 2, we shall give the Lagrangian of Jauch field, from which we can obtain the 
anticommuiator (A) by following the usual prescription of field quantization. The Lagrangian 
for (740, 1, however, is shown to be just equal to that of o=0, that is, the usual Dirac 
field Lagrangian. Thus, contrary to the Jcuch’s result i), we can derive the conclusion that 
as far as the free field is concerned the Jauch field %,(01) is merely a different re- 
presentation of Dirac field. On the other hand, this Lagrangian becomes singular at p=1 
and is found to be equal to the Lagrangian of two Majorana fields. 

In §3 the free field properties are further analysed in detail. We show that the 
particle picture is very obscure in the representation of Jauch field and the interpretation as 
the field quanta is only possible when going over into the Dirac representation. We can 
also introduce the gauge transformation, which has somewhat different from the usual one, 
but keeps the Lagrangian invariant and further show that just as in the case of Dirac field 
the Jauch field $,(o*=1) has four possible transformation types A, B, C and D under 
space inversion and time reversal. These results are quite contrary to Jauch’s conclusions 
ii) and iii). 

In § 4 general considerations are given on the interaction of the Jauch field. For the 
Jauch field ¢,(¢%:1) the gauge invariant electromagnetic interaction is introduced, that is, 
this field can describe the charged particle. Detailed considerations are given further con- 
cerning the application of neutral Jauch field to the f-decay neutrino. We can also generally 


*) Throughout this paper we shall use the Majorana representation for y-matrices. * and ~ mean 
Hermitian conj. and transpose, respectively. 

**) As to the classification of transformation types A, B, C and D, refer to the papers: C.N Yang 
and J. Tiomno, Phys. Rev. 79 (1950), 495; BE. R. Caianiello, Nuovo Cimento 8 (1951), 749, 9 (1952), 336. 
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show that a Jauch field in interaction can be reduced to a Dirac field with generalized 
interactions, their coupling constants being dependent on the (-values. Consequently, we are 
led to conclude that at the present stage of the theory the problem of Jauch field should 
be discussed from the view-point of the structure of interaction of Dirac field. We shall 
suggest, however, the possibility that in some cases the concept of Jauch field may give the 
more suitable image than that of Dirac field. This will be elucideted concerning an ex- 


ample of (-decay neutrino. In the Appendix some remarks are given as to the quantization 


of the Majorana field. 


§2. Lagrangian and Hamiltonian formalism 


The Jauch field ¢,(x; 0), which satisfies the anticommutation relation (A), can be 
decomposed in the usual way into two Hermitian spinor fields 6,(x) and ¢,(x) in the form 


P(x 3 0) =E,(p) b,(%) +ic.(7) by (%), oe 
ft (x; p) =a (7) 0, (%) —ic(V”) (x), 


or in matrix notation 


T(x; 0) =CO(x), (Qi): 
where 
f(x ; p) 6, (x) cy (/) > icy (0) 
rceo=| | ow) =| | a 
py (x > ~) ? dy (x) > oT (?) 2 =i, (p) * 


In the above, without loss of generality we can regard c,(/)’s as real functions of 9. 
Now, as the general Lagrangian to descrite the behavior of two spinor fields g, and 


¢. we can assume the following one 
fie) 0 
O50) 


where A=7,(7,0,+%) and fi(e) G=1, 2) are real from the Hermiticity requirement. At 
first sight the Lagrangian (2-2) appears to lack the generality and so we can take the more 


Joe, (222) 


general one with the cross terms 


i fA gA 
p= 2 400) oo. (2-3) 
2 GAT fol 
where A’= (—770, +4) 7."= —A in the Majorana representation. But, even if we start 


from (2-3), we can easily see that it is brought into the form of (2-2) by performing 


a real linear transformation of d,s. Thus, it is sufficient, for our further consideration, to 


take the Lagrangian as in (2:2). 
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We shall now proceed to the quantization of Jauch field 7 ,(x; ¢) starting with the 
Lagrangian (2-2). This can be achieved by quantizing d,’s with the orthodox method, but 
some cautions are necessary) when picking out the canonical variables since ¢;’s are real 
(Hermitian) field quantities. As shown in the Appendix ¢, itself cannot be the canonical 


variable, but the relation between them is given by 
at ee ae 
a 8 
0 ate Were = oy, 
é,! 2 


where I, is 2X2 unit matrix and the superscript p(p=1, 2, 3, 4) attached to 6, denotes 
the spinor suffix. é”s and 7,s (i=1, 2) are canonical variables, which satisfy the anti- 


oa 
rm 


~ 
en) 


(2-4) 


1 A My 
* 


x 
= 
19 


’ i=1, 2, 


on 


commutation relations 
Eet(x), 2) (x”)} =id,hap"(R—2'), 
{F7(x), F7(x')} =0, — {a*(x), 77 (x) } =0, (2-5) 
i, JS 12s) oe ap ber i 2: 
From (2-4) and (2-5) those of ¢,’s take the form 


{6% (x), 4,°(x')} Si 8, Ou,0°(x—x!). (2%) 


Consequently, the anticommutators of the Jauch field given by (2-1) finally read 


s(x), OF (x')} = (a2/fites/fr) O(x—x’), | 
(2-7) 


1 ,(x), P(x')} = (c2/f,—c2°/fr) 8 (x—2'). 


In order that the above ¢/, coincides with (x; 0) we see from the comparison of (2-7) 
with (A) that c,’s must satisfy the relations 


sii t = epic 
o/fi—¢r/fo= 0 c= (1—p)/2-f, : 


As seen from the above relation, the signs of c¢,’s are indefinite but they are quite trivial 
’ 


(2-8)* 


and so we shall take them as positive in the following. 
From (2-1)’, (2-4) and (2-8) the Jauch field Y)(%;) can be written in terms 
of canonical variables in the following way ; 


iN! Ue Ts 7 1? I, é, 
a 2 2 ' " 
tee 


(2-9) 


* As shown by Jauch h pees Sages 
fn ete y Jauch we see that |p|<1, and so f;>>0 from (2.8). The latter selanios fa faite 
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I,, —il, g m;| 
where K= i = Pate } (i=1, 2) and I, is 4X4 unit matrix. 
Uo, 2 2 


When writing the Jauch field in terms of ¢,’s and 7,’s, we find that there exists 
another Jauch field /,,, which satisfies the relation (A) but is different from (2-9). 
This field &, is just given by the defining equation (2-1) but with the exchange of roles 
of ¢, and ¢,. That is 


P n(x) =C'O(x), (2-10) 


al / 
iC) Cy 
C= 
ay hf By 
1G; * C5 


The relation corresponding to (2-8) becomes in this case 


with 


¢*/fi te" /fp=1 c= (1—p)/2-f, 
or (Oeil) 
ae frrers/fs=P e= (1+ )/2-fr 
The relation between Y,, and canonical variables is given by 
pee =u Tis yf tae = 2 ie e e, 
0) 
P n(x; p)= | | a ; (2+12) 
0 K 2 


-i/150 ie wae, 


Next, we shall rewrite the Lagrangian (2-2) in terms of (x; 9) or Vy (x; e), using 
(2-1) and (2-8) or (2-10) and (2.1%): 


as 1 - pC" f; ) cd F 
mr € ae AW (x; p) 


(2-13) * 
ate 1 
= T(x 3p) ye AP j(x; p) 
2(1 ar : lhe, 3) 
or 
= a T y (x50) Gi2 Bop CAF y (es 9) 
5 
(2c 3)f 
= y, x5? PIA AP pn (x3 ty; 
rer wx (| i) J it 
where eo) eecaren a nl ara Aly fas peta 
ee ie Chere Save ia Pe 


=! A Crs all 
ake Mae ee Uae fitPah es, ekvale 
apy notifies 2 : 2) yak ees 


most general form built with the spinor 


* Jt is to be noticed that the Lagrangian (2-13) is of the 
field quantity Vy. 
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Conversely, starting with this Lagrangian (2-13) or (2-13)’ we can directly quantize 
the field VY, or /, by the Schwinger’s method," for instance. This prescription just cor- 
responds to follow the reversed procedure as developed above and as a matter of course we 
can obtain again the anticommutator (A) as required*, This fact shows that (2-13) (or 
(2-13)’) is the one and only one possible Lagrangian for a Jauch field V(x; 0) (or 
P (x53 ))- 

In this connection it is to be noticed that the Lagrangian (2-13) becomes singular at 
pP=1 and so loses its physical meaning. In this case, however, it is better to rewrite it 
into an alternative form with the use of both ¢, and ¢». 


Namely, 
Ly=p/2+ {Py (x; p) AP s(x; p) thn (x3 2) Adan (x; p)} 


VIP Ih (x5 p) Adan (x5 p) + Hr (3 0) APA p)}- (2-13)” 


In the case p=E1, Y,(x;p) and Y»(x;) are not mutually independent, but they are 
connected by the relation 


7, \eL aie! Pinert , 
PT (x3) = tae a) ) Baas 0 
or what is the same thing, (2-14) 
5) = Et uh te) : 


and moreover anticommutators between them are 


{(Pr(%3 p)> P(x’; p)} =iIV1—? B(x—x’/), 
{h(x 5p), $5(x' 5 p)} =0. 


We are now in a position to discuss to some extent the fundamental features of Jauch 
fields. The cases p=1 and p=1 are to be considered separately. 
1) The case: p=1. 

In this case the matrix which connects Y,(or Yj) with €’s and 2’s in (2-9) (or 
(2-12)) becomes singular matrix and its inverse does not exist. This means that PT 5(x; p 
=1) (or ¥y(%;=1))is equivalent to the variables (¢,, 7,) (or (€, %)), so that the 
Lagrangian can not be written in terms of Y, or Y» only. Between two components of 
LY, or Ly there exist the relations 


(2-15) 


* If we apply the Umezawa-Takahashi’s formula) to the Lagrangian (2-13) L=— V(x) A 


1 


f : = 0,1 ‘ : cas : 
x Vz(x5 9) with A= — ip ( L :)4 the covariant anticommutator is immediately obtained by {%r (xp), 


s(x! 5 p)}=iRA(x—x’), where R, defined by RA=[]—r’, is equal to -(‘ : )(ra-«) ts This leads to 
0 


(A) or (3-18) below. The quantization of (2-13) was also discussed in detail by Y. Takahashi.7) 
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$y(x3 0=1) =97 (x3 9=1) =f), 
(2-16) 
Py (x 3 C= 1) = byt (x 5 eae 1) = FO x) 5) 
and further from (2-15) 
{h(x P=1), Pw (x! p=1)} =0; (2-17) 


that is, #, and ¢,, are mutually independent. From (2-16), (2:17) (2-13)” it is 
evident V(x; 9=1) and V(x; 0=1) become two mutually independent and Majorana fields, 
respectively. 

ii) The case p=1. 

In this case the matrix which connects ,(or VY) with €’s and z’s in (2-9) (or 
(2-12)), is non-singular and Yj(x;=E1) or F(x; 7-1) is equivalent to the variables 
(€,, 215 $s) 7%). Thus, we may say that as far as o=-1, all the Jauch fields are mutually 
equivalent and to be regarded merely as different representation describing the behavior of 
the same system. In other words, all (x; =-1)’s describe the behavior of the Dirac 
field since Y,(x; 9=0) corresponds to a Dirac field as seen from (2-13). This fact may 
also be understood from the circumstance that the Lagrangians (2-13) with p=-1 are all 
equivalent to the Lagrangian (2-2) and further the latter can be reduced to the Dirac 


field Lagrangian when renormalizing d;(x)’s by the factor V f.((0)’s. 

Our conclusion makes a remarkable contrast to Jauch’s i) (§1). He has based his 
argument on the point that the anticommutators (A) are invariant under canonical trans- 
formations and therefore Jauch ficlds with different p-values are mutually inequivalent. But, 
as shown in (2-12) %,(x;=-1)’s themselves can not be canonical variables and the 
transformation connecting two Jauch fields corresponding to different p-values is not a canonical 
one, leading therefore to different anticommutators. 

Summarizing the content of this section we may say as follows : as far as the free 
Jauch field is concerned, all the Jauch fields with y=K1 are equivalent to a Dirac field, 
while the field with o=1 is nothing but a Majorana field. 


§3. Free Jauch field 


In this section we shall consider the encrgy-momentum and various transformation pro- 
perties of Jauch ficld. In the case p=1 the physical meaning of this field is already 
evident and so we shall restrict the following consideration to the case == 1 only. 


Canonical energy-momentum tensor is derived in the usual way from the Lagrangian 


(2-13) 


rs P(r, 16G2 +0) bo} Fol)» (3-1) 


wv 20-/" 


which gives energy end momentum expressions 


lale= —|axT =| d'x 3 Rar 7 (0)( pie ribet) PF ,(), (3-2) 
A” ae | 
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beldyse ob ewer 1 rr (50 1 og 0). (3-3) 
G,.= {4 et |e b's ECD) vy, (p) ee SF bic ne ) 
Now, as the Jauch field satisfies the Dirac’s wave equation, it can be expanded in the fol- 


lowing way ; 


BH P= op TLD {ar (hs Pre (WYEMM be (Resp), (Be) erteme too 
¢ ral 2 
3 (3-4) 
P35 =F) Si fak Ces pak eyertterrtor +8, (hes po? (Ry <iern} 
ke r=1,2 > 


where u and v are usual Dirac eigen-spinors. Inserting (3-4) into (3-2) and (3-3) we 
obtain the following expressions ; 


ke eh oo 


(3-5) 
— plat (es p)b CR p) +88 (ies p)4, (hes 9))| -1|, 


1 = 
Gy= Site] 2 {IN (hes p) + No(s) 


(3-6) 
Le Bak (leo) b] (Tees p)b* (cig p)az(ie 5p) )| = i}, 
where 
Eyw Tape, (3-7) 
and 
N,* (k 3p) =O8 (hk; 9)5,.(k3 0), N (kh; 0) =a (k; 0) a,(k; p). (3-8) 


As shown by Jauch, Fourier coefficients a,’s, 6,’s satisfy the following anticommutation 
relations : 


ta (ke 3), a,(h’ ; 0)} = {b,(e: 0), 6,(k’ 5 0)} =0, 

14, Ch 5 0), as (he’s 0) } = {6,5 0), bE (hs 0)} =9,.9 xx 
tar (He 5), BF Ck’ s 0)} =00,Oxn1, 

{ar (ke 5 2), 6. (k’; 0)} =0. 


(3-9) 


As is seen above, except the case =0, a,’s and 6,’s do not satisfy Jordan-Wigner’s canonical 


. > : . 
relations and so N*(k;,)’s do not have integer eigenvalues and morevocr we have the 
relation 


iN, (k; 0), N,* (k’; p)} 


= 0,94 41 {ay (ie 5 0)b, (ke! 5 0) —b* (k’ ; p)a,(k ; p)}. (3-10) 


This means that the Fourier coefficients of the Jauch field with (=0 or 1 have the physical 
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meaning as creation and annihilation operators of field quanta, while this is not the case for 
Jauch field with O<p <1. Between the coefficients a,’s and 6,’s we have from (3-2) the 
following interrelations : 


a,(k;p)= V1 tPe ide td Pag ; p=0) aes Mideal aalae™ : p=0), 
(3-11) 


/ a) Jf —() i — — () 
5, (ep) =P Fet VI 15,(h 5 p=0) + = A= Pa, (5 p=0). 


This is nothing but the relation which Jeuch has introduced in order to transform the 


variables a,(k 3K 0) and 6,(k; p= 0) satisfying (4-9), into the variables satisfying the 
Jordan-Wigner relations. Thus, we may say that the Jauch field as it is does not have 
clear physical meaning, since it can not represent the property of field quanta. The particle 
interpretation is only possible if we go over into the operators a, (/e ; p=0), 6, (Kk; y=0), 
ive., the Dirac representation. From this standpoint of the particle picture we may conclude 
that a Jauch field with p==1 is essentially equivalent to a Dirac ficld. 

Next, we shall examine whether it is possible or not to introduce the gauge trans- 
formations which keep the theory invariant. Contrary to Jeuch’s argument we can expect 
that since the Jauch field is equivalent to the Dirac ficld, che gauge transformations of the 
former may be defined through the intermediary of those of the latter. We shall show below 
that this is actually the case. 

By use of (2-9) we can give the explicit connection of W(x; e=-1) with Pix; p=0), 


. F (x) 
I il Kk 0 ( 
1 4 4 AG (x) : 
P (x; p=0) Aas E ay y 4 F(x) (G12) 


7,,(x) 
or 


ays a: SPHEto.<0 Ts “wkd 
a,(x) |__ 1 _ T (x; p=0). (3-12)! 
&, (x) V2 | 0 a | eile a Sa 


7, (x) 


From (2-9) and (3-12)’ we have 


it 
| ste p=0) seep hxss p=0),; 


=, ses i ene b 
1+ Es alt ? 1 
Fe 2” / 2 


1 
P(x; p) ere 


oes 


(3-13) 


where 


1 


2 


ait Vitp- le 
Lh pt Vip v1 ae i end) 


VippAtinp, Vi+p+ Vie 


ee 


234 S. Kamefuchi and S. Tanaka 


On the other hand, for the ficld “,(x;=0) the gauge transformation, keeping 
the Lagrangian (2-13) with ~=O invariant, 1s given as usual by 
er 0 
WF} (x; p=0) = (x; p=0). (3-15) 
ee 
Hence, from (3-13) and (3-15) we finally obtain the gauge transformation for Jauch 
field with the form 


P (x3 p)=G(13 0) Psp), (3-16) 
where G(Z%;) is a 2x 2-matrix depending on Z and py and given by 


- 1 ae —10 ; 
; Co) as a I EE Sed 
4 2 ‘ V1 By j 
i 


é 10) var 
oain=I \r- 


(Oy Fen? iv a. 4 1 ; 
Sie cos 7 ——_-————- sin Y 
‘ 


WY —- 


(3-17) 


That the Lagrangian (2-13) remains invariant under this gauge transformation (3-17) 
is explicitly proved in the next section and here we shall only show that the anticommutators 
(A) are invariant for G(Z; ). 


In terms of /,(x;), (A) can be rewritten in the form 


{P (x3), Fy(x'; p)} =SHP (x—x’), (3-18) 
with 
p 1 
S= | (3-19) 
ik py fe 


After the transformation (A) becomes 


{P,(x;p), P/ (x's; p)} =G(L; p)SG(13 p) O(x—x') 


and it is quite easy to see that 


G(X; p)SG(Z; p) =S. (3-20) 


Thus, it is possible to make gauge transformations for Jauch field if we define them in 
somewhat general forms. This result suggests the possibility of introducing the gauge in- 
variant electromagnetic interaction for Jauch field, which will be examined in detail in the 
next section. 

We now proceed to discuss the transformation property under space reflection. This 
is defined in just the same way as in the gauge transformation. The Dirac field ¥ (x3 p=0) 
is subject to the following change under space reflection 


s / 70 9 
Ps ps0) = ¥ (x30), (27) 


0, rie 
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where 7 is the well-known phase factor and takes +1 or +i. From (3-13), (3-14) 
and (3-21) we get the following transformation for Jauch field ; 


é HY a> 0) 
Pei: ps1=J iy P(x 5\p) 
Osi i 
ee | ye a) ie — (n+7*) 
oi raP (x5 0% 1). 
nt+n*, — (ntn*) + Q—94*) V1-#" 


In order that the Jauch field is irreducible we must impose the condition 
yty*=0, ie, yn=+i (Cor D type). (3-23) 
In this case (3-22) takes the simple form 


QV 49 


rss) =| P (x; 0=-1). (3-24) 


0, Fs 
Jauch’s restriction iii) (§1) is nothing but the above condition (3-23), but in general 
we can allow, of course, the transformation (3-22), which, as is easily proved, keeps the 
Lagrangian (2-13) invariant. 

On the other hand, in the case 9=1 we obtain in a similar way 


(x30 =1) (= (x; P=1)) =1/¥ 2 + {hrs p=0) +h. (3 P=0)}, 
PU 5 PHI HUY 2 + tor [xs 9=0) — Th 3 P=O)} 
= nr ha (x3 P=1) Mees 
if y=—y*, (CG, D) 
= y4/V 2 + alas p=0) —P* (3 P=0O)} (= igre (3 P=1)) 
if y=7*. (A. B) 


From this result we find that, for the Majorana field the transformation type corresponding 
to A, B type of Dirac field, amounts to the exchange of two Majorana ficlds if they are 
present, while it is necessarily restricted to C or D type if a single Majorana field is present. 

The time reversal transformation is discussed along a similar line as above and in 


general we can admit the four kinds of transformation properties for Jauch field. 


§ 4. Interaction of Jauch field 


In general, the fundamental nature of any field is to be discussed in relation to its 
interaction with other field. For instance, as far as the free field is concerned, the question 
1s almost meaningless whether the usual Dirac spinor field really describes one kind of Dirac 
particle or two kinds of Majorana particles. For this reason we expect that the specific 
features of Jauch field, if any, would be reflected in its interaction with other ficlds. 

We shall first show that Jauch field is not necessarily neutral, that is, it 1s possible 
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to introduce the gauge invariant electromagnetic interaction. This task can easily be achieved 
if we remember that the field /,(x;=0) is a Dirac field, the electromagnetic interaction 
of which is well known, and the general Jauch field P(x; =:0,1) is connected with 
V (x; 9=0) by equations (3-13) and (3-14). The interaction Lagrangian, which reduces 


to the usual interaction term as /—>0, is found to be 


Lin= Fp) (oe Wire Pv) Ay (4-1) 


ae 
The total Lagrangian of charged Jauch field is thus given by (2-13) and (4-1), that is, 
L=L)+ Lint: (4-2) 
We shall now show that the above L is invariant under the gauge transformation of Jauch 
field (3-16) but with xdependent 7 and 
A, (x) > A,"(x) =A, (x) +1/e-9,7 (x). (4-3) 
Now, the transformed Lagrangian L,’ becomes 


1 ~ ~ = ulin’ 
a ae 0 G : e 1G 0 Tn 
Q 2(1— *) CONN p( 1 —p ). (% p) JG ) 


T is ~- p il % 
= ——__—____  ,(")G (73 0 G(X; p) AT ,(p 
am POE GO( HP * Joos marc) 


0 


MME O( TP * ra lAUs PAO). (4-4) 


re ?). 


Bearing in mind the equation (3-20) and remarking that GU; ?) =G(%; —y), we see 
that the first term on the right hand side in (4-4) is equal to the free part of Lagrangian 
before transformation, ie., L,(/)). The second term in (4-4) is rewritten by use of the 


relation 
“3 107 
sin ¥ + - Wr ae cos ¥, aay “I cos ¥ 
A (G(x; ») |= | | Ot. 
>, a 608 Ps —sin sateeer a cos ¥ 
After all we find 
en pe 1 PY Eid ae 
Ly ae Fil a Vera E op) Oy. (4-5) 


On the other hand the transformed interaction Lagrangian 


“ Le 


Pils 6 Won yE (goat Adewdeh. ; 1 
Fe PMC \raraC tsp) Pate) (4, +—— 80) (4-6) 


is rewritten into the form 
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y { 7 (0) as 1 
Lings= Line + a Y s(p){ tied War 0) Oyun (4-7) 
i 


by virtue of the relation 
x Om ia  heacs ih 
GQ: GG 2) = 
ESP) see NelcaeD) (Lanug i} 
From (4:5) and (4-7) we get finally 


L’=1L, (4-8) 


that is, the Lagrangian (4-2) remains invariant under the gauge transformation (3-16) 
and (4-3). 

From the gauge invariancy we can expect as usual the conservation of electric current. 
But, as to the definition of current density we should remark that as seen from (2:13) 
and (4-1) the interaction term was not introduced by the usual replacement in the free 
Lagrangian L,, namely 0L/0(—ieA,) -L0L/0(0¢/dx,) -¢. Therefore, we can no longer use 
the usual definition of the current O0L/0(00/dx,) -¢, but must construct it directly from 
OL/OA,. The result is 

jn) =e FOG rae (0): (4-9) 
By virtue of the equation of motion derived from (4:2) we can easily show that Ouju=O.- 

Other types of coupling of Jauch field in interaction with a real (neutral) field are 

introduced in a similar way. Source densities of the Jauch field interacting via Sout udesila 


and T couplings, which reduce to usual expressions when p—>0, are given by 


9s _ F(p) ( SP VreQat o(0) for 5, A, P coupling, — 
2(1—(") We bean 


or (4-10) 


Goon 2 G. os re 2,0 for V, T coupling, 
AOE OH ES Vr oP) pling 


respectively, where Qs are usual covariant 7-matrices. 
As the source function in interaction term of Dirac field it is usual to assume the 


most simple form such as ff (x; 0=0) --*:-- (x; =0). But, more generally we have no 


. ae Pe Pmt 
reason to exclude the source functions such as (x3 9=0) +0 h(x; p=0) or PF (x; £ =0) 
seeeee f* (x; p=0). Corresponding to this circumstance, the most general interaction 


Lagrangian of Jauch field is written as 


1 7 63 1 11 1 0 ais —1 ea 1 ) 
La = FT Be| 1+p ee) ip el 1 


spas a (vs gen le) (4-11) 


Li 
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where 

G,%=9.U." (i, j= 1, 2) 
and U,"/ are neutral (real or complex) fields with the transformation property @ and further 
Ja'’s are coupling constants. (for a=V, T, Ja =Ja =0). Bilinear expressions containing 
two different spinors are constructed in the same way. 

In (4-10) and (4-11) the p-dependent factors are explicitly separated for convenience 
so that the coupling constants become /-independent when these terms are written in terms 
of Dirac field (x; =0) and g,’s are assumed p-independent. On the contrary, if we 
use the p-independent coupling constants in the interaction terms of Jauch field, these terms 
as a matter of course have p-dependent coupling constants when regarded as those of Dirac 
field Yj(x;p=0). 

We have so far discussed the case that the Jauch field corresponds to a source 
In the following we shall consider the case that Y, enters the interaction term in a linear 
form, that is, the Jauch field behaves as a “field”. We shall study this case as to an 


“particle ”. 


example of -decay interaction, since the extension to the general case is quite straightforward. 
Let us pay attention to the neutrino in the f-interaction H,. When the neutrino has the 
transformation property of C or D type under space reflection, the interaction term can be 


assumed in somewhat a general form as first sug_ested by Sakata*’, that is, 


H,=9 (F*2,7 x) (GE Q Py) +97 (FAQ x) (PER) +h. c. 
=F (9p, +9’ $F) +h. c., (4-12) 


where we have put for brevity 
F= (PEO, 0 y) ($F 9.. 


If g”=0, the neutrino in H, becomes Dirac particle, while if g=g” one of the two 
Majorana fields is eliminated and the /?-decay neutrino becomes a pure Majorana particle. 
This is just the idea of Sakata’s elimination theory.” In the usual literatures the /2-inter- 
action is assumed in the simplest form (y”=0) but as far as there is no a Priori reason 
for it we have rather to take the general form such as (4-12). From this standpoint it 
may be quite pointless to ask whether the neutrino is a Dirac or a Majorana particle. On 
the contrary we should study this problem by asking what value the ratio y,/y of coupling 
constants amounts to. 

Now, the interaction (4-12) can be written in terms of Jauch field 7(x3 0) as 
follows : 


Hy=F/2V1—¢° -[{(V1+p + V1—p)g+ (Y1—p— V1 +p) 9} ¢,(p) 
+ {(M1—p— V1+p)gt+ (V1 ++ V1—p) 97} f* (p)], (4-13) 


or 


=F/2V1—¢* -[{(V1+p+ V1—=p)g+ (V1—p— V14)94 ¢,(p) 
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1/9: {(V1—p— OY +r”)g+ ( v1 a ak V1—~)9"} P,P) 


Fd Pe lier bi) PiGMdchp hi Hp) 9} PoC). (4013)! 


Therefore, H, can be written in terms of %j(x;//) only if there holds the relation between 


g and g” 


g?/g= (V1 4 p— V1—p) /(Y1 4+ 94 V1-p) =R(0). (4-14) 
In this case, H,; becomes, as in the elimination theory, 
Hy=9,(FE jp) +h. (4-15)” 


where 


Jp=29/(V1+e+ V1—/). 


The function R(/) runs from 0 to 1 as / increases from 0 to 1. As stated above the 
case g”/g=0 corresponds to Dirac neutrino, the case g” /g=1 to Majorana neutrino and the 
case 0 <g"/g <1 to Jauch neutrino Y,(x: 7), the (-value of which is given by p=299"/ 
(g?+g""). In the last case the free part of neutrino Lagrangian can also be written in 
terms of ,(x;) only, and so the whole system can be described by (x; 0) only. 
Thus, we can say that the Dirac field with the interaction (4-12) is equivalent to the 
Jauch field with that of (4-15). 


Generalizing the foregoing argument the 


9°19 


Lagrangian of any Jauch field in interaction 
can always be reduced to the Lagrangian of 
Dirac field having, generally, all the possible hgaraed 
interactions, coupling constants of which are 
p-dependent. (To this end we have only 
to insert (3-13) into the Jauch field 


Lagrangian.) In this sense, theories having 


Jatich 


different j-values respectively are different 


ee 


from each other because of different coupling = 
constants. Thus we are led to the con- pa 


clusion that at the present stage of the eae 

theory the problem of Jauch field in general Fig. 1 

should be considered from the view-point of Fig. 1. The relation between the ratio g”/g and 
the structure of interaction of Dirac field”. the p-values of Jauch field. 


Finally we should suggest, however, that in some cases the representation of Jauch 
field is preferable to that of Dirac field. As an example we shall again take the (-inter- 
action. It is well known that for the probability of the double B-decay usual Dirac or 


*) If the neutrino has the transformation type A or B for space reflection, Hs is of the form~ 
Flgby +9 rsby*) =F Vs. But in this case Y7 can not be a Jauch field, since independently of the values 
of g and g” we have always {Vr(*), V7 (x/)}=0. 
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Majorana theory predicts 10° years or 10'° years, respectively. If we adopt the interaction 
(4-15), however, we can get any arbitrary value between these two extreme values without 
raising any contradiction with the experimental results in the single decay, since the pro- 
bability of neutrinoless double (-decay is proportional to p*y*,. Suppose that the experimental 
value be found to be about 10” years, say. In such a case, it would be very difficult, 
from the aesthetic view-point of Dirac field, to understand the reason why one of the coup- 
ling constant y” is extremely small as compared to another coupling constant y. From the 
view-point of Jauch field, however, we can avoid such an apparent asymmetry by suitably 
defining this field. 

Within the framework of the present theory the above circumstance is merely a matter 
of convention, but we may expect that in some cases or rather in a future theory the concept 
of Jauch field may describe more clearly the physical reality than that of Dirac field. This 
point of course remains to be further investigated. 

In conclusion we should like to express our gratitude to Prof. S. Sakata for helpful 
discussions. We are also indebted to Prof. J. M. Jauch and Dr. Y. Takahashi for their 


very profitable correspondence. 


Appendix 


This section will be devoted to the detailed discussion of quantization of the system 
described by the Lagrangian 


L=—1/2-f,4,Ad, —1/2 -f,b. Ado. (A-1) 


Since ¢, and ¢, enter the above expression in a symmetrical way and they are mutually 
independent, it is sufficient to consider the system of ¢, with the Lagrangian 


L,=—1/2: f,6,Ad,. (A-2) 


In the following the subscript 1 will be omitted for brevity. As it is nccessay to find the 


interconnection of Jauch field operator with canonical variables, we shall first consider how 
to determine these variables. 


Now, 4 is of the form 
A=y,(7,9, +«) (A: 3) 


and so, when inserting (A-3) into (A+2) the coefficient of time derivative 0,4 becomes 
a numerical multiple of unit matrix. Thus, if any component of ¢ is as usual taken as 
a canonical coordinate, the difficulty immediately arises that the corresponding momentum 
variable is no longer independent of the coordinate, leading, therefore, to inconsistency with 
the commutation relation. The difficulty is, however, avoided if it is possible to transform 
@ so as to bring the coefficient matrix of 0,6 into the form 


' | Onal, 
ae A:4 
bi, OSjs ‘ 
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As such a transformation the following satisfies our condition, that is, 


§=Bs, (A-5) 
with 
B 1 | I;, ‘| 
spialegs (A-6) 
ect aee rater) 


After this transformation terms of time derivative in (A-2) lead to 
14 4 ee Oe Se 
— —— f9,0| =— ¢ BBs )=——| 5 
SHORT a eT et hao )* 
= tt jee ees 43g! +H. (A-7) 


In order to eliminate, in this expression, terms containing ¢° and ¢", the following 4-di- 


vergence is added to the original Lagrangian (A-2). Thus, 


L'=L—1/4-f(8/0x,) ratah (A-8) 


= 


; 1 a —1 eee py aire Bg : ; 
In fact, since — = f9 Oya) /Ox%= scmiveea G1SS 4 Sgt #3} , terms of time deriva- 
tives in L’, take the form 
if/2> {OS EP — FF (A-9) 


Hereupon, it is found that the usual procedure of quantization is consistently applied to 
variables ¢’s in (A-8) and (A-9). 


If €' and &* are regarded as canonical coordinates, the corresponding momenta are 


defined by 
n= AL! /dé' = if, 
sitet (A-10) 
jeOL FOC, 


respectively. Between these canonical variables anticommutation relation can be assumed as 


usual : 
E(x), 29(x!)} id, JO (e— 2"), 
(A-11) 
e¢(x), Xx!)} = (a(x), A(X} =O, j= 1, 2. 
Then, (A-10) and (A-11) give the relation 
{2"(x), €°(a!)} =1/f- (BB) y"(x—'), (A-12) 


or returning to the original representation d 


{6 (x), b(x’)} =1/f-0"'(x—x’). (A-13) 
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From (A-5) and (A-10) (x) can be explicitly written in terms of canonical variables 


in the following way : 


: 1 (x) 
if —il,/f a9 
1 2 2 - 
b(x) = oral ce = (A-14) 
il, —I, /f nr 
2 (x) ? 
which by a canonical transformation is further brought into a simple form 
~~ 
: = (*) 
I, —dl, ae 
— Poe 2 ~ Sc (x) 
0 (x) ar | (x) (A-15) 
i, —I, se 
¥ tf (x) ? 


where the inequality f =.0, as proved in the text, was used. 


The discussion developed above is essentially equivalent to the general theory of quanti- 


) 


zation of Schwinger." The difference merely lies in the point that for convenience of con- 


sideration the 4-divergence (A-8) has been introduced in our case. 
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The bound meson problem is studied in the p-representation of meson oscillators. (p is canonical 
momentum). The notion of this paper may be applied to other problems than the symmetrical 
scalar one. The domain of p is divided into the inner and outer regions. It is proved by applica- 
tion of canonical transformations that such a process is natural. In the inner region the precession 
of the r-spin is dominant, which takes place as bound mesons are virtually emitted or absorbed. On 
the other hand, in the outer region the coupling between the radial mode of meson with the ¢-spin 
is primarily important. Since all relevant quantities appear as functions of V|p| (V is coupling 
constant), we can speak about the characteristics of regions independently of V, if we choose 1/V as 
the unit of length of p. Then in this scale, we see that the wave functions of low-lying states are 
damped when the magnitude of |p| is larger than V. By way of these considerations, we can 
understand the characteristics of the problem over all ranges of V in a unified fashion. In a weak 
coupling case, the inner region is the only one to be taken into account, while the most noticeable 
features of a strong coupling case come from the outer region, to which the major part of a wave 
function belongs in this case. It is noticeable that the inner region is, however, essential to give 
finer details of a strong coupling case, which are of higher order in 1/V*. 

With these qualitative prospects in mind, a new approach is tried to improve the results worked 
out by Sawada. However, our ability to treat a complicated form of operators is at present so limited 
that our results are not yet satisfactory. It is discussed what may be the key to the future improve- 


ment. 
§1. Introduction 


It is the purpose of this paper to find a unified stand-point from which the bound 
meson problem may be well investigated over all ranges of coupling constant. As is well 
known, the intermediate coupling theory is available in the intermediate region of coupling 
strength.” But a result of that theory, e.g., the level of the ground state, is not yet 


represented in terms of analytical expressions of the coupling constant ; and, in its current 


* Present address; Hiroshima University, Hiroshima. 
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form, it seems hard to carry out the renormalization program. So it is desirable to fill 
gaps of such kinds, and one remarkable step has been made by Sawada” to this direction, 
who has obtained an interesting result by means of a simple type of canonical transforma- 
tion. We shall make an approach of similar kind and study a possibility to improve it. 

We shall here treat the symmetrical scalar theory as a simple example of such problems 
that their solution is made complicated by virtue of spin variables. If we confine our 


er ee ; 
attention to bound mesons, the Hamiltonian is given by” 


H=H,+H’ (1) 
with 
H,= (p’+q’) /2 (the bound meson Hamiltonian), 
and 
H = (z-q) (the interaction Hamiltonian), 


where t is the nucleonic isotopic spin, V is the effective coupling constant, and the oscillator’s 
frequency is taken as unity; (as to the unit of energy, see reference | a, especially p. 609); 
q and p denote position- and momentum-operator of the oscillator, respectively. 

It is known that the level shift of the ground state is — (3/2)V* in the weak limit, 
while it is —(1/2)V?—1+0(1/V*) in the strong limit.” The numerical results are 
) 


available at several points in the intermediate coupling region.” Sawada’s method gives 
results which are in good agreement with correct values in the region V<1. But in the 
case V>2, it is not successful; it predicts that the level shift in the strong limit is 
—(1/2)V?+1. Moreover, the sign of the isotopic spin-orbit coupling term is reversed 
when the coupling constant becomes larger than a certain value; for example, among the 
first excited states, the state [=1/2 is lower than the one [=3/2 in a strong coupling 
case. Nevertheless, it is instructive for us to investigate on what the conspicuous results 
of Sawada’s method are based ; hence we shall begin with re-examination of Sawada’s result 
in next section. 

By means of the analysis given in Sec. 2, we see how different the features of the 
system are in the strong and weak limits. These features are farther analyzed by means 


of canonical transformations in Secs. 3 and 4. In Sec. 3, the transformation function 


Upn=exp {i/2-tan7'[2V (t+ p) ]} (2) 


will be introduced to treat the weak region of coupling constant. This transformation is 
of the type of half-arctangent, which is often found useful in the treatment of spin variables. 
Actually the interpretation of the transformation (2) can be given by taking account of 
some rotation of the t-spin. Simultaneously we can verify that there exists some regional 
characteristics in the domain of p, which can be represented independently of V by taking 
1/V as the unit of length of p. In Sec. 3, the transformation function 


U,p=exp {iV (t- p)} (3) 
will be introduced to treat the most noticeable feature of the strong-coupling cases. The 
interpretation of the transformation (3) can be given in analogy to the Bloch-Nordsieck 
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transformation, if we take account of the fact that the angular modes of the system are 
apparently ineffective in the strong coupling case. But, through closer examination, this form 
of transformation function fails to reproduce finer details of the strong coupling theory. 

In the course of analysis made in Secs. 2—4, qualitative aspects of our problems can 


be clarified. With these results in mind, the transformation function of general form 
U=exp {i[an odd function of V(t-p)]} =exp jb f(\pl)} (4) 
P 


will be investigated in Sec. 5 to get some improvement to the Sawada’s results. In view 
of the unsatisfactory development of the operator calculus, one is forced to use a function 
of the form (4); but it will turn out that the improvement to be achieved is rather 
minor and our results are by no means quantitatively parallel to our qualitative prospects. 
In Sec. 6, it will be discussed what kind of calculation should become possible before we 
improve our results. 


§ 2. On Sawada’s approximation 


We shall re-examine Sawada’s method and try to analyze the background for the 


success of this method. In this method we use the transformation function 


Us=exp {iA(t-p)}, (5) 
where A is a variational parameter. Actually 2 can be determined by the condition 
(A—V) +2e°*[A+ (22-1) V]=0. (6) 


Fig. 1. 


— a 
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We shall hereafter denote by 2s such A that satisfics this condition. This condition gives 
the lowest approximative level of the ground state, E,+ (3/2), where 3/2 is the zero-point 
energy of meson oscillators and E, is defined by 


E,=,¢ Us'HUs))— 3/2= (1+ (22/2) —Va) — (1 +2V A) 6. (7) 


O\ 


(o€sr0 0 Yo means to take the vacuum expectation value with respect to meson oscillators.) 
Simultaneously, the matrix clements for the ground state to emit or absorb a single meson 
vanish by virtue of this condition. (Cf. Eq. (11) below.) 
The relation between A; and 
V is illustrated in Fig. 1. The | 
value of E, is plotted in Fig. 2 / 
as a function of V. In the inter- / 
mediate region of V, 4; and E, / 


are not single-valued functions of ,, / 
V; it is clear on the physical 
grounds that such branch of As 10 / 
must be selected that gives the / 
lowest E,. Then a certain range : / 
of As is useless, since 2s jumps _& | 
from the lower region into the / 
upper one when V becomes larger / 
than a certain value*. This jump / 

of parameter reminds us of a 6 / 
phase-transition of a condensing / 
system, and it may be taken as ° / 

an evidence that the nature of / 

the problem is different in two / 

regions. But we must be careful , ’) 

before we take this jump for ih f 
something of real meaning from 2 / 
the physical View-point ; we must / 
examine thoroughly what is the “ 
physical meaning of Sawada’s \hopcarie 
transformation in different regions , . : . z . , ; 
of As. Fig. 2. 


First we examine the situation in the weak-coupling region. It is instructive for us 
to compare the results for 2=V with those obtained for A=/,. 
better to use As, when Jy is much smaller than V; 
transformed Hamiltonian in both cases. 


In every respect it is 
; this becomes clear if we analyze the 


The transformed Hamiltonian js given by 


* This jump is shown by an arrow in Fig. 1. 
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UHU= y+ Hout Hep oro + Heat Haug (8) 
where 
Fn =4/2—AV +sin® (A| p|) /p?—V-sin (24|p|) /|pl, (8a) 
FAigp-ory =[V-sin (24|p|) /|p|—sin®(4|p|)/p*](Lp X q]-7), (8b) 
Aya=3(V—A)[ (t+ p)/p*: (p-q) +onj.], (8c) 
Hine=[ 3Ve08(24\p|) 4°" CoP | (ag) — SP) (pg) | +eonj. (64) 
P| - P 


The ordering procedure of these terms can be performed according to the formula 


1 } i ") i (arey 
F(p) = seed Ox yee fe EY) 


(9) 
here we introduce the creation- and annihilation-operators, * and §, and put 
p=(@—8*)/V2i, q=a(S+s*)/Vv 2. 
After some manipulations we have the ordered interaction terms, 
Fc Fagaad, (Ee 6 Aided (Teo *) (5 2G) bons 
+ (terms of other types, e.g. I,/(t-€*) (* +) etc.) (10) 
+ conj., 
where I’s are given by 
=v 2 /3:{4(V—A) +e"[ (1-277) V—A}}, (10a) 
Lf= V2 /5-{V—A) +68 VA) +4 42V2R (2 —3)]}, (10b) 
L=V/2/15- 8(V—A) —e "(3 (V—A) +P 4 2VR (P—3)]}. (10c) 


Fig. 3. 


I’s are plotted in Fig. 3 in both cases of A=V and 4=/,5. -The matrix element for the 


creation (or annihilation) of single meson vanishes when we put 2=/s, as the result of 


the equation, 
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AL SEE, (11) 
ie ae dar) 


With respect to matrix elements for creation or annihilation of more than one mesons, the 
results with A=2, are much better than those with A=V in the region V <1. 

If there were no involved effect caused by the t-spin, the problem must have been 
solved by means of the transformation function U=exp[iV(t-p)] in analogy to the neutral 
scalar theory. As for the t-spin, it is only t, that is diagonal in the usual representation 
of t-matrices, but off-diagonal t, and t, appear in the Hamiltonian with non-vanishing 
coefhcients as charged mesons are virtually emitted or“absorbed. Then these off-diagonal 
terms change the eigenstates of t-matrices. This fact can be represented by saying that 
the T-spin is put into a precession when mesons are virtually emitted or absorbed. It is 
noticeable that /s is smaller than V; the difference between 4; and V must be responsible 
for the property of t-spin. The effect of a component in some direction of t-spin will be 
reduced smaller, if the precession is taken into account and the fluctuation is averaged out ; 
and we may suppose that the generating function will be reduced from V(t-p) to /s(t-p). 
If this conjecture is true, the striking success of Sawada’s method, as demonstrated above, 
shows that the precession of t-spin is primarily important in the cases of weaker coupling 
strength. 

On the other hand, the situation is quite different in the region of stronger coupling 
strength. When /s of the weak region is smoothly extrapolated beyond the jump-point, 
it gives poor results, (cf. Fig. 3). The best value for As is nearly equal to V in the 
strong-coupling cases. If we put A=V, all matrix elements for the emission or absorption 
of an odd number of mesons can be made exponentially small, as can be seen in Egs. 
(10, a,b). And the level of the ground state can be made as large as —(1/2)V” only 
when we put A=V. The transformation function will assume the form exp[iV(t-p) ], if 
the t-spin can be treated as if it were a c-number. Though we cannot directly prove here 
that the t-spin behaves in the strong-coupling limit in such a way, it is remarkable that 
the degrees of freedom of t-spin is apparently reduced to one in the strong-coupling theory. 
Thus we can expect results of correct order, at Icast to the first order of approximation, by 
putting A=V. The effect of the transformation can be understood by considering a trans- 
lation of |q| by V(t-p)/|p|, which is primarily important in the strong limit. 

However, the level of the ground state is not correctly given at the next order of 


expansion into powers of 1/V*. We find, putting A=V, 
E,= 0 Apo o= —V?/24+1—e- 97 (142V?) ~—V2/241 (12) 


in the strong limit. The correct value is known as — (1/2)V*—1. This failure is due 
to the fact that in our formulation Hi, gives rise to a peak of the effective potential in 
the neighbourhood of |p| ~ 1/V; the shape of H,,. is plotted in Fig. 5a, putting A=V,. 
In the outer region of p-space (pl>1/V), H,,. is oscillating, except for the constant 
—V*/2, and gives no contribution on the average, but the effect of the first and highest 


peak cannot be cancelled by virtue of the valleys around it, and it may give a contribution 
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+1 to the level shift. This peak of effective potential gives no serious effect in weak- 
coupling cases, since it does not overlap with the wave function of the ground state, because 
we have 1<1/V and the wave function is small in the region |p| >1,; this is a fortiort 
true when we make use of Js, which is smaller than V. (Cf. Fig. 5a.) 


§ 3. Elimination of the angular part of the interaction 


We shall show in this section that we can eliminate the angular variables from the 
interaction Hamiltonian by means of a certain canonical transformation ; simultaneously we 
can verify the conjecture made in the previous section concerning the qualitative difference 
between strong- and weak-coupling cases. 

We begin with giving some general results of the transformation, assuming that the 
generating function of the transformation is an’ odd function of (t:p). The validity of 
this assumption will be discussed later (Secs. 5 and 6). We put the transformation function 
in the form 

U=exp {if[(t-p) ]} (13) 
and 
cos [f(\pII=CG G/lpDsin [FU PDI=S (14) 


or 


U=C+i(t-p)S. (15) 

By the definition we have the identity 

C+p°s=1. (16) 
The variable q after the transformation is given by 
U-1qU=q—tCS + 2p (t-p) [aC/d(p?) -S—AS/0(p*) -C] + [p Xt] S°. (17) 
Consequently we have 
U-gU=4q? + [2p* (C/A (p?) -S—0S/0 (p*) -C) —CS]2+25?2—2S° ( [p Xq] -t) 
— [CS(e-q) +conj.] +2[(0C/0 (p®) -S—AS/0(P") -C) (t-p) (pq) +conj.]. (18) 
The results of transformation for (r-q) is given by 
U-\(¢-q) U= {(C2—}) (#-q) +conj.} + {57 (ep) (p-q) +conj.} 
4.205 (e+ Lp Xq]) +2(0C/0(p2) -S—05/0(p*) C)p*—3CS. (19) 
We notice the relation 
p?(0C/8(p?) -S—45/0(p*) -C) =4 [SC—df/d|p|l, (20) 
where we use the identity (16). 

By means of Eqs. (18)— (20) and (16), the transformed Hamiltonian is 
UHU= Hy + Hot + Hayrore + Hewat Aang « (21) 
Hypo is given by 

Hya=3 (4f/d\pl)?—V f/4l Pl) +5?—2VCS, (22) 
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and can be regarded as the additional term to the potential of meson oscillators after the 


transformation ; Hy,,.r is given by 
Hy). =5(2VC—S) (t-[pXq]) = (t-[pxq])S(2VC—S), (23) 


(where it is remarked that this term is commutable with p*) ; and it gives rise to a 
separation between a state with parallel isotopic spin and charge vectors and a corresponding 
state with anti-parallel ones: HH), and Hy,.or, as well as H, are even operators by which 
the occupation number of mesons is changed by an even number, if any change takes place. 
On the other hand, H,,, and Hy, are odd terms by which the occupation number of 
mesons is necessarily changed by an odd number. They are given by 


hooks) pre Sh al CaP) pe ea 24 
ad ala al (Pq) +conj., (24) 


and 


a=[7(c*-1)—4 es] @-@) sy ee (p-q) | toon) 


=3[Pest-S 77 | e-m =e (p-q) | +eon) (25) 


respectively. Here Hy,q is independent of the angular modes of meson oscillators, while 
Hig depends on them. 
In general both types of interaction term, Hy,q and Hy... appear after the transforma- 


tion. Only when we put the transformation function in the form 


U,,=exp {i/2-tan™"[2V (z-p) ]}, 2) 


the angle-dependent term Hy, can identically be canceled ; (see (25)). For the moment, 
we recall the fact that a transformation function of half-arctangent-type has often proved 
useful in a problem in which 1 /2-spin variables appear; the treatment of a free Dirac 
particle with non-vanishing momentum or the reduction of Ps-ps coupling in the meson 
theory are the examples, and in every case the physical interpretation of results has been 
given by considering some rotation of spin vector. Here the same type of transformation 
is powerful in treating the precession of t-spin. Accordingly, we name this type of 
transformation as the Spin-rotation-type or rotation-type in short, and put the index ‘ R’ to 


relevant quantities. 


The results of the transformation generated by Uy are, according to Eqs. (22) — (24), 


\2 2 
Hs RL 1 ae 1 id 1 —_ ae 29 
sll oe) 2 (1+4V*p’)? “1+4V7%p*’ 5: 
Rr 214 
8p-orb 1 4: V1+4V*p? (Lp x q| Te (30) 


rad 1 +472 ia i -(p-q) + conj. . (31) 
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‘ 


1.0 


0.5 


They are plotted in Fig. 4 as functions of 
|p| except for factors (T-p) (p-q)/p" or 
(t-[pxq]). 

The “Hes term. is. larger in the 
neighbourhood of the origin of p-space, 
but is damped in the region |p| >1/2V 
with the asymptotic form V/|p|. It should 
be remembered that H,%o., gives rise to 
a splitting of correct sign between states 
with common value of [pXqJ], namely 
the states with parallel charge and isotopic 
spin vectors are made lower. 

On the other hand, the remaining 
interaction term H,/,, vanishes at the origin 
and is small in the region |p| <1/2V, 
but is equal to V in the region far from 
the origin. (|p| »1/2V). 

The wave functions of low-lying states 
have an exponential factor exp(—4p*) and 
in the region |p| >1 their values are very 
small. In a weak-coupling case, we may 
safely neglect Hi, because Hyii is small 
in region |p|<1 since 1~ 1/2V and its 
matrix elements between low-lying states 
are very small. The isotopic spin-orbit 
coupling operator can readily be made 
diagonal in a given charge state, and the 
effective Hamiltonian H,* +H," ore 
is free from any term which causes a change 
of meson occupation number by an odd 
number. Thus we can successfully eliminate 
the interaction Hamiltonian by virtue of 
the transformation U,. In the  strong- 
coupling case, on the contrary, we have 
1>1/2V, and the major part of wave 
function is perturbed by the interaction 
term of strength V; while He wand) Fite 
are of secondary importance, for they affect 
only a small portion of wave function. 
Since the interaction term 1s averaged over 
angle and is correlated only with the radial 
mode, we have verified that, in the strong- 
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coupling limit, it is important to treat the interaction of the radial mode, first disregarding 
angular modes. 

(1/2) p°+H,), is the effective potential of the meson oscillator after the transformation. 
HM, hes the value —(3/2)V? at the origin but it is damped in the region |p| »1/2V 
with the asymptotic form —V/|p|. We can expect a level shift of about — (3/2)V* for the 
ground state in a weak-coupling case. This is because we have 1/2V. 1 in such a case 
and the ground state wave function is extended only in the region |p| <1. 

If the coupling constant V becomes larger, it is necessary to perform a second trans- 
formation to eliminate the interaction of. radial mode, which will be considered in next 


section. 


$4. Elimination of the radial mode in the interaction Hamiltonian 


The radial mode can identically be eliminated from the interaction Hamiltonian, only 


when we put the transformation function in the form 


Up=exp {iV (t-p)}. (3) 


This transformation corresponds to some translation in the q-space, and accordingly, we put 
the index ‘T’’ to relevant quantities. The transformed Hamiltonian is given by 


elo ey sin®(V|p|) sin(2V’|p}) 
H? = — 24 BEE pe Pe 32 
2 c P| Ci 
HE w= — (e-[pxq) {2 Ue) _psa@Viph)) (37) 
P | P| 
Pel Oily 51) —Sin(2V| p|) ee Ge cl ak 

BE greg SL etary 8 a at (P-)} 

+ conj. (34) 


These functions are illustrated in Fig. 5. In this case the remaining interaction Hamiltonian 
depends on angular variables; hence the transformation U, has a character complementary 
to Ux of the preceding section. 

The effective coupling strength in H% oscillates rapidly in the region |p| 1/V. 
In a strong-coupling case, Hy”, has small matrix elements between low-lying states ; they 
ere actually proportional to exp (—V*) (see Eqs. (10, a—c)). This is because the major 
part of the wave function lies in the region |p| >1/V, and are slowly varying. Consequently, 
we can consider the interaction Hamiltonian is approximately eliminated in strong-coupling 
cases by means of U,. The effeciive potential also exhibits a characteristic feature of the 
strong-coupling theory. H,%, oscillates rapidly about the value —(1/2)V? in the region 
|p| #1/V, and to the first approximation, the level of the ground state may be — (1/2) V2. 

As mentioned earlicr, the transformation function U, is derived by assuming that the 
system is perturbed only by the radial mode of meson oscillators with constant strength V. 
Then we proceed in analogy to the Bloch-Nordsieck transformation. However, as is shown 
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in the preceding section, this assumption is justifiable only in the region |p| 1/V. In 
the inner region |p| < 1/V, the components corresponding to angular modes can never 
be neglected. 

The behavior of transformed Hamil- 
tonian is in fact unsatisfactory in 
the inner region. The effective potential 
has a high peak near |p|=2/V, whose 
effect of wrong sign cannot be canceled 
by virtue of neighbour potential valleys ; 
and it makes the level shift a little wrong, 
ie.. —(1/2)V°+1, in contradiction to 
the correct value —(1/2)V’—1. The 
shape of HJ... has some close relation- 
ship to that of H/’,, and HY...) has a 
deep valley near |p|=2/V. This valley 
makes the expectation value of HJ.,,,, 
negative in a strong coupling case, which 
is a wrong sign ; and among the first low- 
lying excited states, for example, the state 
with [=1/2 will be brought lower than 
the state with [=3/2, if the coupling 


constant becomes larger than a certain 
limiting value (about 0.81).* We must 
make use of a generating function of 
rof such a form as discussed in the preceding 
section if we want to get rid of these 
ost defects in the inner region. 

Summing up our analysis made so 
far, we must have a generating function 
of the form, which is similar to 
(1/2)tan7*(2V|p|) in the inner region 
(|p|<1/V), but approaches |p| asympto- 
tically in the outer region (|p| >1/V) ; 
the deviation from |p| must be largest in 
the region |p|~1/V, since the situation is 


a) 


most involved there as is seen above. 


* We have 
(1|Hsp-orp7 11) = — UU+1) —2—3/4] [e-V2(1+4V?—4V4) - 1, 


lue taken with respect to any one of the first excited states of 


..-]1) denotes the expectation va 
i i : The second factor vanishes at V=0.81 


meson oscillators. J is the quantum number of total isotopic spin. 


and is positive (negative) for V smaller (larger) than the critical value. 


ee 
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It is noticeable that V and |p| always appear in combination, so we can speak of regional 
character of p-space, independently of V, if we use 1/V for the unit of length of p; we 
put x=V|p| hereafter. The division of two regions at x=1 is somewhat arbitrary, and 
there may be some intermediate region. In fact, as will be discussed in § 6, our approach 
is to some extent powerless in the region x~1. It requires a computational technique 
more powerful than is available at present to improve this point. But it seems tolerable 
for us to divide the p-space into two regions at x=1, as far as qualitative arguments are 
concerned. The curve of f(x) plotted vs. x is somewhat similar to that of Sawada’s 
parameter 4s plotted vs. V, if the latter curve is made smooth in the intermediate region. 
This fact is more meaningful than a superficial similarity. The inner region x<1 gives 
features common in weak coupling cases to our system, while the outer region x>1 is 
essential for the features of strong coupling cases. As the wave functions extends approxi- 
mately up to x=V, the magnitude of the coupling constant determines the character of 
regions which are covered by wave functions. On the basis of this fact we must expect 
some close relationship existing between the regional character of p-space, which is represented 
by f(x), and the character of coupling strength, which is represented by 2s; where As is 
the effective coupling constant in which some effects of higher order perturbation theory 
are taken into account in a kind of averaged form. 

Incidentally, it may be natural for us to define the strong-coupling case as the one in 
which the weak-region branch of 75 gives poorer results than A=V does, or in other words, 
a case in which the precession of t-spin gives only a secondary effect. Then we have 
V~3.5 for the lower limit of the strong coupling region. Thus we have the following 


scheme in the symmetrical scalar problem 
et the weak coupling region, 
W/2V 3.5 the intermediate coupling region, (35) 


Bh IA the strong coupling region. 


§5. Variational calculation 


We have thus far exclusively used a generating function which is an odd function of 
the argument (t-p). We are forced to consider this type of generating function, since 
otherwise we cannot perform ordering of operators in the transformed Hamiltonian by known 
techniques of operator calculus. This is concluded in the following way: An exponential 
function of operators can be ordered, at present, if and only if the argument is a linear or 
bilinear form of operators. Thus we can perform ordering of the transformed Hamiltonian, 
applying Fourier transformation to the terms to be ordered (cf. Eq. (9)), if the argument 
of the transformation function is a linear or bilinear form of operators. But no bilinear form 
is useful, since we want to eliminate the interaction term. Hence we should consider a 
generating function, which is an odd function of the argument 


A(t-p) + (t-q), (36) 
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where A and y are arbitrary numerical constants. If we perform a transformation by 


R=exp[—i(tan'2/d) (p? +’) /2], (37) 
the total Hamiltonian in the new representation is put into the form 
ar, 2 nA pV 
R bens Meme Dt 7 P)> (38) 


and at the same time the generating function is put into the form 


R“UR=exp {if [V2 + /2(t-p) }}. (39) 
Then it is evident that we must put “=O in the new representation, because the last term 
on the right hand side of Eq. (38) remains unchanged by the transformation generated 
by (39). Consequently, we are led to consider a transformation function of the form used 
in this paper. 

Let us now try to minimize effects of interaction terms of any type by virtue of a 
suitable transformation. Some remark was given in preceding section about the shape of 
generating function. But it is impossible to invent a transformation function which can 
identically eliminate both radial and angular modes from the interaction Hamiltonian, as 
far as the generating function is restricted to the type considered here. Then we must 
require that our transformation should satisfy the condition, ‘ The radial and angular inter- 
action terms should give no remarkable effect to the lowest state.’. This condition may be 
represented by the following two equations 


ao 


effective coupling strength in je LOS es ; 
= ‘pd : 40 
| (he me as a function of |p| exp ( |p|’) -p | p|—>min (40) 
0 
effective coupling strength in eh 1 ut 
=| pie 41 
| ee, as a function of 2) exp(—|pl") -P | p|—>min (41) 
0 


If these minimum values are actually very small, we may safely neglect effects of 
Ha and H,,,-terms in the transformed Hamiltonian, at least when we are concerned with 


low-lying states. Then we have only to use the effective Hamiltonian 

Hee= H+ Hoo + Hsp-or © 
In each charge state, the spin-orbit coupling operator in Hypor, can be made diagonal, and 
we have an effective Hamiltonian representing oscillators in p-space with modified potential 


for each state. 
At this point, some closer examination of H, may be useful. It consists of two parts, 


as is shown in Eq. (22) 
H, 


— 1 2 
pot Foot an Feo 
with 


1 =[3 (df/d| pl)?—-Vf/d|pl)}, and Hypa =S°—20'CS. 


pot 
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Only Hy). gives remarkable effect in the outer region of p-space, and its physical meaning 
is understandable, if we take df/d|p| for, the effective coupling strength of our system 
and adopt an analogy to the Bloch-Nordsicck transformation. On the other hand, 


we may regard the effect of rotation. of t-spin as the cause of H,\,. There is a 
support to a conjecture that Hy may be closely related to the precession of T-spin ; ae 
effective strength of H),.o.,, which represents characteristically a result of t-spin’s precession, 
is of the just same form but of the reverse sign as this term. We may naturally expect 
that if the terms S*—2VCS are correctly given, it will then be possible in the cases of 
strong coupling to get a level shift which is not far from the correct value — (1/2)V*—1, 
and to obtain simultaneously correct spin-orbit. splitting of levels. 

From a practical point of view, we will here introduce a variational approach, and 
assume a rather simple functional form for the generating function, in which some parameters 


are varied as to satisfy above conditions. The form here adopted is 


1 “4 2 x 
f(x) Pee: (=|+ rte (42) 


or 


Rare etohegetal (43) 
4+ Ax? + x! 


with two parameters to be varied. This form is in accordance with the general remark 
given in the preceding section, as it approaches to f(x) =x as x00, and to f(x) = 
(1/2) tan7'(2x) as x0. The numerical results are given in Table 1. Calculations are 
made at V=0.2, 1, 5, which are representing the weak, intermediate and strong-coupling 


region respectively. 


Table 1. 
a ; 
—0.478X25 | —0.477x25 
o(Hpotdo —1.41 0.04 —0.935X1 = ; 
(—0.5 X25 +0.55)! 
—0.373— 
16Asp-orb>4 0.93 X 0.04 0.315X1 —0.0149 x 25 
10H’ raa)o H — 
(Eq. (40)) 0. : 0.14 x 0.2 | 0.18 0.2 0.3901 0.0559 5 
1H1ane9 | _9.950:2'§ —0.01x0.2°: 0.00 0.2 —0.345X1 0.0030 x5 
(Eq. (41)) 
parameter : : ; 
A 15, signee 7.2 7.2 4 4 
a He ho ora. Gee, 1 1 : 0.5 


It is true that some improvement to Sawada’s results. is obtained, but it is insufficient 


in the strong coupling cases, and we are far from reproducing finer details of the strong: 
coupling theory. 
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We have hete computed expectation velues of various terms not using the eigenfunc- 
tions of the effective Hamiltonian but using the eigenfunctions of the unperturbed harmonic 
oscillators, in the hope that the former may well be approximated by the latter. Some 
further improvement on our results is possible, if we make use of the more exact wave 
functions for cach state, which are eigenfunctions of the effective Hamiltonian, FY, + Alpot 
+Fiyorn- However, it scems improbable that we can expect much in this way, because 
there is some serious difficulty in carrying out our approach* in not-weak-coupling cases 
perfectly in a line with the qualitative prospect thus far obtained. This difficulty arises 
from the limited form of our gencrating function. And the region x~1 can never be 
well treated. 


§ 6. Discussions 


We cannot quantitatively obtain a result, which parallels the qualitative prospect thus 
far discussed, so long as the generating function is restricted to some odd functions of (t-p) 
alone. The general form of the generating function G can te obtained from the solution 


of the operator equation 
_i[H,, 6]=H'— (1/3) (LH, GIG]— G/45)[-- "6 |G ]6]6] 
a. (44) 
— {2°"B,/(2n)}[---[H’G]---G], 
where B,’s are Bernouilli numbers; this equation is oltainable by means of the method 
investigated by one of the authors” (S.T.) ; the mth coefficient is that of x" in the ex- 


pansion of x cot x. When the generating function G is expanded into powers of V and 


is put in the form 


G=VGYP4V°GP+.--, (45) 
the first term should be the solution of the equation 

—i{H,, G? |= (t-q). (46) 
This equation can readily be solved and the result is 

G? = (z-p). 


Then G® should be the solution of the equation 
i[H,, GC? ]= 1/3) [[ (7-4), GP JE" 
= (1/3) {(p’+°) (t-q) +conj.} 
+ (1/3) {(p*—q®) (t-q) —[(p-4) + (4p) -p) +eonj.}. (47) 


* Alone with the condition that H/n« should give a minimum effect or that H’cp-orb should give a 
maximum effect, we are led to the answer that f(x) is (1/2) tan—1(2x) ; while alone with ihe condition that 
the H’raa should give a minimum effect, we are led to the answer that f(x) is xe Actually we are forced 
to determine the best value of parameters by the cordition that the approximative level of ground state 
(computed with the unperturbed wave function) should kecome as low as possible. 
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If only the first member of the right hand side is retained we obtain a part of G”, 


which is given by 
G" = — (1/3) {(p?+q°) (t-p) +conj-}. 


. . 2 2 . . 
If we further make an approximation to replace q°* by p*, considering that the same 


expectation value is obtainable when applied to the ground state, then we have 
Go! ed (4/3) (t-p)* 


which gives the second term of the expansion of (1/2)tan“1(2V(t-p)). However neglect 
of the second member on the right hand side of Eq. (47) cannot be permissible. There 
is no more justification, if any, than that its inclusion causes so much complication of the 
generating function G that we can hardly give the ordered form of the transformed 
Hamiltonian explicitly. In fact the exact solution to Eq. (47) is given by 


G® = — (2/3) (q?(t-p) +conj.) + (1/3) ([(p-q) + (4p) ](=-q) +conj.). 


Particularly, omission of such a term G”’, 


G”" ~ [(p-q) + (q-p)](=-q) 


causes a serious effect on the transformed Hamiltonian. Since i[{H,, G®"") is just the term 
of the type of Hyaa, inclusion of G®” or a term of similar nature yields an effect that, to 
some extent, Hy,q is reduced smaller, while H,,,, remains nearly unchanged. Thus we can 
expect that the results of oir transformation will be characteristically affected, if we include 
a function of the form G’’ into the generating function, though we will have some 
difficulty in performing the ordering procedure of the transformed Hamiltonian. 

In analogy to the treatment of rotation of t-spin in more usual cases, we must have 
two types of T-operator in the argument of the generating function of our transformation. 
This means that we must include both (t-p) and (t-q) into the generating function. 


But as was discussed in the previous section, the linear combination 


A(t-p) + (tq) 
is useless ; and, as suggested above, the part containing (T-q) must appear in the form 


(t-q) {(p-q) + (q-p)]+:-+}. 


The transformation function which is given in terms of (t-q) (p-q) or similar forms 
may be effective in the intermediate region of pspace. The properly inner (|p|~ 1/V) 
or outer (|p| 1/V) regions of p-space can be manipulated by generating functions of 
the type which are similar to f(x) =(1/2)tan7'(2x) or f(x) =x. Indeed, it is in the 
region 1/V |p| S3/V that we are annoyed by a high peak of H,,,. If a transformation 
function given in terms of (t-q)(p-q) or similar forms were successfully applied, Hina 
in the intermediate region of p-space could be reduced smaller and then the transformations 
of rotation-type, which has been discussed in Sec. 3, would have a wider range of applica- 


bility in p-space, so that A after such transformations would become far less oscillating 


and assume a well-behaved form which we expect on the basis of qualitative analysis made 
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in this paper. If the intermediate region of p-space could successfully be dealt, then Hy,-orn 
would correctly be given and the results of the strong-coupling theory might well be 
reproduced in its finer detail. 

In conclusion, we have made analysis of the bound-meson problem of the symmetrical 
scalar theory, and pointed out the regional character in p-space. When the knowledge 
about these regional character are combined with the fact that the wave functions of low- 
lying states are not extended beyond a certain limit, we can predict how the character of 
our problem is changed as the coupling constant is varied from the weak-coupling region 
into the strong-coupling region. Because of our limited possibility in handling a complicated 
form of operators, the success achieved is only partial as regards to its quantitative aspects. 
However, the direction has been discussed in which the future improvement might be 


explored. 
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express his thanks to the “ Yukawa Yomiuri Fellowship ” for financial aid. 


References 


1) a. Zz. Maki, M. Sato and S. Tomonaga, Prog. Theor. Phys. 9 (1953), 607. 
b. S. Tomonaga, Prog. Theor. Phys. 2 (1947), 9, 63. 
c. S. Tomonaga and T. Miyajima, Sc. Pap. LP.C.R. 39 (1941), 247. 
2) K. Sawada, Proc. Intr. Confr. at Kyoto, (1953), 219, and private communications. 
3) T. Miyajima, T. Tati and S. Tomonaga, Prog. Theor. Phys. 3 (1948), 26. 
G. Wentzel, Helv. Phys. Acta 13 (1940), 269; 14 (1941), 3. : 
4) D. Ito, Y. Miyamoto and Y. Watanabe, Prog. Theor. Phys. 13 (1955), 5945 Y. Watanabe 
Prog. Theor. Phys. 13 (1955), 603. 
5) S. Tani, Prog. Theor. Phys. 11 (1954), 190. 


260 


Letters to the Editor 
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July 25, 1955 


The divergence difficulties are the serious defect 
of the field theory, but so far as quantum electro- 
dynamics is concerned, we can overcome these 
difficulties by the renormalization method, and can 
get the results which are in good agreement with 
experiments. In spite of this success, the renormali- 
zation method contains a mathematically inadmissible 
process, i.e., ‘the subtraction of infinite quantities’. 
As we can obtain some results of physical significance 
through the mathematically inadmissible process, 
we may consider that if we reformulate the theory 
with mathematical rigour, we shall be able to arrive 
at the same results without such difficulties as diver- 
gences. Such reformulation will be made using the 
concept of distributions of Schwartz!), because singular 
functions in the field theory, which are important 
but strange, can be treated rigorously only in 
connection with this concept”). In the following, 
we will call these singular functions ‘ 4-type functions.’ 

At first, we define various spaces as follows®) : 
i) The space (bd): 

The space of complex-valued functions of n real 

variables, each of which is indefinitely differenti- 

able and has a compact carrier. 
ii) The space (d’) (The space of distributions) : 

The adjoint space of (b). 

iii) The space (8) : 

The space of complex-valued functions, each of 

which is indefinitely differentiable and js ‘of 

rapid decay at infinity.’ 
iv) The space (3/) (The space of temperate dis- 
tributions) : 

The adjoint space of (8). 

v) The space (h) (The Hilbert space) : 


The space of complex-valued functions, each of 
which is square integrable. (h) is self-adjoint. 


These spaces satisfy the relation 
(d) C (8) € (bh) C (8’) C (07). (1) 


All 4-type functions belong to (8). In (8%), we 
can define easily the Fourier transformation, and the 
Fourier transform of each function of (3’) belorgs 
to (3’) again"), so in this space we can treat the 
problem equally well both in the p=representa’ion 
and in the x-representation. Therefore, in the field 
theory it is net necessary to use (b’), and we have 
only to use (3/ . 

In the Schrodinger representation, the space of 
state vectors is defined as follows: 


(3) = (bv) O(b1) O---,— (2) 
where (b,,), n=0,1,---, is the Hilbert space (°) of 


3n variables (coordinates of n particles), ard @ 
denotes the direct sum. The Schrédinger equation 
is usually given by 


i(@V/at)=HY in (S). (3) 


In these theories, H must be an Hermitian operator, 
though it is not so in many cases and H¥ cannot 
be contained in () in general, because 4-type func- 
tions are not contained in (fh). Corresponding to 
(2), therefore, we define a new space (G’) as follows : 


(6) =8) O06)O--, (4) 
and denote its adjoint by (G). We can show that 


(6) C (@) C .6”), (5) 
and that (G) is everywhere dense in (§), and () 
in (G’)9), 

As 4-type functions in the field theory belong 
to (8’), domains and ranges of all operators are 
contained in (G’). We cannot define a multiplica- 
tion of any two distributions, and so, when we deal 
with a product of two operators, it must be considered 
whether it is admissible or not. In view of these 
facts, we propose that the Hamiltonian H must be 
modified so as to contain admissible products only, 
and that the precise meaning of the Schrodinger 
equation (3) should be as follows: 


i(07/dt)=HY in (S/), (not in ()!), VE(S). 
(3’) 
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In the following, we will call H ‘quasi-Hermitian’ 
if, for any vectors , and @; in the domain of H, 
there exists an ‘inner product’ (@,, H@,) satisfying 
the condition 


(1, HO,) = (HQ, ®). 


His not-Hermitian in general, but it must be ‘ quasi- 
Hermitian,’ and if so, the condition | ¥(¢)|=const. 
is satisfied. 

Now we must study the existence of solutions 
of the Schrédinger equation. We can, however, 
give no proof as yet and can only surmise that the 
existence of them is very probable at least in the 
case of quantum electrodynamics. The Schrédinger 
equation of quantum electrodynamics in the inter- 


action representation is 
i(@¥/0() =H¥ in (6), H®=— Sin) 4, de. 
(6) 


As H is ‘ quasi-Hermitian, we can show that, if 
there exists a solution of (6) which satisfies an initial 
condition, it is unique. 

Since a product H(t;)-H (tz) has no mathematical 
meaning, the perturbation expansion is not admissible. 
Therefore, we regularize H, and make the perturba- 
tion expansion admissible. Let the regularized 
Hamiltonian be H;, then we can assume without 
loss of generality” 

lim Hj=H, j=1, 2,--- 
ee hd 
Now consider the equation 


i(0 ¥;/0t) = Hy ¥; in () | ¥(to) | =1. (7) 


We can easily show that there is one and only one 
solution of (7), which can be given by the following 


series : 
1j() = Ulu) + (1) dest) Pw) 


+ (i?! des dla (0) Hy(e) Ua) + 
lo} fo) 

(8) 
Further, we can also show that in such a case we 
can apply Dyson’s renormalization method with 
mathematical rigour®), and that, when j->°°, the 
limits of the results of these renormalizations are 
the same as those given by Dyson. As Dyson’s 
results are in good agreement with experiments, we 
may consider that, in the case of quantum electro- 
dynamics, there exists a solution of (6), which can 
be given by pe Yj, but it cannot be expanded in 

> co 


powers of e (coupling constant). 

Hitherto many authors have adopted equations 
like (7), as is seen in ‘the non-local interaction 
theory ’®), but almost all of those authors denied the 
equation (6) and introduced such equations as (7) 
by some physical reasonings. From our standpoint 
the equation (6) is not denied, but as we know no 
method to solve it, we have introduced (7) as a 
mathematical procedure. 

Now. we may conclude as follows: At least in 
the case of quantum electrodynamics, the field theory 
is acceptable in the above-stated sense, and the 
divergence difficulties arise from the use of inadmis- 
sible method of computation. If only we can find 
an admissible approximation method, there will be 
more difficulties. Also in other cases, it is mecessary 
to discover an admissible approximation method, 
and if there remains any difficulty further, or if it 
is shown that (3’) has no solution, then we must 
seek after its modification from some physical stand- 
point. 
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The Character of the Roton State 
in Liquid Helium 


R. P. Feynman* and Michael Cohen 


California Institute of Technology, 
Pasadena, Calif., U.S.A. 


August 3, 1955 


One of the authors!) has computed an energy 
spectrum for the elementary excitations in. liquid 
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helium, using a trial wave function of the form 
d= Dif(Kig, (1) 


where g is the ground state wave function and the 
sum runs over all the atoms in the liquid. For an 
excitation of momentum #K, f(R) =exp iK-R and 
the resulting spectrum is 


E(K) =6°K*/2mS(K) , (2) 


where S(K) is the liquid structure factor and is 
known from experiment?)- This spectrum is correct 
for phonons (K<1A~!) and has the qualitatively 
correct feature of exhibiting a minimum at 2A-! 
(roton region). Landau and subsequent workers?) 
have shown that the specific heat and second sound 
velocity data require the value 4/k=9.6°K where 4 
is the minimum roton energy and & is Boltzmann’s 
constant. This number is probably accurate’) to 
0.2°K. Formula (1) locates the minimum correctly 
but gives 4/k=19°K. 

To improve the theoretical result an improved 
roton trial function was sought. Mathematically the 
next order of complication 

$=Diz f(Ri, Rye (3) 
suggests itself. From the fact that the momentum 
is bK we know f(R;, R.) must be of the form 
g(R;—R») expiK-R,. The resulting variational 
equations to determine the best g(R) turn out to 
be very complicated. This general attack was 
abandoned and we tried instead to find a physically 
reasonable mathematical form for g(R) containing 
only a few parameters to be minimized. 

A number of different physical arguments sug- 
gested about the same function but perhaps the 
clearest argument is the observation!) that the function 
(1) does not satisfy the conservation of current, and 
that in fact the current in (1) must be returned by 
a back flow. This flow, far from the roton, is 
similar to that from a dipole source, corresponding 


to a velocity potential mS(R) where S is of the 
form 


SCR) =a(K-R)/R° (4) 
with a certain constant a. This suggests the function 
$=Di expGiK-R,;+iD,5(Ri;j))¢. (5) 


For very small R of course § should differ from (4), 
but no atom comes closer than the 2.7A range of 
repulsion, and we propose to omit the term t=) in 
the sum. Furthermore we shall leave a as an adjustable 


Parameter to compensate for imperfections in the 


form of §. This function is also very difficult to 
handle, but the variation in 3);S(R;;) over the 
configurations allowed by g is small, and we may 
use instead the function obtained by expanding the 


exponent, 


$=Di (exp (K-R;)(1+iDjS(Riz))e- (©) 


This is the trial function which we finally used. 

Some of the resulting integrals involve the 
coordinates of three atoms, and it was necessary to 
approximate such a three particle correlation function 
by a product of three two particle correlation func- 
tion. Careful inspection and elaborate check calcula- 
tions of the various terms which contribute to the 
answer shows that this approximation introduces a 
negligible error. We hope to publish a more detailed 
account of these considerations soon. Choosing a 
to minimize the energy we obtained the new value®) 
4/k=11.7°K. The position of the minimum, Ko= 
2A~1, is substantially unchanged by this improve- 
ment in the wave function, and phonon energies 
(K very small) are also unchanged. 

The roton state represented by the function (5) 
can be described roughly classically as a vortex ring 
of such small radius that only one atom can pass 
through the center®). Outside the ring there is a 
slow drift of atoms returning for another passage 
through the ring. There are at least three ways 
that the classical picture is modified. (1) The 
momentum of atoms passing through the center 
cannot be made smaller because the wave function 
must return to its original value when, after one 
moves through, another stands in its old place. 
The wave length must be the atomic spacing. (2) 
The ring does not drift forward as a large smoke 
ring, because as it is as small as possible there is 
no force tending to shrink it; which force in a 
classical ring is balanced as a consequence of the 
forward drift. (3) The location of the ting is not 
definable. In typical quantum mechanical fashion 
the lowest energy state corresponds to superposition 
of amplitude to find the ring anywhere in the liquid. 
The energy is less than the kinetic energy b°Ko?/2m 
of one atom with momentum #Kp because there is 
a correlated motion of many atoms moving together 
so the effective inertia is higher (the energy d/k 
corresponds to 2.5 atoms moving together at total 
momentum #Ko). 

The decided improvement in the value of A/k 
supports our belief that the roton wave function is 
close to (6) or (5), and that the above physical 
picture is roughly correct.” 
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1) R. P. Feynman, Phys. Rev. 94 (1954), 262. 

2) L. Goldstein and J. Reekie, Phys. Rev. 98 (1955), 
857. We have chosen to normalize S(K) 
slightly differently. With our normalization 
S(K) =1.26 at K=2A~, slightly less than the 
value in this reference. 

3) De Klerk, Hudson and Pellam, Phys. Rev. 93 
(1954), 28. 

4) J. R. Pellam, (Private communication). 

5) The value of a expected for the conservation of 
current argument leading to (4) is 1/47, where 
p is the number density of atoms. The value 
of a which minimize the energy is very close 
to this. 

6) “ Progress in Low Temperature Physics,” North 
Holland Publishing Co. (1955), Chap. II, R. 
P. Feynman. 

7) We are indebted to C. G. Kuper for sending 
us a preprint of a paper in which he obtains 
substantially the same result for 4/k with a 
wave function of form (3). A detailed com- 
parison of our wave functions has not yet been 
made. 


* Presently visiting Yukawa Hall, Kyoto University. 
This author wishes to express his gratitude for the 
kind hospitality he experienced during his visit to 
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As is well known the cloudy crystal ball model 
proposed by Feshbach, Porter and Weisskopf!) has 


successfully accounted for low energy neutron experi- 
ments. Therefore, it seems worthwhile investigating 
whether this model still holds for the nucleon scat- 
tering at a higher energy region, and consequently 
seeing the energy dependence of the parameters of the 
optical potential. In this respect, Wood and Saxon”) 
has actually carried out the analysis of the 20 Mev 
proton scattering data. There has, however, been 
no analysis, based upon the cloudy crystal ball model, 
for the neutron scattering at the intermediate 
energy. 

Recently, Graves and Davis*) have carried out 
an experiment on the nonelastic neutron scattering 
at 14 Mey and a comprehensive accumulation of data 
for 14 Mev neutron experiments has been tabulated 
in their paper. In this paper they especially note 
the fact that the ratio of the scattering cross section 
to that of the compound nucleus formation shows 
a characteristic diffraction-like-pattern if this quantity 
is plotted against 41/3, and this behavior can hardly 
be fitted to the flat curve expected from the continuum 
theory. 

In view of such situations, we have attempted 
to account for these observed behavior of the 14 Mev 
neutron scattering by the use of the cloudy crystal 
ball model. The preliminary result of our calcula- 
tions will be reported here. At such a high energy 
as 14 Mev we may safely expect that the so-called 
compound elastic scattering is negligibly small. We 
have carried out the exact calculation by the partial 
wave method, using the square well optical potential. 
The parameters of the potential used are as follows : 


V=40 Mev | V=40 Mev fava Mev 
8 Mev’ |W=12 Mev’ \W=6.5 Mev 


On the other hand the estimation of W7 by means 
of the semi-classical Fermi gas model yields the value 
of W7=10 Mev.” 

The results of the calculations together with the 
experimental data are plotted in Fig. 1, 2 and 3, 
in which o; represents the total cross section, o¢ 
the cross section for compound nucleus formation 
and o's, the scattering cross section. The calculated 
curve with V=30 Mev is not plotted since it was 
found that o,¢/o¢ curve could not be fitted to the 
observed one by any choice of the nuclear radius R 
within a reasonable range, although the choice of 
the nuclear radius is somewhat arbitrary. Among 
the several formulae thus far proposed for R in terms 
of A, the mass number of the nucleus, we have 
tentatively adopted the one: R=a+bAi/%. If we 
choose the value a=0.5 X10-!%cm, 6=1.35 X 107¥cm 
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the curve o;, vs A‘/3 is well reproduced by the 
calculated one with W7=12 Mev, while, in the 
Positions of the maximum and minimum of the 
OsclF¢ vs A'/3 curve, a slight discrepancy is observed. 
In order to remove the discrepancy about these points 
we have to choose the values, a=0.78 X 107!3cm and 
6=1.20X 10-cm. 
the general trend of the cross sections as well as 


It is clear from the figures that 


the ratios ¢;,/0, can qualitatively be accounted for 
by the cloudy crystal ball calculation. The existence 
of the second minimum in large A'/3 region seems 
to be apparent in our calculated curve, o,,/0, vs A'/3, 
but there is no sufficient experimental data to test 
our result about this point. 

Quantitatively, however, the calculated values of 
%sc/o, are too high, in comparison with the observed 
data, especially in the region of 4'/3 near the first 
minimum. On taking still larger W7 our values of 
Ssc/o_ are found to decrease, but the general trend 
of the curve becomes flatter than the one obtained 
with the smaller W, in contradiction to the experi- 
ment. On account of the fact that the curve given 
by the continuum theory shows no minimum or 
maximum and is quite flat, we might say that the 
stronger the absorption of the incident wave in the 
nuclear matter becomes, the flatter the curve of 
%sc/o¢ against A'/°. Thus, it would be hopeless to 
reproduce the experimental curve quantitatively so 
far as we adhere to the square well potential. This 
difficulty might probably be removed by adop:ing 
the optical potential with tail, just as has first been 
suggested by Feshbach, Porter and Weisskopf!) and 
as has been actually worked by Woods and Saxon?) 
in their analysis of 20 Mev proton scattering. Then, 
because of the reduced reflection of the incident wave 


V=40 Mev 
W=12 Mev 


CROSS SECTIONS (barns) 
CROSS SECTIONS (barns) 


V=40 Mev 
W=8 Mev 


at the smoothed-out nuclear boundary, we may expect 
the smaller ¢,, and correspondingly larger o, and 
thus reduced ratio o,,/o0, without changing the 
depth of the imaginary potential W7. In fact, 
allowing for the states of affairs that the use of the 
sharp edge optical potential is insufHcient for account- 
ing for the neutron scattering data in the energy 
region so far investigated it would be highly desirable 
to carry out an analysis with a rounded optical 
potential also for the 14 Mev neutron scattering. 
The authors wish to express their thanks to Prof. 
T. Muto for his encouragement throughout the work. 


1) Feshbach, Porter and Weisskopf, Phys. Rev. 96 
(1954), 448. 

2) R. D. Woods and D. S. Saxon, Phys. Rev. 95 
(1954), 577. 

3) E. R. Graves and R. W. Davis, Phys. Rev. 97 
(1955), 1205. 

4) Morrison, Muirhead and Rosser, Phil. Mag. 44 
(1953), 1326. 
Hayakawa, Kawai and Kikuchi, Prog. Theor. 
Phys. (to be published). 


(caption of figures) 


Pipes 
Total cross sections ¢, and cross sections for com- 
Points are 
experimental values, taken from Barshall et. al. for 
Solid 
curve represents the calculated value with the para- 
meter V=40 Mev, W7=12 Mev, and R= (1.35A1/3 


pound nucleus formation o, vs AD, 


a, and Graves and Davis for o¢, respectively. 
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+0.35) X10-%cm and the broken curve the result values taken from Graves and Davis. Solid curve 
with the same V and W and R=(1.204'/3+0.5) 


a represents the calculated value with the parameter 
X10-cm. 


V=40 Mev, W=8 Mev, R= (1.204'/3+0.78) x 10738 
Fig. 2. cm., and 6 curve expresses the calculated value with 


Total and compound nucleus formation cross sections the parameter V=40 Mev, W=12 Mev and R= 


vs A'/3, Points are experimental values taken from (1.2041/5+0.78) X10-em. The broken curve 
the same sources as in Fig. 1. Solid curve represents represents the calculated value with the parameter 
the calculated value with the parameter V=40 Mev, V=40 Mev, W=13 Mev and R= (1.354!/5+0.5) X 
W=8 Mev and R= (1.35A'/3+0.5) X10-cm, 10-!8em, The dott-broken curve represents the 


calculated value based on the continuum theory, with 


Rigi the nuclear radius R= (120A4!/3+0.78) < 10-!%cm. 


The ratio o5,/0, vs A'/3, points are the experimental 


Errata 


Potential in Quantum Field Theory 


Tsutomu IMAMURA 


Progress of Theoretical Physics, 13, (1955), 183. 


There were two mistake in our previous paper. 
i) Eqs. (22), (23) and (24) must be replaced by 


<pr, p’r’|R/\qs, > =<pr, P’ |L\4s, q/s’) + pr, p’r’|L\lv, Vv’) A/ao) (ly, Vv’|R’\qs, 9/5), (22) 

<pr, p’r’|R/\qs, 9/8’) =2Krr! 88’ (pHo(p) 5 P’H(q) +-Ho(a’) — Ho(p) 3 4H0(q)) (23) 
and <pr, pr’|L\lv, lv’) =2L77**/ (pHo(p), p’Ho(q@) + Ho(a’) — Hop) 5 1Hp())). (24) 
where Hy(q) +Ho(q’) is the initial energy which corresponds to E in Brueckner- Watson’s potential. Thus L 
is not a pure operator, hence the attempt to exclude E-dependence from a potential does not succeed. 
Therefore the discussions concerning this E-dependence in §3 must be removed. On account of the re- 
lations, a=ao(for p+ p”=E) and (pr, p’r’|Rigs, qs’) = Pr, priR’\qs, p’s’) (for Ho(p) +Ho( p’) =Ho(q) 


+Hp(q’)), the procedure by which we can get the transition matrix elements for scattering problems from 


eq. (22) and the procedure from eq. (10) are just the same if we replace L by v. Thus we can take L as 


the effective potential for scattering problems. 
ii) The following terms must be added in the brackets in the right hand side of eq. (25), 
usr? (Du-r’" (V) (P/p? +p” — Ho) + Hol) (2/l9— Ho (L) +18) u45" Duar” VY) 
uy) usp! UV) (Pp? +p" + Ho D) —HoV)) 2/0 + Ho) —i8) ua" Duro (VY). 
The author wishes to thank Dr. J. Iwadare for his kindness for drawing the author’s attention to the 


above mentioned points. 
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Relativistic Wave Equations with Maximum Spin Two* 


Toshihiko TSUNETO, Tetu HIROSIGE and Izuru FUJIWARA** 


Department of Physics, Kyoto University, Kyoto 
and Department of Physics, Naniwa University, Sakai* 


(Received July 15, 1955) 


The relativistic wave equations with maximum spin 2 in the canonical form are analyzed under the 
assumption that each matrix involved is a direct sum of two mutually commutable Duffin-Kemmer 
operators. Five independent sets of tensor equations are established by algebraic procedures and each 
set of equations is further reduced to several simple sets of equations, each corresponding to definite 
values of mass and spin. Physical consequences of the theory are discussed. Two mass values are 
possible, one being twice as large as the other, and possible values of spin are 2, 1 and 0. The 
field with spin 2 is of Fierz-Pauli type. But among the fields with spin 1 we find some ones governed 
by the equations different from the usual ones of the vector meson. The total energy of the whole 
field is not positive definite, the contiibutions of the parts with lower and higher mass values being 
positive and negative respectively., 


§ 1. Introduction 


The first order relativistic wave equations in the canonical form 
(0?a,+«)f=0 (1) 
have long been the subject of wide-spread investigations in the hope that they might 
describe the elementary particles of higher spin. Most of these works have been based on 
the assumption that each matrix a, was the direct sum of s independent Dirac operators 
in the case of maximum spin s/2, with a few exceptions among which we note particularly 
the Fierz-Pauli equation of spin 3/2 in Dirac form due to K. K. Gupta” and Bhabha’s 
equation for a particle having two mass states.” The investigations so far developed have 
been concerned mainly with the general group-theoretical aspect of the theory.” But on 
account of the complicated nature of the algebra and representation of the matrix, the ex- 
plicit solution of the general particle wave equation has not yet been given. Especially for 
the case of maximum spin 3/2 the irreducible representations of the matrices have been 
found by Hénl and Boerner’ and by Madhava Rao and others” independently, and some 
physical consequences have been discussed. However for the case of maximum spin two we 
have no satisfactory theory. In 1941 Tonnelat investigated the field equations satisfied by 
the field quantities which are the direct product of four independent solutions of the Dirac 
equations”. However this fusion theory of spin two can not be regarded, strictly speaking, 
to be based on the canonical form (1) alone. Recently Green has taken up the problem 


* The essential ideas and main results of the present work were presented at the annual meeting of the 
Physical Society of Japan held at Osaka, October 31, 1954. 
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of deriving tensor equations from eq. (1) on the assumption” 
a,=2,XE+Ex 3,’ (2) 


where /3,’s are the Duffin-Kemmer matrices, though his basic procedures are essentially the 
same as those already used by Tonnelat. In his algebraic treatment we find a certain deficiency 
originated from laying too much stress on the role played by the commutation relations. 
In the present paper we shall present a satisfactory solution of the same problem on the 
basis of the linearly independent elements of the Duffin-Kemmer algebra constructed by one 
of the authors®. 


§2. Preliminary treatment of the theory. The case of spin O and 1 


As a guide for proceeding to the case of maximum spin 2, we shall exhibit how one 
can construct a theory of spin O and 1 on the basis of the Dirac algebra defined by the 
commutation relations 

» 2 
Vpiy ar lyin 20 ue. (3) 


As is well known, the linearly independent basis of the Dirac algebra is formed by the 16. 
elements 


Fa= {Ey Fp Cur's= (6/2) (Mev —TreF a) Vo 17 ooo T= To a > (4) 


for each of which we have 747=E. (The reason for taking o,,7, instead of o,, will be 
seen in eq. (11).) The Duffin-Kemmer wave equation reads 


(0°, +«) $=0 (5) 
with a 16-component column matrix ¢. Here we assume that 3, is constructed from two 
mutually independent Dirac operators 7, and 7,’ as 

P,= (1/2) (7,XE+EXy,’). (6) 


Corresponding to this representation of §, the operand ¢/ must be specified by a pair of 


indices 47 and v as Su.» 7p Operating on the index / and 7,’ on the ». Then for the 
operation /3,4/ we have 


(3,0) yv=(1/2)[ MT pdiadGE yh (EQis* C5!) Faw 
L2G) Pare as Te a 


since (E),,=0,,. If we regard each pb 


uv as an element of a 4-dimensional square matrix 
Y", situated in the y-th row and v- 


th column, the last equation establishes the correspondence 
Bug =e (1/2) Oe -- Py? ’ 


where the superscript T denotes the transposed matrix. Thus, in place of the origiral 
. 5 . 
equation (5) we have 


* Throughout in this paper we shall use the ratural unit and put x,=x!=it. We adopt the Euclidiam 
metric and summaticn convention over repeated indices is also okscryed. 
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(1/2)8° (78 + P72) +eP =0. 


Then on multiplication from right by a non-singular matrix A such that 7,’=Ay,d~" the 
last equation gives 


(1/2) 0° {VA, 7} +«P A=0, es) 
where {A, B} =AB+ BA. 


; ; : 
Under any Lorentz transformation x,’=a,*x,, the meson wave function ¢/ transforms 

: Hy Bs : a. 

into (’’=Si, where S is defined by S7'P,S=a,*8,. For our present case the transfor- 


mation operator S must be expressible as 
S=Sp(r) X Sn 7") 


in terms of the transformation operators Sp(7) and Sp(7’) in Dirac space defined respectively 


by 

Sp(7) "75a (7) =4,"7y and Sp(7’) 27 Sa) = 4, ix (8) 
From these relations we find that 

Sp (7) AVSp 7’) *A=c-E, 
with a numerical factor c which is certainly unity for proper transformations but may be either 
+1 or —1 for improper ones. The reason is that the matrix S, is defined by eq. (8) 
only to within a constent factor which is limited to the four roots of unity +1, +i by 
the additional requirement that det(S,) shall be unity. Thus there exist the alternatives 
of c=1 and c=det(a). Then for the transformed matrix W' corresponding to ¢’ one gets 
PIA=S,(7) PSn(7')"A=c-So 7) FAS) ™- 
A quantity @=TA transforms as 2’ =c-SpPSp)', so that 16 wave functions 
ga=hs (74), (9) 

where hs is the half spur operator, transform as 


g'=chs(Sp'745p P)- 


Thus each gy transforms as 74 does and according to the choice of c we have a pair of 


dual theories. 


The wave equations for Y4 are given at once by multiplying eq. (7) by 74 and ap- 
plying the half spur operator ; 


a? hs [(1/2) {7p va} P) + bs (74) =0. (10) 


The 16 linearly independent elements 74 of the Dirac algebra are subdivided into three 


closed subsets with respect to the operation of anticommutation with 7» 3 
(172) ire rst =0, (1/2) vo E} Bie 
(1/2) Likes a Sees 


(11) 
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(1/2) {ips tus} =F pulo» (11) 


\ a8 iN a7 
(1/2) WaT ora = Out vis — pvt) pls 
According to these relationships we get the well-known meson wave equatiors : 


Ke=0; OU a= = 5 0’¢,, +KOy=0~, 
Fi p py # 35 


04+, =0, OnPy— IP FKL uy =0, 


where 

g=hs (73%), Z=hs() > ¢,=hs (i775?) , 

(13) 
Z,=hs (7, P), u,=hs Co gyiel 


Here we have derived wave equations on the basis of the anticommutators, but we 
may as well use commutators [4, B}]==AB—BA. By multiplying eq. (7) by 7, from the 
left we get 


(1/2) 0°[75%, 7p] +-«7;P=0, (7’) 
which then yields 
0° hs((1/2) [7 7a]7sP) + hs (7475V) =0. (10’) 
In the present case the linearly independent elements 74 are classified into three subsets as 
(1/2) [7p, E]=0, (1/2) [7p Furs]= Ours 
(1/2) [7 731=7p7's 
11/2) lie Tu.l=oous 
(1/2) [7p Sur] =i(Oy7— Opn)» 


which together with eq. (10’) afford the same wave equations (12) with the definitions 
aye 

On the assumption that /,’s are all Hermitean the canonical conjugate of ¢ is given 
by ¢=¢"y,, where ¢/* is the Hermitean conjugate of ¢/ and %p=2)3,,—E satisfies the 
well-known. relations 


(11’) 


GP rt+Pryp=0 for pA and 1Po=Ponp=Bp- (14) 
The Lagrangean density for the original equation (5) is then 
L=—¢ (8°, +k) ¢. (15) 


Now since 7, is represented as 7,Xy,/, the canonical conjugate to D7 is D =7P'r, (Fp 
, . . . 
and 7, are now Hermitean and hence A is unitary) and eq. (15) is rewritten as 


L=—sp [O(1/2) 3° {®, 7,} +00). (16) 


This can further be rewritten with the aid of the identity (see Appendix) 


may 
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sp(XY) =hs(74X) -hs (74) (17) 
valid for any two 4X4 matrices X and Y, as 
L=—hs(74@) -hs[9? (1/2) {745 ra} O]—« hs (749) -hs (74). (18) 


Now we shall proceed to rewrite this expression explicitly in terms of the wave functions 
¢a- We shall mean by ¢*4 the conjugate complex of g4, that is g**, multiplied by 
o(A)=(—1)”, where n is the number of 4’s among the superscript A: 


Oe a (19) 


3 me | . . . . . . Cian 
Moreover the 7“ multiplied by 7, from both sides gives again the same 7“ with positive 
or negative signs, which fact can be expressed as 


ra*ra=o (A)d (74) 74, (20) 


with d(74)=+1 for 74=E, iy,7, and =—1 for others. Now 7p's being all Hermitean,, 
we have 74°=7,4 so that from g4=hs(7“%) we get 


gat =hs(74* D+) =hs (74747,2) 
=0(A)d(y4)hs(7 9). 
Hence, 
hs (740) =d (74) 0 (A) o4* =d(74) o™. (21) 
The Lagrangean density (18) is now rewritten according to eqs. (11), (13) and (21) as 
L=Kge*o—7Z* (8%, +KL) +1*' (O,L4+KY,) 
—y*" (89, +Ky) +9" (9,9;—9,0,+k0,,)- 


(22) 


Finally we add the energy-momentum tensor and the charge-current density respectively 


rewritten in our formalism as 


Tyy=sp[ 90, liv» P| (23) 
and 
Ju=isplP try, P} |. (24) 
§ 3. Passage to the case of maximum spin two 
Corresponding to eqs. (5) and (6) we have in the case of maximum spin two 
(Ba, +) $=0 (1) 
and 
a, =), XE+EXB,, o) 


where 2, and fi are two independent Duflin-Kemmer matrices defined by the commutation 


relations 
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PnP. + BBP. Puy t Py Pr (25) 
We may put without loss of generality §,=/7, and eq. (1) passes over into 
ar {P, B,} +«¥ =0, (26) 
where Y is a 16X16 matrix whose elements are the components of the original column 


matrix ¢’. The canonical conjugate to Y is !=7,7*7, and the Lagrangean density, the 


energy-momentum tensor and the charge-current density are given respectively by 


L=—sp[¥ (0° {¥, B,} +x¥)], (27) 
Tyy=sp [¥o, {,, PF} ] (28) 
and Ji=ispl? {8,, VF). (29) 


We are now to manipulate the -matr’c-s as is seen from eq. (26). Therefore, in 
order to be able to proceed quite analogously to the case of the theory of spin 0 and 1, 
we should have the linearly independent bases of the four-dimensional Duffin-Kemmer 
algebra. This algebra is decomposable into three subalgebras, being spanned respectively by 
1, 25 and 100 linearly independent elements. In the preceding paper by one of the 
authors” it was shown that each of them can be constructed from /%, so as to have a pair 
of sets of indices and to transform as a tensor of certain rank for any linear transformations 
of -space. We shall first list these linearly independent elements and relate their basic 
properties. For the definitions and the detailed discussions of them one may refer to the 
Previous paper mentioned above. 


The 1X1 trivial subalgebra consists of a single element E, for which 
EY =E,° Ee s= 2 Lj =0 wand” sp(E,) =1- (30) 


ihe =<) subalgebra consists of 25 elements 


| P+ PB, | 
BP: BPR, 
which are constructed on the basis of an idempotent P for which 


and 


P*=P, P3,P=0, sp(P)=1 
(31) 


By hye PRB Oy sre 
The 100 elements constituting the 10X10 subalgebra are given by 


Bay om | 


where for the 16 basic elements P,,, we have the following set of relations ; 


PuipPayi Opal advs PrP pPro= 0; Sp (Pas) =n, ? 
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Posie ae Bh; aly =0, Pi Pavy Bula =, (32) 
and 
Pee = OxpPary— Opa do BB. P. y— Oy pP, SS a 0, P tye 


Boy 


We have seen in eq. (11) that the Dirac algebra, while being irreducible itself, splits 
up into the three closed subsets with regard to the operation of anticommutation with Ve 
and accordingly that the three independent sets of field equations have been obtained from 
eq. (7). In order to treat eq. (26) in the same way, we shall now show that the linearly 
independent elements of each irreducible part can further be subdivided into several closed 
subsets with respect to the operations of anticommutation with f,. For E, we immediately 
see 


(Ey, Pp} =0. (33) 
For the elements belonging to the 5X5 subalgebra, we get 
{P, 3,} =P3,+8,P, 
(PB us Bet =PupP + BoPIus 
(uP, Pot =%up-P+ By P, 
and uP Pr Bo} =Pvp2uP+ ue P Pr, 


so that a closed subset containing P is obtained by adding the 2nd and the 3rd ones in 


(34) 


egs. (34) and further by symmetrizing the 4th equation with respect to the indices 2 and 
v. The elements P?,—/2,P together with 3,P9,—,7,P3, resulting from antisymmetrization 


form another closed subset. These facts can be put into a single set of relations 

{K®, 8,} = (+8) L>, 

1, Bj} =<M2+0.K® (35) 
and (MO, BO, Lr CO aka 
by intzoducing symbols 

KO = 4/2) +2) P, 


LP = (1/2) (PB, +€3uP) (36) 
and IME = (1/2) GP e, ee, Pe)» 
with €=1 for the symmetrized set and =—1 for the antisymmetrized one. 


For the 1010 subalgebra the same arguments are equally valid. By introducing 


Stabols 

Un (1/2) (Puy + €Prie)s 

V Pag (1/2) (PuvBat €ParPrn) (37) 
and We ee ages 2). (8, PuscBa OP Pree) 
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with €=1 for the symmetrized set and =—1 for the antisymmetrized set as before, we 
have “ 
) O17 e () 
(Us. Boy = V seve} +EV tue 
(€) 
Vita» Bo} = Wiha — PU ek + %oU 


(38) 


€ / oN S (£) 
and {Wridray Pp} =%p0V uivay— OpuV opal 
é sy (=) 
+-é CAA: a On ino) - 


Thus, together with E,, the linearly independent elements are classified into five independent 
sets with respect to the anticommutation with /7,; from the 5X5 subalgebra we have the 
two sets given by eqs. (36) which we shall hereafter call “the lower class” and also from 
the 10X10 subalgebra the two sets given by eqs. (37) which we shall term “ the higher 


2? 


class Incidentally it must be noted that the following elements obtained from the higher 


class by contracting their suffixes ; 


Cle at OV ate a= VO 


(39) 
and OW Oana OF = = WS 


have the same anticommutators with 8, as those of the lower class. 
The generic one of the linearly independent elements so far discussed may be expressed 
as P4.;,, which satisfies the fundamental relations corresponding to eqs. (30), (31) and (32) 


P4.5Po0= 9 ncP ap and sp (P4;n) = Onn (40) 


For the present case of Hermitean f,, we have 


Pain Para: (41) 
The procedures of symmetrization in eqs. (36) and (37) are expresscd simply as 
PA2= (1/2) (Pazp +&Px;a) + (42) 
Now the field quantities defined by 
¢ih=sp (P27) (43) 
satisfy the field equations 
d*sp ( 18,» Psa} P) + sp (PLP) =0. (44) 


We introduce as before the sign function «(AB) = (—1)" where n is the number of 4’s 
among the indices of 4} and adopt the convention 


p* O4Re= @ (MB) (peas) ak (45) 
where ($@**)* is the complex conjugate of 4”, Moreover it is easily found that 
OES) y= 0 (AB)d(P,.,) P, (46) 


with sign functions d(P,.,) equal to unity except those for the elements with odd numbers 
of suffixes which are equal to —1. Incidentally we may define this sign function by 
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d as: 42) Pap=73PanqQ5 with 15=iho%, enticommutable with each #,. Hence according to 


s. (41), (43) and (46) 


(P82) * =sp (PLQ* F *) =sp (7,P27,%) 
=0(AB)d(P..x)sp (PAP), 
and further 
sp(P©”4P) =d(Py,n) PkO4”, (47) 
Agha to eqs. (40) we have (see Appendix) 
sp(XY) = 3} sp (PX) -sp (PLY), (48) 


and the Lagrangean density (27) reads 
L=— pai > 14 (Py; Brow asp (ie, Pan) F) ee se). (49) 


The energy-momentum tensor (28) and the charge current density (29) can be rewritten 


in the similar way. 
Now we shall write down explicitly the field equations (44) in terms of i field 


quantities (43) which are enumerated as follows ; 
L=sp(EP); g=p(KV), gP=pLPP), esp MRP) 

and (50) 
¢2=p(Ul), ABRa=spVinal), ¢iromn=sp Vina). 

On the basis of the fact that the linearly independent elements are subdivided into five 


independent sets with respect to the anticommutation with ,, we get the following five 
independent sets of field equations. First we have according to the anticommutator (33) 


a trivial scalar equation 
Kp,=0 (51) 
and according to the anticommutators (35) and (38) we have the field equations of the 


lower class 


(1+6)d°9@+Ko=0, (52a) 
O° X+0,9° +KeY =0, (52b) 
9,99 +€0,99 +Key? =0 (52c) 
and the field equations of the higher class 
B (PO EP Puor) Hepa =0, (53a) 
Od vat OP uy © — Ob +f .3= 0, (53b) 
8G 2.3 OG ag +E CO, P Peer A Prcue) FOP errvar=9- (53c) 


The Lagrangean density (49) splits into two parts ; 
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Lei 
The L™ for the fields of the lower class is 
LY = — Si [g* {(1+€)d°e + xp} 
e=+1 
—29* © {9° + (1/2) (1 +E) 0,99 +KgP} 


+ 98% 9,919 +6909 + 09 9h] (54) 
and the L” for those of the higher class is 
19 = — D) [gt 3 Yn t Elan) HPL) 
ner {POO rit Oey — Opa + ePieat 
(ys) eee ie aa PnP pias 
+ &(0, be acm OP euop +x«¢ WO tvatt I (54’) 


Likewise the energy momentum tensor and the charge current density are given respectively 


by 
TAR = SLA+E) (49,99 — 98,0) 
TT £2( 19,99 95,9) 
ie i (1+) (gt Og me oF) 


(55) 


nk (E) Ppp) rk (E) pp (E) 
+2(¢ KPO — Pup ¥ oh 
for the fields of the lower class and 


T= 2 ote oer OR Os. 
a 4 (fi* OPP219, GO 3 — G® Dy oD gh PEMA) J, 
JO =i T2 GR GO— GHOPMYD, .) 
st (peel epi] — Preparer Ae) J 


for those of the higher class. 


(56) 


$4. Reduction of the field equations 


Having derived the independent sets of field equations above, our object in this section 
is to reduce each of these sets into several simple field equations so that we may ascribe to 
each of them definite values of spin and mass. We shall first consider the case of the 
lower class and then proceed to the analysis of the more complicated fields of the higher 
class. Hereafter the superscript (€) in the wave functions Will be omitted for the sake of 
simplicity. 

i) The field equations of the lower class 

For the antisymmetric set eqs. (52) are just Proca’s set of field equations for the 
vector meson. For the symmetric case of eq. (52) a scalar field with mass K/2 and a 


bead 
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vector field with mass « are obtained in the following way. By taking divergence of eqs. 
(52b) and (52c) it can easily be seen that 


{LI — («/2)*} g=0. (57) 
Then for the field quantities y’s defined by 
Le= Ppt (2/k) Og 
and 16S (1/«) (Xp + Fe%a) 


we get the vector equations 


(58) 


Ot he? tee 8- (59) 
ii) The field equations of the higher class 
For the case of this class the symmetric and the antisymmetric set of field equations can 
be dealt with in completely parallel way. 
a) Subtraction of the contracted quantities 
In view of the fact that the contracted elements U®, V,© and WD defined by eq. 
(39) have the same anticommutators with §, as those of the lower class, we can show 
that the quantities 
ord. (2 OY ryal x and OY Ptwetval = Por = Por (60) 


satisfy the same equations as those of the lower class. This can also be confirmed by con- 
tracting the suffixes # and v in eqs. (53). First of all we shall subtract these quantities 
from the original ¢’s. With the aid of eqs. (52) it can be shown that the quantities 
defined by 


Puv= (1/3) OuP—Prr)> 
Cutra= (1/3) (OuvPa— OprPr) (61) 
and Glut (1/3) OyvPpn—PuaPov + DonPun— FP ua) 
satisfy eqs. (53). Therefore, for the quantities 
Piv= uv Furs 
Purvas=Pacvar— Putvas (62) 
and Ptuorvay= Yuet — Plwr vad 
satisfying eqs.(53) we have 
Os = 0, 0" 'Piryag=90 = and O'S orya= Por (63) 
where we have made use of 0”¥y,,=¢@ resulting from eqs. (52). It must be noted that the 
1st and the 3rd ones in eqs. (63) follow from the 2nd by means of eqs.(53). In this 
way the field quantities of the higher class are split into ¢’s satisfying the field equations 


of the lower class and /’s satisfying those of the higher class with the additional conditions 
(63). In what follows we shall omit the prime of ¢/”s and investigate eqs. (53) with 
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the conditions (63). 
b) Further reduction of the field equations of the higher class 
Operating 0” on eqs. (53a and b) we get 


OP(O" Purvpx) + (Ohh, ,) =O 


and 0, (8 Pir) —9,(O* Pua) +H (O*Putvay) =0.- 
These are just the equations for a vector field, since by introducing symbols 
c= (1/«) OPP ay and cul= (1/«) OPP ocurl (64) 


these are rewritten respectively as 
OMS te =0 and O55 2 — OuSy + Spy y7=0- (65) 
So as to subtract this ¢, from ¢’s, we construct Sy, as 
Ewv= (1/«) (0,€,+60,5,), (66) 
for which 
OPeL =O" Mand. SOs Meee (67) 
Then for a quantity 7,, defined by 
Quv=Puv—F pr (68) 
we have from eqs. (63), (64) and (67) 
O"7,,=0 and Fy, =0. (69) 
. We can deduce from eqs. (53b and c) 
[Jar (Putver =e Ed ray) as o*aP (On. Pacvpr =. EOP aruoy) 
KL |huyt+0,0'h,, —K OP dr, 7==0. 


Adding to this the one with indices and » interchanged and multiplied by € we have 
according to eq. (53a) 
LP uv (¢/2) "Puy + (1/2) OO? (A, Soryag + EOP orwa) 
— (1/4) 0° (Pup +EOupy,) =0. 
By means of eqs. (64-69) this leads to the Klein-Gordon equation for 7,,: 
iL] — («/2)*} nyy=0. (70) 
uy is completely determined by eqs. (69) and (70). Now that the reduction of Oe 


has been finished we shall i i 
i proceed to investigate the parts of ¢,,,,; and Ptwotvay left after 
the separation of the two fields Sy and y,,. First we consider 


Qucvay— (2/1) (9,7 1.,—OaMuy) 5) 


Mewexvar= (1/#) | OyMecsay—putvaat € (Byyatupr— Oru wey } « 
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It is easy to prove the following relations ; 
= 2 = 
0 Netvrai—9, 0 Wie Slam («/2) Dav OY Hucyay= 05 
Pp od - * 
OPncwexvar= (K/2) qurvay and OY neu ertval= Npa- 


It must be noted here that these 7’s satisfy the original field equations (53) by itself. In 


the same way we introduce ¢,;,,; defined by 
Spryay— (1/«) (0,5 nx —9.F wv) 
for which we have 
SS as fas wWwy~ 
OS ulva]— Ks pyayp Oe ure = —9d,e, and Oe ayes a 
and from these relations we see 
OS aver os weep +KF,,=0. 


Ccupyvay having the same form as 7yp7,a3 Vanishes identically. Hence ’s again satisfy eqs. 
(53) by itself. Therefore we put 


Gurvaa= Pucvar— MeLval— S utvaTs 
(71) 
Geupxrat= Pruptval— MepLval— Scupival 
and analyze these ’s. From eqs. (53) together with the properties of €’s and 7’s we 
get 
O° (Outvel +€4 cup) =9; 
OP Ocuprvart KG pevay= 0; (72) 
OO ia = OF vay +é CRs ney 0,9 vc a) “ KO eupzval -alb 


second of which yields at once 


th 


oO 


a"O uc y= 0. (73) 


Then on operating 3* to the result obtained by eliminating Otypyvaj from the 2nd and the 
3rd ones in eqs. (72) and using the Ist we get 

OO uryp7= 0. (74) 
Also we have from eqs. (63) and the Ist of eqs. (71) 


ate a Na (75) 
which shows that 6’s still depend on ¢’s. It is possible to subtract é’s from 6’s with the 
similar procedures. The quantities 

eonaq= (1/2) (S arvag— Onda + Opak vy) ? 
Sater = 1 2) (Ouse i — Ove gach Ouns wy Ouaé pv) 


are shown to satisfy a set of equations ; 
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Apel pe Di! =_ 
> OMS wlvay—= Ors plvo]= 0 


~ 
> 


Spy el — 

0 povag 

gee’ — — cl" 
and O'S [wpival— — €* plval- 


=r . ne > : > ° ci 
Hence $s satisfy all the equations for @’s. Therefore we can attain our aim by introducing 


&/, 
Curva =F ytvay— S$ utval (76) 
cod 
and Ctuptval = Grup tv. ~~ >({ppIlval 
satisfying all the equations for &’s except eq. (75) which is now replaced by 
OC wryaq=0- (77) 
Finally we can easily derive the Klein-Gordon equation for Cyryaj: 


(2) Curvay= 0. (78) 


§5. Physical consequences of the theory 


We have seen in the preceding section that the sets of field equations (52) and (53), 
which are mutually independent in algebraic sense, are further reduced to the several sets of 
simple equations which might be called “ analytically irreducible”. We shall first evaluate 
spin values of the various fields, recapitulating our results obtained. 

The field equations of the lower class present no difficulty. The antisymmetric set of 
eqs. (52) is nothing but Proca’s set of equations with mass x, and the symmetric set is 
reduced to the scalar field y with mass «/2 and the vector field y, with mass « which 
has not been so far contemplated in the usual formulation of the vector theory. The 
quantities extracted from the higher class by eq. (60) satisfy the equations of the same 
form as the lower class, so that we meet with the double occurrence of the fields of the 
lower class. From the higher class, after the subtraction of contracted quantities, we have 
first the ordinary vector fields ¢, with mass « which are governed by eqs. (65) irrespective 
of the distinction of symmetry. Eqs. (69) restrict the number of independent components 
of jy, to 5 for the symmetric case and to 3 for the antisymmetric one. Thus the sym- 
metric 7, 1s of spin 2, which appears in the Fierz-Pauli theory. To the antisymmetric 
one we must ascribe spin value 1 but it is of the form foreign to that of the ordinary 
vector field. The field quantities Curvay satisfy eqs. (73), (74), (77) and (78) so that its 
mass is « and the number of independent components is 6. But we conjecture that these 
may further split up into two independent parts, each containing odd number of components, 
thus yielding two fields of integer spin. We hope the complete solution will be found in 
the future investigation. 

The total energy and the total charge can be evaluated in terms of the reduced field 
quantities according to eqs. (55) and (56). For the total energy we have the results ; 


E=E” ay OA 
with 


EV= —(4 /«) >i (d V{2(1+8)3,9* 3,9 — 9,79, 7} | 
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E?=— C272) sie V [soig "OD ) = 20,F* Org Eo 


BC Rly Cat ae (1/3) E® (79) 


where the 2nd term on the right hand side of the last equation is the contribution arising 
from the quantities of the lower class separated from the higher class. The total energy 
can not be positive definite. However the contributions from the field with mess «/2 is 
positive definite whereas those of the fields with mass « is negative definite. The total 
charge is obtained as 


Je=IP +P 


with 


= —AGi/0) 3} [dV 2-48) 90,99 — 978, 


2) : f.%* (E) par (e)__ Exe £(e) 
cst — 2 (t/10) S34 aso O20 ny 60 Oe 
€= 


= cretae19, 618,09} + (1/3) J, (80) 


so that the contributions of individual fields are not positive definite as was expected. 
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Appendix 


For the Dirac algebra we have, as is well known, 
sp(E) =4 and sp(74)=0 for (lee 
Any 4X4 matrix X may be expressed in terms of the linearly independent basis of the 
Dirac algebra as 
XS DI seep xT a 
where x, are numerical coefficients. Then according to the relationship sp (7 47x) = 40455 


we have sp(72X) =4%a $0 that X is expressible as 
X= (1/4)sp 7*°X) -7a- 
Now by multiplying this by another arbitrary 44 matrix Y and operating sp we get the 


desired result 
sp(XY) = (1/4)sp(74X) -sp (ta) =hs (7*X) “hs Ta) 
Then, an arbitrary element X belonging to the Duffin-Kemmer algebra is expanded in 
the form 
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Xax""Py, 
with numerical coefficients x4,,. According to eq. (40) we have 
sp (Po, pX) =x“ «sp (Po.pP4:n) =Xp;0, 
Therefore we have 
X=sp(P™X) -Pap 
and further 


sp(X Y) =sp(P”4X) -sp (Pan Y) - =>) sp (POP4X) -sp(P§2Y). 


In the above equations the summation runs through all ones of the linearly independent 
elements, each one appearing only once. Therefore we must be careful of the following 
two points when the abstract symbols A and B are treated concretely as tensor indices. 
First, when we sum over an antisymmetric pair of indices [uv] with # and vy running 
through the four numbers 1, 2, 3 and 4, the factor 1/2 must always be attached. Another 
point concerns with the case where the linearly independent element has odd number of 
indices. Since when expressed in the form P,., it is natural to write P as Poo, PB, and 


i 


(,P are regarded respectively as Py and P,». On symmetrizing the indices we get Py? 


and, Pay as PY.” But when we consider wave functions the suffix zero is irrelevant so the 
summation, if taken only over 4, must be doubled. The same caution is applied to the 


case of V}>\,3 in the higher class. These two rules must be observed when we pass from 
eq. (49) to eqs (54) and (54’). 
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A quantum-mechanical non-relativistic spinning particle is represented equivalently with a non- 
linear vector field which defines a new kind of hydrodynamics of a spinning fluid. In this hydro- 
dynamics, quantum effects are separated as non-linear terms which mean the occurrence of “internal 
potential ” and “internal magnetic field”. 

Mathematically, the method is based upon the replacement of the original calculus in terms of 
a spinor ~ by the calculus in terms of tensors formed as the bilinear expressions in ~* and ¢. This 
replacement is ensured by setting up the identities which should hold among those tensor quantities. 


§ 1. Introduction 


In the usual formulation of quantum mechanics, wave function which is not observable 


o . 
D2) an alternative 


itself plays the essential role. However, as was shown in previous papers 
hydrodynamical formulation is possible for quantum mechanics in case of spinless particle, 
in which formulation the wave function is replaced by real and gauge-independent quantities. 

The second characteristic situation of the ordinary formulation of quantum mechanics, 
however, arises in the treatment of spinning particle; viz., the appearance of a spinor with 
its special double-valued transformation property. In quantum mechanics, wave function can 
be such a spinor, since originally wave function is not directly observable but rather it works 
as the intermediary deriving observable values through its bilinear expressions”. On the 
other hand in classical theories which have to operate according to some realistic model**, 


spinor quantity with its double-valued transformation property cannot appear, at least as an 


essential thing***. 


* This article (hereafter called I) and also the major part of the subsequent one (hereafter called II) 
which will appear in succession, are the translation of the paper which appeared in Soryusiron-Kenkyu 7, pp. 
600-640, (January 1955) in Japanese, while a brief account of these works was reported in Prog. Theor. 
Phys. 12 (1954), 810. 

Very recently articles by Bohm, Schiller, and Tiomno appeared (Nuovo Cimento 1, Suppl. (1955), 
48, 67), in which they investigated, independently of us, the similar hydrodynamical method for the purpose 
of a “causal interpretation” of quantum theory in the case of a non-relativistic spinning particle. However, 
their method stands upon Euler angle representation of the spinor (cf. II), not directly concerned with the 
self-contained tensor formulation of the spinor equation. 

** We may rather consider here this property as the definition of a theory being classical. 
** Proca) considered a classical spin theory from just the opposite viewpoint to ours. 
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It should thus be necessary to transform, beforehand, the spinor representation into 
some tensor representation equivalently, in order to reveal the picture in classical sense 
underlying the spinor representation of quantum mechanics, or to find the correspondence 
principle and also the classical approximation for a spinor equation. In the present and the 
subsequent papers we give the answer to those problems in the case of a single non-relativistic 
spinning particle*. 

Now, as regards the general problem to replace a spinor by some tensor quantities, 
we may first recollect the work of Darwin”, who tried to interpret the quantum mechanics 
of a spinning particle, which was just then formulated by Pauli’, in terms of a certain 
vector wave. His method, however, was unsatisfactory in that the vector itself had arbitrariness. 

More lately Kramers’? could represent the spinor by a complex zero-vector, which 
method may be regarded as providing the geometrical representation of a spinor. Yet, he 
could not express the equation of motion in terms of that zero-vector in a closed form. 

In the present paper we establish a vector formulation of spinor theory which is 
mathematically consistent and self-contained, and is at the same time physically fully 
interpreted and thus much more significant. Our formulation is gauge-independent, and 
defines just a particular kind of hydrodynamics of a fluid carrying classical “ spin”’, where 
quantum effects are separated as the non-linear dynamical terms in the equations of motion. 
These terms are interpreted as the “ internal potential” and “internal magnetic field ” 
occurring inside the fluid. 

The formulation thus provides an essentially new insight and image to the quantum 
mechanics of a spinning particle or to a spinor field. It would accordingly be expected 
to be useful also for various practical applications. 


§ 2. General description 


i) We consider the quantum mechanics of a single non-relativistic spinning particle. Its 


fy 


state is represented by a two-component spinor = db 
9 


), which changes according to the 


Schrédinger-Pauli equation : 
{(4/i) 0, +H} $=0, (0>=9/0t) (2-1) 
where the Hamiltonian H is taken to be 
H= (1/2m) (p—eA/c)*-4+-e4,— (e/me) Hs, (2-2) ** 


as we consider, for simplicity, in the lowest non-relativistic approximation. In (2-2) 3 


* Similar treatment of the Dirac equation has also been carried through in separate articles: T. 
Takabayasi, Prog. Theor. Phys. 13 (1955), 222; Nuovo Cimento. (in press) 


It is to be remarked that our theory supplies a picture in classical sense to a quantum-mechanical 
spinning particle, and so stands in different lines from various existing theories’ 


).1) which attempt to give 
some model to the freedom of Particle spin in the usual 


quantum-mechanical formulation, 
** Underlined quantities mean quantum ‘mechanical q-numbers. 
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(A, A,) is the external electromagnetic potential, H=curl A the magnetic field strength, 
and s=(b/2)0, 0 being the Pauli matrices. 

Now, in the case of spinless particle, the hydrodynamical description of the Schrodinger 
equation was easily derived by making use of de Broglie-Madelung substitution” 


d=Re?? CRois" real). (2-3) 
In the present case, however, the direct extension of (2-3), 


Gi—RK, expCUys), CR, 7a cealsca@eat,72) (2-4) 


for the spinor wave function would not work suitably*, because then the quantities Ry 
and 7, have no simple transformation properties and accordingly must not have any 
significant physical meanings. 

In the present case we should start, as st=ted in § 1, upon a more general line of 
searching for the set of tensor quantities which rcpresents the spinor ¢ in a mathematically 
equivalent and physically meaningful way. When we can find such a set of tensors, which 
we shall call the “set of basic quantities”, every physical relation originally expressed in 
the language of ¢/ will have to be expressed in terms of those basic quantities only. 

Now, we may take as such basic quantity, the complex zero-vector of Kramers 


mentioned in $1. This is defined by 
E= da, (2:5) 


using the spinor ¢ contragradient to ds, 


$= (F, P)=Hy —h); (2-6) 
and satisfies b 
9, 37) 
If we write 
Z_M+iN, (M,N: real) (2-8) 
(2-7) becomes 
M’=N* M-N=0. (2-9) 


Really, the spinor ¢ can be represented either with ¢ restricted by the condition (2-7) 


or with the set (M, N) restricted by (2-9). Givena €, the corresponding ¢ is determined 


aside from the arbitrariness of factor +1. 
> 


In this method, however, ¢ is not gauge-invariant, and morecver the equation of motion 


=s 
for < cannot conveniently be expressed in a closed form. 


ii) We should then look for other basic quantities. We thus adopt, in place of the 


tensors bilinear in a and «, the tensors bilinear in (’* and ¢, which may be called 


“density functions ” and have more direct physical meanings. 


* In reference 1) we have shown that the substitution (2-4) leads to the two-fluid model cf spin. 
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Such covariant q tantities* are generally produced, by using o, and/or the gradient 


operator 0,==0/02,, as 


tensor : O94: POI mi Ps Seti 
pseudctensor : 0,05: P* O19) mf 

Tae simplest of them are**, 
scalar : P=$*f (= 0), (2-11) 
axial vector : (0) =¢*a¢, (2982) 
vector : Im (f* pp) = (o*pp—py* +P) /2i. (2-13) 


Of these, (2-13) is not gauge-invariant, so we may better replace it by the gauge- 


invariant vector : 


jx=—_ ("Dp —cc.) =" (Ya, —c.c.) —* PAs, (2-14) 
2m1 2m1 mc 


where D;, = 0,— (ie/bc) A,, and c.c. stands for “conjugate complex ’. 
For our purpose it is often more convenient to replace the density functions, (2-12), 


(2-13), and (2-14), by the corresponding “‘ particle functions ”’, i.e., 
S1=(c)/P, or S= (6/2) = P*sh/$*$, (2-15) 


(x) = (6/21) (P*V p—c.c.) /p*¢, (2-16) 
Nts 


and 
v(x) =j/P= (p—eA/c) /m 
= (h/2mi) ("Fp —c.c.) /*— (e/mc) A. (2-17) 


P is usuelly normalized: {Pdx=1, while (o) or S satisfies the identity : 


| 
(0)? =P*, fey) See lye ot S*=§*/4> (T) 


Now the first important point for our method is that 
(a) : we can adopt the set (P, S, v) as the basic set representing the spinor. 
The four quantities, P and (c,), which exhaust bilinear quantities 


involving no 0- 
operator, contain three independent quantities on account of (I), 


whereas the original spinor 
¢/ contains four real quantities. The remaining variable, involved in ¢ but not reflected by 
(P, (G)), is obviously the sum of phases of both components of (), i... Y=Y%, +7. where 
Yas are those defined in (2-4). But this ZY is neither a scalar nor a tensor component 


(see IL) ; and, in order to reflect this variable by a tensor quantity bilinear in g* and ¢, 


* In this paper by a tensor or a covariant is meant one in three-dimensional sense. A Latin index 
means a vector index running over 123. The transformation Properties, including those for space ineversion 
and time reversal, of our formulation will intimately be explained in II. 

** Note that the real part of ¢*P@ is merely 7 P/2. 
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we need a vector involving 0-operator, such as j or v. In so doing we arrive at our basic 


SEPP Ps Sy BD). 


Then such introduction of w for the representation of y must be accompanied by two 
more constraints, which we find (see § 4) to be 


curl; v= (4/mb*) EgnnS;9 SmOi5n— (e/me)H,, (II) 


(i= ] Xk)* 
where €,,,, is the completely antisymmetric pseudotensor of third rank with €,.,=1. We 


also apply the summation covention for repeated indices**, The relation (II) may also 
be written 


m (O0.— 0,U5) = sy* (0,5,,0 a O45 mO Sn) = (e/c) H, ? (II’) 
(i= <n) 


when we re-express the determinant term, €,5,9j5,,9,5,, of (II) by the help of (1) 
[see § 4-v)]. Eq. (II) contains just two independent relations, because the divergence of 
each side of it vanishes identically on account of (I) [see (4-25) ]. 

Now, given the set of basic quantities (P, S, v) obeying the subsidary conditions (1) 
and (II), the corresponding ¢/ is determined except for a common arbitrary additive constant, 
Y/2, in the phases of ¢, and ¢,. This arbitrariness arises from the fact that » was defined 
to involve the 9-operator on ¢* or #. 7, is, however, a physically meaningless thing, as long 
as we deal with single particle problems. Thus, given (P,S, 0), the corresponding 
quantum-mechanical state is specified just uniquely. 

At this point we consider the physical meanings to be assigned to the basic quantities 
in the viewpoint of our formalism. First, corresponding to the fact that in ordinary quantum 
mechanics P and j=Pv are probability density and current, we imagine the hydrodynamical 
field having density distribution P and velocity distribution v. Further, S is regarded as 
the distribution of classical spin (i.e., intrinsic angular momentum) which the hydrodynamical 
field is assumed to carry. This is required in order that the hydrodynamical picture 
should reproduce the quantum-mechanical expectation value of spin component correctly, as 
( b*s,gidx = ( PS,dx [see also Appendix B-b)]. The spin field S is of constant magnitude 
5/2 “everywhere due to (I), and is related to the vorticity through (II). 

It is the basic feature of our formulation that it represents the physical contents of 
the spinor wave function in splitting them into two kinds of vector fields, spin and velocity, 
and also a density field. 

Our definitions of density and velocity functions, (2-11) and (2-17), are formally 


* j=jXk signifies that (ijk) is an even permutation of (123). 

4 This convention is explicitly indicated by underlining dummy indices, when it is desirable. The con- 
vention will also be applied for spinor indices a, f,--:, or “ 4-vector » indices py, v,-"*, afterwards (see e.g., 
eqs (3-7) ot G-4)): 
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identical with those in the hydrodynamical formulation of a spinless particle, but in the latter 
case the hydrodynamical field was described by P and w alone, with the “ quasi-irrotationality 


8 if 
condition’? : 


curl p= —e H/2mc. (2-18) 


In the present case the subsidiary condition (2-18) is replaced by (II), and v becomes 
a general rotational field (cf. If). S, being the intrinsic angular momentum, must certainly 
reflect internal degrees of freedom of the underlying fluid, but it is not necessary further 
to explain it by such a model where each element of the fluid rotates intrinsically (cf. I). 

Anyway we consider a certain kind of hydrodynamics of a spinning fluid. The appro- 
priateness of such notion will be made more remarkable when we study the dynamical 


aspect of the problem [iv) ]. 


iii) Now, to the statement that (P, S, v) constitute the basic set, may be attributed 
further implications, that is, every higher tensor included in (2-10) : 


OPO, P9000, Prodg, --, (2-19) 


can be reduced to a rational expression* of (P, S, v) and their space derivatives. By virtue 
of this circumstance, e.g., the equations of motion for P, §, and wv, calculated on the 
basis of the wave equation (2-1), can be led to rational simultaneous equations closed 
concerning (P, S, v) [see § 3]. 

Thus an important mathematical basis for setting up our formalism consists in the 
systematic clarification of the identical relations holding among various bilinear quantities of 
(2-10) ; viz., the identities between basic quantities only—these constitute the subsidiary 
conditions (I) and (II)—, and the formulae for the reductions of higher tensor quantities to 
basic ones. The actual treatment of these problems will be carried out in § 4. The rela- 
tions obtained furnish the mathematical apparatus which enables us to replace the original 
calculus in terms of a spinor by the tensor calculus of our formalism. 

Such formulae and technique will be useful also for the treatments of a two-component 
spinor in general. The formulae obtained are concerned, except for (I), with the bilinear 
quantities involving differentiation, such as (4:10), (4:11), and» (4+15)seand) do hice 
seem to have been stated in the literature. On the other hand, it is also to be noted that 
our formulation endows those mathematical identities with significant physical meanings. 

Our formulation is thus based upon the bilinear quantities in ¢/* and ¢, in place of of 
itself. Hence the linear Property possessed by the original ¢/-formalism (wave equation 
(2-1), etc.,), ie., the superposition principle, becomes implicit there, with the entrance of 
non-linear terms, which generally just embodies the quantum effects in our formulation. The 


linear and homogeneous character of the original formalism, however, remains in the fact 


that our formalism is homogeneous in P (though not so in v or S). 


We are now in a Position to express every physical relation for a spinning particle in 


* Speaking more precisely, the quantities (2-19) can be reduced to the form: 
Px {polynomial of log P, S, v, and their space derivatives}. 
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terms of our basic quantities (P, S, v), and thereby bring to light some new aspect im- 
plicitly involved in the original spinor. 

Measurable in quantum mechanics are expectation values and probability distributions 
of various physical quantities. But they are of expressions in ¢/ of similar type with our 
basic quantities, and therefore can conveniently be expressed in terms of the latter. More- 
over the results come out to be understandable by our picture for many important cases 
[ Appendix B]. 


More important is the dynamical problem, which we will consider in the following. 


iv) We can show (see §3) that the physical contents of the wave equation (2-1) are 


cast equivalently into the following simultaneous equations of motion for (P, S, v), 1e., 


0,P-+div (Pv) =0, (III) 
gfe ae Mea rT S91 ele (Pd 50,5) rIV) 
dt mc 2 al mP — as 
MOTE E SS eH 4+ [S952 04S) 1; (Vv) 
dt mec mP =i 
where 
d/dt=0,+0-/, (0, = 9/dt) 
K=ceE- (e/c)[vx H], (2-20) 
with E,=—9,4,/c—0,;4,=electric field strength, 
and 


I]? =— (6? /4m) {4P/P— (VP)?/2P} =— (6°/2m) ACP GP. (2-21) 
These equations of motion (III), (IV), and (V), together with the subsidiary 


conditions (I) and (II), constitute the fundamental set of equations of our formalism. It 
is at once clear that 

(8): it presents the real and gauge-independent tensor formalism for a quantum-mechanical 
spinning particle. 

Moreover we can see that those equations of motion, (III), (IV), and (V), can be 
interpreted as the hydrodynamical equations of motion for our spinning fluid introduced 
before, with a supplementary assumption that the spin field S be accompanied by the 
distribution of magnetic moment (e/mc)S. 

First, (III) means obviously the equation of continuity, i.e., the conservation of fluid. 

Second, (IV) implies Euler’s equation of flow, noting that d/dt means the substantial 
derivative. Indeed, in its right side, the first term K, is the Lorentz force exerted on the 
element of the fluid by the external field, and the third term is the so-called ‘ quantum 
force” which appeared also in the similar (but more simple) hydrodynamical formulation 


of a spinless particle”. But there appear, in addition, the second and the fourth terms 
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which couple the orbital motion to the spin field. The former means the classical reaction 
upon the orbital motion of the element of the fluid by the possible imhomogeneity of the 
magnetic field, through the asscciated magnetic moment (e/mc) S$, while the latter is regarded 
as the force due to a new stress (“spin stress”’) inside the fluid which arises from the 
inhomogeneity of spin distribution. 

Finally, (V) means the equation of motion for the spin. In its right side, the first 
term is the classical torque exerted on the spin by the external magnetic field through the 
associated magnetic moment, while the second term implies that the spin is also subjected 
to the additional torque (“spin torque”), which is dependent on the gradient of the spin 
distribution itself, and tends to align neighboring spins parallel [see § 3—viii) ]. 

In all, we can say that 

(7) : our formalism describes just a particular kind of hydrodynamics of a spinning fluid. 
The realization of the above picture in classical sense should be considered not accidental, 
but to originate from the correspondence principle existing between quantum mechanics and 
classical theory. Indeed, our method reveals a most precise and explicit form of such correspondence- 
theoretical relations in the case of a spinning particle. 

We know that the purely classical equations of motion for a classical spinning particle 
are given by 


mdv,/dt=K,+7 0; Se» (2-22) 


ds/dt=7|sx H], (2-23) 


where v, s, and 7s denote the the velocity, spin, and associated spin magnetic moment of 
the particle, respectively (cf. If). The comparison of our equations of motion (IV) and 
(V) with (2-22) and (2-23) indicates that 
(0) : in our formulation quantum effects are separated as non-linear, dynamical terms of the order b?. 
Especially, spin stress or spin torque term means a sort of “ spin-orbit coupling” or 
a sort of “ spin-spin interaction,” respectively. It is to be noted that we have obtained 
these terms in our hydrodynamical formalism, as quantum-mechanical effects, for the system 
with simple Hamiltonian (2-2) which does not contain the (well-known) spin-orbit coupling 
or spin-spin interaction term originally. 
Now, these quantum terms may be provided with still clearer images by the introduc- 
tion of the notions of “total quantum potential” // and “ internal magnetic field” Hi", 
The former consists of the usual quantum potential //” and the contribution from the 


spin field, such that 
M=H"—|PS/2m, — |PS? = > (8,5)4 (2-24) 
while the latter is defined by . 
H" = (c/eP),(P3,8) = (c/e) (4S +-8,P-3,8/P). (2-25) 
The “effective magnetic field”, 


A" =H+ H", (2-26) 


The Vector Representation of Spinning Particle in the Quantum Theory, I 291 


to act on the spin magnetic moment, is also used. We can then re-express [see § 3-iv) | (IV) 
and (V) in quite simple forms, i.e., 


mdv,/dt=K,—0,/T + (e/mc) 0," +S, (IV’) 
dS /dt= (e/mc) [SX H*"]. CV") 


These results show that 

(€) : the hydrodynamical motion representing the motion of a quantum-mechanical spinning 
particle is conducted in such a way that each element of the fluid moves like a classical spinning 
particle under the actions not only of external force but also of the internal potential [] and the 
internal magnetic field H™. 

The equation of motion (IV’) may further be rewritten 


mdv,/dt= {eE§" + (e/c)[v x H],} + (e/mc) 0,Hy" +S, 3 Ges 
with Es*= —9,A,/c—9,A3", A“=A, +1 /e. (2-27) 


In the forms of (IV’’) and (V’), our equations become formally identical with the purely 
classical equations of motion for a spinning particle, (2-22) and (2-23), with the substitu- 
tion : 


A, —> Ay", H-H*", (2-28) 


for the scalar potential and the magnetic field acting on spin. In other words, 
(0!) + the quantum effects can be viewed simply as renormalizing the scalar potential and 


magnetic field strength acting, by (2-28). 


v) At any rate we have obtained the hydrodynamical formulation which describes a state 
and motion of a quantum-mechanical spinning particle, with (P, 8S, v) under the subsidiary 
conditions (I) and (II), and with the equations of motion (IIL), Cys and. (WOR 

It is possible to find out the Lagrangian which leads to those equations of motion 
together with the subsidiary conditions (see II). This also ensures the consistency of our 
formalism. 

At this point we remark that in our formulation Planck’s constant # does not appear 
explicitly in the equations of motion (III), (IV) and (V), except at the quantum potential 
term //”. Accordingly, the “spin stress”? and “spin torque ” terms in (IV) and (V) 
may also be considered like classical effects, contrary to the viewpoint of (0). On the 
other hand, however, S itself is restricted by (I) (which may be called the “ quantum 
condition” for the spin field), so that it has a constant magnitude /2. [In this connec- 
tion also appears in (II), but disappears if we re-express it as (II’) .| Thus in our 
formulation Planck’s constant plays two-fold roles, i.e., the coupling constant for the quantum 
pocential and the magnitude of spin (cf. Hf). 

Finally, our formulation for a quantum-mechanical spinning particle may also be 


understood by the picture of a sort of statistical ensemble of numerous classical motions of 
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a spinning particle, in place of hydrodynamical picture (Appendix A). In that picture, 
however, individual motions belonging to an ensemble are not independent of one another, 
but must be regarded as mutually interacting through the internal potential // and internal 
magnetic field H'". Neither such an ensemble picture nor the hydrodynamical one can be 
accepted as literally real and to permit at once the realistic interpretation of quantum 
mechanics. This situation is similar to that met with in case of simpler treatments of 


spinless particle’. 


§3. Derivation of the hydrodynamical equations, 
energy-momentum tensor, etc. 
i) For proving the equivalency of the original wave equation (2-1) with the set of our 
hydrodynamical equations of motion (III), (IV), and (V), we have various possible ways. 
In what follows, however, we limit ourselves to the explanation that (IV) and (V) can 
be deduced from (2-1). 
We rewrite here (2-1) as 
iDyb= {— (6/2m)D'— (1/2) 7Ho} (3-1) 

with D,=9)+ (ie/b) A, y=e/mce. (3-2) 
The Lagrangian density, which reproduces (3-1) as its field equation, is given by 

L= (ib/2) ($* Dy —c.c.) — (6?/2m) Df* Dd +7f* Hs¥ ; (3-3) 


and this enable us to derive, in an ordinary fashion, the canonical energy-momentum tensor 


Ty for the ¢-field, satisfying 


9. Te 005 a (=) - (3-4)* 
For instance, the momentum and energy densities are given respectively by 
Y = Tt= (6/2i) ($*0,—c.c.) = Pp,, (3-5) 
and 
= —-T,°= (b°/2m) D*b* Do + eAyy* —yp* Hsy. (3-6) 


0 . ° ° ° 
T yy, however, is not gauge-invariant, nor symmetrical, so we replace it by the gauge- 
invariant energy-momentum tensor : 


f CEA 
(a) =—| bey pdf 7 7 5 0 7 
_ TC) vie TES Ouv& > tas ) 


which is symmetric as regards its space components, such that 


O,.= (b°/2m) (DF P*Dyh +c.c.) +0440; (3-8) 


* Indices : = sehen ‘ 
dy drin over OL 2.25 8nd 2g er a£/a (x,) means the derivative with respect to x 
for constant ¢ and One. wv 
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while 
6y,= — (6/2) ($* Df —c.c.) =mj,=mPrv,. (3-9) 


We can re-express the conservation equation (3-4) in terms of 0,,, and especially 
obtain 


m0ojz+9,0,=R; +7 PI, S$), (3-10) 
as the momentum conservation relation, where R=ePE+ (e/c)|jX H|=PK is the Lorentz 


force density. 


ii) At this point it is needed for our purpose to express ©,, in terms of our basic 
quantities: The first term in the right side of (3-8) is reduced by (4-20). On the 
other hand, £° may be written, for a permissible motion, as 

L! = — (b'/4m) (Df + D*Y* Df) tee, 
which is further simplified, by (4-19), to 


Lo°= — (6° /4m) AP. (3-11) 
We thus get 
O,,=mPvy,t+tint ins (3-12) 
with 
7, (b?/4m) (0,P0,P/P—0,,4P), (3-13) 
Oi, = (B?/4m) P +8; Sy 9, SY= (1/m) P9838). (3-14) 


Here, the second term in 7, ie. 0,,4P, may be replaced by 9,9;,P, since the difference 


is divergenceless. Accordingly we may replace 7,, by 
T,.= — (b°/4m) P -0,0;, (log P), (3-15) 
and 6,, by 
O1,=mPovyv, tpt On» (3-16) 
By the way, this 6j, is the quantity which can be written as 
O1,= (6/4m) (—$*D,Dip + DF G* Dw) +¢.c., (3-17) 


in terms of ¢. 
Anyway, inserting (3-12) or (3-16) into (3-10) we get 


le {Oojs+9x(Vaji)} =R,+7P9,H;:S,—92 (Tie t Oj) ? (3-18) 
but this is equivalent with the Euler equation (IV), noting (III) and also the relation : 


8,mi,= P-8,11? (3-19) 
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iii) As is naturally expected, Tj), or 9,,, when expressed in terms of our basic quantities, 
can be taken as the energy-momentum tensor of our hydrodynamical field. This is justified 
because in the first place it satisfies its respective conservation law, and in the second the 
momentum and energy densities, (3-5) and (3-6), when integrated throughout over space, 
yield the quantum-mechanical expectation values of momentum and energy [for this point 


see also Appendix B]. 
Eg. (3-18) of course expresses the momentum conservation law for our hydrodynamical 


field, where (3-9) is the kinetic momentum density, and 7/,-+o;, is the internal stress 
tensor. 
The energy density of our hydrodynamical field is obtained, merely by reducing (3-6) 
to our basic quantities applying the formula (4-20) again, in the form: 
rw ey 
8m P? 


I= P| mo? +eA,— 2 HS + 
Z 1C 


UL 


A ee sit . (3-20) 
2m 
In the right side, the first term is the kinetic energy, the second and third terms usual 
potential energy, and the last two terms the positive definite potential energy due to self- 
stress. 
In (3-20) the contributions from spin are separated in a very simple form, and do 
not involve any term like kinetic energy of rotation. 


It is also to be noted that the expression (3-20) provides a suitable form to find 


out energy eigen-states through the variational principle : 


\ 2¢dx=min., (| Pdx=1). (3-21) 


iv) We come back to eq. (3-18), ie., (IV). The relation (3-19) indicates that the 


stress 7}, may be replaced by a pressure potential /7”. On the other hand, the force that 
comes from o;,, i.e., the fourth term in the right side of (IV) : 


Qi — (1/mP) 9, (PI,S,-3;5,), ae 

can be separated into two parts such that 
Qi = — (¢/me) Hf" -3,S,— (1/2m) a,(|PS|°), (3+23a) 
= (e/mc) 0;Ag +S, + (1/2m) 9,;(\F'S|*), (3 +23b) 


where H" is the internal magnetic field* defined in (2-25), and the following relation 
has been used : 


(1/m) |7'S|’= — (e/mc) H™-S, (3-24) 


which is simply a consequence of (I). Eq. (3-23b) is just the relation employed in the 
transcription from (IV) to (IV’). 


* As for Hit, it is to be noted 


that a) it acts on particle only th h i 
mee Pp y through magnetic moment, and 
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By the way, // and H'™ depend only upon the gradients of log P and S. 
v) Next we shall derive the equation of motion (V). First, using (3-1) we can obtain 


26) —7[ (6) xH].+= 


On(f*o,D—c.c.). (3-25) 


Inserting the reduction formula (4-21) into the second term of the right side, (3-25) is 
put in the ferm: 


26) +94 04: (o)} = (6) XH]. + 


9, {=1(6) x3x(0) I. (3-26) 
Noting (III) again, (3-26) is readily rewritten as (V). 


vi) Here we shall note that, under the constraint (I), only two of the three component 
equations of (V) are independent of one another, because the scalar product relation of 
(V’) with S$ is automatically satisfied on account of (I). 

The compatibility of the subsidiary condition (II) with the equations of motion GH); 
(IV), and (V), may be verified directly: We can exhibit that the substantial derivative 
equation of (II) is actually satisfied as a consequence of (1)—(V). This calculation 
gives at the same time the expression for the substantial rate of change of the vorticity of 
our hydrodynamical field, showing that in ovr hydrodynamics the vorticity does not persist. 
We omit, however, to write down this calculation here, since the consistency of our formalism 


will also be made clear in II by finding the Lagrangian which derives (1) —(V). 


vii) A feature of the equations of motion for jand (¢), (3-18) and (3-25), is that 
the quantum terms appear only in divergences. This is a general situation which should 
be needed for Ehrenfest’s theorem to hold. Indeed, when we integrate these equations over 


whole space, the quantum non-linear terms drop away and we obtain simply 


m= | jae, =| P(K,+ £3 H,-5, dx, (3-27) 
dt mc A oe 
<\ PSdu= | P[S x H jdx. (3-28) 
dt mc 


‘These results exhibit that particle moves on the average like a classical spinning particle. 
So far as these results are concerned, we can get them simply by taking the expectation 


value of Heisenberg’s equation of motion for » or $ as q- -numberts. 


viii) Finally, we again take up the last term of the energy density expression (3:20), 
P\VS|?/2m, (3-29) 


which is smaller according as the spatial variation of spin directions becomes more gradual. 


? 
Also, this energy term is responsible for the appearance of the “spin torque term, 
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= [Sx9,(P3,S) ]=—[Sx 4S] +. 3,P3S, (3 +30) 
m i a m m 


in the equation of motion (V) for S$. The occurrence of (3-29) or (3-30) means the 
action inside our fluid which tends to align the distribution of spin directions. 

A noticeable fact is that our spin energy density and torque, (3-29) and (3-30) 
(or the first term in its right side), are of similar forms respectively to the energy density 
of exchange interaction and the torque due to it which have been introduced by Herring and 
Kittel", in their phenomenological approach to spin waves in ferromagnetic media. 

It can thus be seen for a simple example that, as a consequence of that spin torque, 
we may have such solutions in our hydrodynamical theory as to behave like a spin wave 
(see II). 

It is to be noted, however, that the spin wave theory takes up the spin vector field 
which is originally a g-number, while our formulation represents, not the spin operator, but 
the spinor wave function by two kinds of c-number vector ficlds, ie., spin and velocity 


distributions. 


§ 4. Identities between bilinear quantities 


i) In this section we will derive, in a systematic and simplest way, identical relations 
holding among bilinear quantities (2-10), which relations have provided the mathematical 
basis for the arguments in the preceding sections. All our treatments of the problem will 
be performed without recourse to any specified representation of o;,’s. 

As we deal in this section with essentially mathematical problems, it is convenient to 
employ the abbreviation, 


(0) =y*04, vs? 
where O means some operator ; e.¢., 
(9) =0,9* -¢, (0,) = f*I.0, 
9,0,) =9,0*9,0b 5 he (4-2) 
( i ) oS Of Ong ’, (0,0) = 3, or, Santee 


We also use another abbreviation, 


3: (oy) =i {(x0,) — (o,9,)}, (4-3) 


where #=1) 2, 3,0) with o,==I. 
Our problem is then to find out the kinematical relations existing between our seven 
basic quantities : 
(1) =$*$=P, (o,) =o, 
ae 4-4 
0,(I) =i {(9,) — (A,)} = (2/6) Pp, ; x 


and also to reduce the higher tensor quantities : 
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i{(0,0,) —c.c} =0,(0%), (4-5a) 
(0,3,) +e.c.={(0,3,)}, (4-5b) 
i {(0,4,3,) =}; (4: 5c) 


ee 


to the basic quantities (4-4). 
We have here picked up the forms, (4-5a, b, c,-:-), from (2:19), on the basis of 


following reasons : 
a) (3,0,,) and its conjugate (o,3,) are connected by 
(9,0) + (92) =9,(o,), (4-9) 


therefore it is sufficient to consider 0,(o,) only. 


b) As for (9,9;), we have an obvious relation 


(9,0,) —c.c.= (1/2) 8.5. —[i, kh}, Cody: 
so (4-5b) alone comes into question. 


c) (0,9,) or (9,0,) is related to (9,3,) through 


{(3,3,) + (0,0,)} +e.c.-=3,9.(D, (4-8) 
and 
{(,3,) + (0,5,)} —e.c.=i8,0,(D) ; (4-9) 


——s 
hence it is not necessary to deal with the former quantities separately besides (0,0,) - 
ii) The next step is to study the identities existing between the elements of Pauli matrices 
c,’s. First of all, we have the well-known basic identities : 
i mn N by) I) 
Oop 27 a/p = = 2095/9 x18 — Pap args - CA 


Multiplying both sides of (A) by o%,, and summing over ’, we can obtain another 


important formula : 


Coby iors |, (k=tXy)- (Byes 


* [i, k| stands for the expression obtained from its preceding term by the suffix interchange between 


i and &. 


+* gyst=(o;)¢8- Greek suffix runs 1 and 2. The underlines below the superscripts i on the left side 
of (A) indicate that the summation 31 should be taken, as before. 


q=12 
KK cVagoHargr = otapolalgl— les i] > and 


ol aso larg = oF ap/Oals—Oap/o* arp, since ast 


298 T. Takabayasi 


Further, making use of (B), we can get a formula which refers to a determinant of 


the third rank: 


Z m. n . BY D) » y 
EranF xO atprF atrs/t =—21 (Da3/D grr Oarrp =a Oggr1Oarg%arrgr) ‘ (C) 


iii) By the aid of the formulae of ii), we can now derive the required identities. 
First, the former identity (I) is derived, of course, by an application of (A). We 


also note here 
De ID n=, (1’) 
which is a result of (I). 


If we transform the expression 0;(0,)9,(o,) again by means of (A), we find the 
identity, 


9, (o,) 8. (o,) =2 (I) {(9,9,)} —8,(1) 6,(D), (4-10) 


which supplies the reduction formula for (4-+5b) : 
{@5)} = Fy 2.P3,P+ 9D) A(1)} +29,35-,3). (4-10') 


Next, we transform the expression, (o;) 9, (o;) Je j], with the aid of (B) ; then we 
obtain another identity : 


(71) 9.(o5) —[i, J= (61) 6,(D — (DD 0,(o,), (4-11) 


(k=1Xj) 
which works as the reduction formula for O(o;). 


Finally, we apply the formula (C) to transform the determinant, 
4is== Emm (01) (Cm) 9;(0) (4-12) 


Then we are led to 


4j= —2i[ (1)? {(0,3,) —[i, i} —() {@) 6) -[i, i}. (4°13) 
Its right side is next rearranged, by use of (4-7) and also of 


(9) (8,) —[i, j]= G/2) {9,(1) 8,(Z) —[i, j}}. (4-14) 


Eventually we get 


= (1)* {8:(8;(D /(D) —fi, aie (4-15) 
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or 


Ay = Eine 1 8nd n= (2/8) cule gP- (4-15") 


iv) We shall now apply the substitution : 


8, > D, = 9,—i(e/be) A, ; 


in » (4-16) 
0, > Df =0,+i(e/bc) A,, 
to the foregoing relations. With this substitution, 0;(7,) goes over to 
0;(o,) > 0;(o4) —2 (e/bc) A; (oy), (4-17) 
in particular, 
0;(1) > (2m/b)j;- (4-18) 


It is noticed that the left side expression of (4-8), and the right side ones of 
(4-10) and (4-11) are all invariant with respect to the substitution (4-16), (4-17). 
Accordingly, we obtain at once, corresponding to (4-8), (4-10’), and (4-11), the gauge- 


invariant formulae : 


(¢*D,D,b + DF b* Df) +¢.c.=9,9,P, (4-19) 
Dif@* Dy +0. = 18,2 9,P +2" Pua t— 3.54015 (4-20) 
Dye b 2 ” 
ar / __ ae 1 3 esl igs , 
—(¢ oD —c.c.) ae Se te 5 {(o;) (5) [;, jl}. (4-21) 
i 
(k=1 Xj) 


On the other hand the right side of (4-15) is not invariant with respect to the 
substitution (4-17) ; the explicitly gauge-invariant re-expression of (4-15) is 


(6/2) 4,,=m curl, v+ (e/c) Hy » =1 x1) (4-22) 


which is nothing but the second subsidiary condition (TL) 


v) Finally, we will mention a few relations upon the determinant quantity Bij, Leh 


Si De 8s 
a>), O,pist loads 


4,;= tail 412 4123 
O55 9j2 9524s 


We multiply each column of the determinant by 53, >), and >}, respectively, and sum 
up. Then, noting (I) and (1’), we obiain 


as eros 
aes id > (4223) 
an Oj>  9;D12 
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which is the form adopted in (II’) [§ 2]. 
The relation : 


Si DVO Oe OF (4-24) 


Imm 


is confirmed also by a similar procedure. Noting this, we can easily show 


>) 9,4,;=0. (k=: Xj) (4-25) 


cyclic 


Appendix 


A. Ensemble picture 
, 


Our formalism may be interpreted in terms of an ensemble of particle motions instead 
of the hydrodynamical picture, which circumstance is similar as in the case of spinless 
particle”. In the present case, however, we consider an “ensemble” of innumerable 
motions of a classical spinning particle which in effect interact through total quantum 
potential // and internal magnetic field H'*. Such an ensemble cannot of course correspond. 
to a classical-statistical interpretation of quantum mechanics, at least as it is. 

Moreover, the ensemble is limited to a particular one such as to consist of particle 
motions of number co®* to satisfy the subsidiary condition (II) *. 

If we have a solution (P, S, v) for our basic equations, individual particle motions 
constituting the ensemble specified by that solution may be obtained as follows: First 
integrating the simultaneous differential equations 


dx/dt=v(x, t), (A-1) 


we find particle orbital trajectories of number 00°, x(x, ), (where we have chosen the 
integration constant to be particle initial position x,). Next, by substituting this into the 
spin held S(x, t), we get the time change of the spin direction of individual particle, as 


S,=S (x(x), 6), ¢). The initial direction of spin is correlated with the initial position by 
S,=S(x,, 0). 


B. Expectation values and probability distributions 


Our picture reproduces correctly the quantum-mechanical expectation values of most 
of the significant dynamical quantities, as the mean values over the ensemble,—or as the 
total values taken by the hydrodynamical field. 


a) Especially, our picture reflected the quantum-mechanical probability distribution of 


particle position precisely by the density P(x). Hence it also does so for any quantities 
which are functions of the position only. 


b) The picture also reflected the expectation value of spin component correctly (sce 


§ 2). In this picture, however, spin component is distributed in space taking continuous 


* Previously!) we have called an ensemble “ elementary”, that obeys such a sort of restriction. 
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values between —6/2 and 6/2, in disagreement with the quantum-mechanical probability 
distribution of particle spin. Hence, e.g., we would be given the mean value of the 


magnitude of spin to be |S(x)*P(x)dx=i'/4, differing from* (s”)qu= (3/4)>". 


c) As for a momentum component, the expectation value was correctly given by our 
picture [§ 3-iii) ], such that 


( Pya=| ys (b/i) Pde =| P(x) p (x) de. (Bet) 


Hence, noting a), (¥)qu is also reproduced : 


(v)au=| v(x) P(x) dx. (B-2) 


Our picture, however, does not reflect the probability. distribution of p; faithfully, so it 
cannot reproduce, e.g., the expectation value of p,. This is a consequence due to that our 
formulation does not stand on equal footing with ‘respect to particle position and momentum, 
but it starts from the coordinate representation” of quantum mechanics of spinning particle. 
d) The picture, nevertheless, reproduced the quantum-mechanical expectation value of 
particle energy. It was connected with the fact that the energy distribution J¢ in our 
picture takes account of the contribution from the potential energy due to self-stress, which 
is, in fact, a part of kinetic energy in the original quantum mechanics [§ 3-iii)]: First, 


for kinetic energy, we have 
(Hun dar= | $* (1/2m) (p—eA/e) de 
ne (/2m)| * D'idx = (b°/2m) \ D*$*Dode. (B-3) 
Hence for total energy, we obtain 
(A an=€ Ain Daw +| {eA,— (e/mc) HS} Pdx. (B-4) 
Comparing (B-3), (B-4) with (3-20), we find at once 


(H)a.=| dx. (B-5) 


* We denote the expectation value of a quantum-mechanical quantity F by (F qu. 
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Recoil correction to adiabatic nuclear potential in the symmetrical pseudoscalar meson theory with 
pseudovector coupling is calculated up to the first order in the nucleon velocities by means of the 
F-S-T formalism” which is formulated by taking into account the normalization condition for the Tamm- 
Dancoff amplitude. Divergences which eppear in the course of the calculations are subtracted by a 
sort of non-covariant renormalization procedure. Resultant correction consists of two parts, spin-orbit 
coupling part and velocity-independent part. The former is found to be of the correct sign and 
suitable magnitude as required by the theory of nuclear shell model. 


§ 1. Introduction 


It is well known that the theory of nuclear shell structure requires the spin-orbit interac- 
tions in the shell model potential.” Though the two-body tensor force yields such an 
interaction in the quasi-atomic model, the resultant doublet splitting of the nuclear fine 
structure is not only too small in magnitude but also of regular order, in contrast with 
the experimental evidences (which indicate the inverted doublet). In this connection, it 
must also be noted that the well-known Thomas spin-orbit term, which arises from the 
relativistic correction to the static interaction Hamiltonian and is of the order (1/M’), yields 
the doublet inversion, but it is insufficient in its order of magnitude”. It seems therefore 
to be of some interest to examine the direct two-body spin-orbit coupling afforded by the 
meson theory, although it may be possible that the spin-orbit interaction in the shell model 
is derived from the velocity-independent two-body forces by a future refinement of the 
treatment of the many-body problem. Recently, Araki* has pointed out the possibility 
of interpreting the observed doublet interval *Dsjy—"Dsjo of the O” nucleus as due to the 
spin-orbit coupling derived meson-theoretically. However, the meson potential adopted by 
him was incomplete for the required order of approximation. 

In the meson theory, the velocity-dependent forces can be derived only by taking into 
account the effect of the nucleon recoil accompanying emission and absorption of the virtual 
mesons. With the usual canonical transformation method, however, the recoil corrections 


to the nuclear forces cannot be obtained without ambiguity, since the transformation 


*) G. Araki, Prog. Theor. Phys. 13 (1955), 13. One of the present authors (I. S.) is indebted to 
Professor G. Araki for sending his manuscript before publication. 
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operator is not uniquely determined by the condition alone that the transformed Hamiltonian 
should be diagonal with respect to the meson number. On the other hand, the “ potential 
operator” derived along the line of Tamm-Dancoff approximation is not adequate in the 
strict meaning of the word owing to its non-hermiticity (especially in the recoil correction 
part) and the fact that the T-D amplitude is not normalized to unity.) For our purpose, 
therefore, it is necessary to fix a certain standard method. 

Recently, Fukuda, Sawada and Taketani (F-S-T) have given a general method of con- 
structing the potential in the quantum field theory.” According to their formalism, the 
potential operator can be analyzed into its normal part and the probability operator. In 
the meson theory, the probability operator is related to the probability of the nucleons dis- 
sociating into the bare ones and the meson cloud.* F-S-T have also shown that the nuclear 
potentials previously calculated by several authozs’? can be obtained from the F-S-T potential 
by various approximate replacements of the probability operator. In view of this point, 
the F-S-T method seems most promising at the present stage. 

For these reasons, we shall here investigate the effect of the nucleon recoil on the 
two-nucleon interaction along the F-S-T formalism**, and especially, emphasis will be laid 
upon the derivation of the spin-orbit coupling. The symmetrical pseudoscalar meson theory 
with pseudovector coupling [PS(PV) ] will be adopted, and actual calculations will be carried 


out to the first order in the nucleon velocities. 


§2. Derivation and renormalization of the potential formula 


Eliminating the components of the state vector other than the zero-meson component 
Y, from the ordinary Schrédinger equation for the system of two nucleons and meson field, 
we obtain 


(E—K)V,= <HJ(E)>¥,, (21) 
with 
J(E) =[1— (E—K—H,)* (1-2) HJ, (2-2) 


where E, K, H, and H, are the energy eigenvalue of the system, the kinetic energy opera- 
tor of two nucleons, the interaction Hamiltonian between the nucleons and the meson field, 
and the free Hamiltonian of the meson field, respectively. v is the projection operator to 
the zero-meson state, and accordingly, ¥, is connected to the original state vector YW of the 
system by Vj=v. In eq. (2-1), we have introduced an abbreviation <A> for vAv, 
A being an arbitrary operator. 

Owing to the relation’ 


*) Two of the present authors have also found the importance of the probability operator indepen- 
dently of F-S-T, and have investigated the electromagnetic properties of deuteron taking this into consi- 
deration. Cf. I. Sato and K. Itabashi, Prog. Theor. Phys. 13 (1955), 341. ‘ 

™) The static part of the F-S-T potential has already been calculated by Sawada. Cf. K. Sawada 
Soryushiron-Kenkyu (Mimeographed Circular in Japanese), 7 (1954), 115. 
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Lp =J(E) (ge 
we have 
(Fa ~<JE) JE) >%) =1. (2-3) 


For the calculations, it is necessary to expand the right-hand side of (2-1) in powers 
of the coupling constant f. For this purpose, we expand <HJ(E)> up to the sixth 
order in H, assuming the latter to be linear in the meson field variables. That, for our 
purpose, such an assumption is permissible in the case of PS(PV) theory will be shown in 
the next section. Correspondingly, we expend <J(E)*J(E)> in (2-3) up to the fourth 
order in H, teking into eccount the fact that the first term in the expansion of = (2) iS) eS 
is of the zeroth order, while that of <HJ(E) > is of the second order. 

Then, each term in these expansions contains the factor (E -—K—H,) -!, In the static 
approximation, this factor is replaced by (—H,)~™, or otherwise, K is put to zero. However, 
this is not a good approximation since (E—K)/H, is not less than f* in order of magnitude, 
as is seen from (2-1). [Since K m (E—K—H,) 1 is the kinetic energy of the nucleons in 
an intermediate state, (E—K)/H, is of the same order as or much larger than f*, accord- 
ing to whether the changes in momenta of the nucleons due to the emission or absorption 
of virtual mesons are small or large.] Therefore, we further expand the second order, the 
fourth order, and the sixth order terms in the above expansion of <HJ(E)> up to the 
second order, the first order, and the zeroth order in (E—K)/H,, respectively. Similarly, 
we expand the second order and the fourth order terms in the previous expansion of <J(E)* 
XJ(E) > up to the first order and the zeroth order in (E—K)/H,, respectively. 

In otder that the above procedure may give a good approximation to the potential for 
the internucleon distances of the order of the meson Compton wavelength, the changes in 
energies of the nucleons must be at most of the order of (uc? f?/47) for the emission or 
the absorption of virtual mesons with the momenta of the order of sic. Since f?/4n~p/M, 
this requires that the nucleon momenta must be at most of the order of pc at those in- 
ternucleon distances, and therefore that E<j22/M. In what follows, we assume that this 
condition is satisfied, and thus regard (E—K)/H, of the same order as f°/47 or p/M. 

Now, the equations which are deduced from (2-1) and (2-3) by the above expan 
sions contain explicitly the energy eigenvalue E. However, since P, obeys (2-1), we can 
eliminate E from those equations by the repeated uses of (2:1). We write the equations 


thus obtained as 


(E—K) ¥,=UY (2-4) 
and 
(Ee ee — is (2-5) 
U and P can be written as 
U= Ue a UG a Ue al UEC + UG» = Ue), (2 » 6) 


and 


j JA 4 pe) + pt pes (2 - a) 
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where the superscript (m, n) means that the term with it is of the m-th order in H and 
of the n-th order in K/H,. [As is previously mentioned, we have assumed that H is 
linear in the meson field variables.] Both P and U no longer contain the energy eigenvalue 
E. However, ¥, is not normalized to unity [eq. (2-5) ], and moreover U is not hermitean. 
Therefore, we cannot regard U as the potential operator. 

We now introduce the normalized wave function y by 


1=P°E, (2-8) 
then, we obtain from (2-4) as the equation for 7 
(E—K)7=W, (2-9) 
with 
W== PRY pK, (2-10) 
and 
V=P(K+U). (2-11) 


We expand also V in powers of H and K/H,, and approximate it by* 
Ve VEO L YEO 1 VOD 1 VEO 4 FON 4 7e2 (2-12) 


with the same meaning of the notation (m, m) as above. Then, V is found to be hermi- 
tian, and this is also the case for W.** We therefore adopt W as the potential operator. 
Now, P and V contain the divergences of the nucleon self-interaction type. To remove 
these divergences, we shall perform a sort of non-relativistic renormalization. First, we re- 
place E and H in (2-1) by 
€=E—0dE and H’/=H—0oE 


respectively. OE denotes sum of the self-energies of the nucleons, and is determined by the 
equation obtained from (2-9) by expanding W in powers of the coupling constant and 
K/H). 

Then, by proceeding in the same way as above, we are led to the equation (2-9) 
with € in place of E. However, P and V are now lacking in the strongest divergences 
that were previously contained in them. We shall show that the remaining divergences in 
P and V can also be removed by the renormalization of the coupling constant. For this 
purpose, we write P!%” and V'™” in (2-7) and (2-12) as 


Pom” — Porm as P&™ 
and 


AE) = Vom iE Poms 


where P’™™ and V°™ are the convergent parts, and P{"” and V2" the divergent parts. 


*) Apart from the reason which js explained previously with respect to the expansions of <A Gye 
and < J(E)*J(E)>, also by an analogy with the case of the neutral scalar meson theory, it seems to be 


reasonable that V is calculated up to the order higher by 2 than P. See K. Sawada, loc. cit. 
fo) ee Ctarehen 
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Then, it can be proved by the straightforward calculation that 


V=K+(1 +22) (ve ah Ver) a8 Vao 4V EO 4 VED yin yer 


HE (1/2) 4 RE (BE OE PSO 22PE OPS) }, (ete) 
where 
V'Gd = _ ar ry. (3,1) —— epeu_ y S 
1 H, 2 2 H, 1 


¥ 
mE let ei <H, Fh>, 


0 0 


2 is the divergent constant defined by 
AH = Sie Hx H, Hi, 
and H,°- is given by 
HE? = Sor {K, HuljH; H4.—HeHLKs Halt. 
where H, and K, are respectively the interaction Hamiltonian end the kinetic energy operator 
of the i-th nucleon, and Hi, is defined by 
A= 21 (Ae a,+Hiy* 4,*), 
a, and a,* are the annihilation and the creation operators for the meson k, whose energy 


we have denoted by w,. The index k specifies the momentum and the charge of the meson. 
On the other hand, (2:7) can be written as 


PH14 (1424) PPO TPE OPE? EPS 
+ Pt —22P2 + PE. (2-14) 
Comparing (2-13) with (2-14), we introduce P’ and V” defined by 
P= P’w and V=w V’ wy, (2-15) 


with 
1+ (1/2) (PE + PY? 222 + PE”) — (1/8) (PE)*. (2-16) 


Then, it follows from (2-13) ~ (2:16) that, to the present order of approximation, 


Diesels (Ucti2de- ba ee a Pp) 4 pe (2-17) 
and é 
Vi=K+ (1 -—2,— Po) (VEO 4+ Vem) =e (1 + 44—2Pe) veo + ene. Vee 
ee eS (2-18) 
where 


VOC Veo 4 (PE 47) Ce — [Pe = (Pane 
= APG 2 PO) Ee 


and 
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Vev= Vea (1/2) {Pe, Ver ; 
It is now obvious that, to the present order of approximation, (2-17) and (2-18) 
are transformed by the renormalization of the coupling constant into 
Pi ss14) PEO Pee | pr (2-19) 
and 


Vi=K+ yoo, ie VE as Ve abs ye” zs ved a. Ven + yee, (2 -20) 


Now, we introduce the new wave function ¢ by 


g=P"'nF,. (2-21) 
Then, it follows from (2-°8)~(2-10) that 
(«—K)g=W'¢, (2-22) 
where 
= PIM pitt =, (2-23) 


It is easily seen from (2+5), (2-15) and (2-21) that 
(¢, 9) =1. (2-24) 


(2-23) is our working formula for the potential operator. 

Our purpose is to calculate the recoil part of W’’, the exact definition of which is W7’ 
minus what is obtained from W” by putting all nucleon velocities equal to zero. However, 
we confine ourselves to the calculation of that part of W’ which is of the first order in 
the nucleon velocities. Thus, we omit V& in (2-20), since this is of the second order 
in the nucleon velocities. In the next section, it will be shown that P’ does not depend 
on the nucleon velocities, and therefore V“ does not contribute to the recoil part. In 
what follows, we further omit V“-, since it can easily be verified that its velocity-dependent 
part vanishes for the symmetrical PS(PV) theory which will be adopted in the following. 
The desired recoil part of W’ is thus given by 


W', =P! Yl, P-2_K, (2-25) 
where 
V'p=K-+the part of (VEOLVE®4VED 4 VE) which 
is of the first order in the nucleon velocities. (2-26) 
We shall here give the necessary expressions : 
PEO CH, Hath ae <He H,>, (2-27) 


0 


PS =the convergent part of| <H : Fry A H 
aie HH? q 


0 i) 0 


1 


1 
< HH. 
Bi H. 


0 


re 1 1 1l—v 1 
_H—_H> + <H—H. H—H 
HH? H, Hr, oe we 
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-| <p H>, <I H>} | (2-28) 
liek 0 
12-0) —the convergent part of| {K,<H + H>\ “= 2 = Ho | ? (2-29) 
Ho a Bi be 
Pee <i Hyp Ss 2-30 
hts —<HeLH 2-30) 
VS%=the convergent part of| — <H b ogphs try H> |, (2°31) 
Fk, Hi, HA, 
pe Sepia sa Ths ee at ee (2-32) 
war “Ay 
VO) =th ; K 1—v 1 
G0) —the convergent part off <H —H H—H> 
Pi ake r. 


ie ee ppckeie, RO ep Migros serpy Mies) i py Bers 
A, Hy A, fet eddy, Golly 

seg FR ap] <H+_H>K-— Rene le eee H> |. (2-33) 
Ai, Hig Hy 0 


§ 3. Calculations and final results 


In the following, we shall work with the symmetrice] PS(PV)) meson theory. Then, 


the interaction Hamiltonian is given by 
H= - Cf/t) Sad Os V bx (r;) + Pra Te (r;) |. (3 } 1) 
4=1,2 


However, it is convenient to eliminate the odd operator /, by a unitary transformation. 


Then, to the first order in M —1 we have 


HW Heti, isn (3°2) 
where 
H,=— Cf/t) ites 0, 7¢,(r4), (33) 
~= 12M) (f/m 21 Fe =O ;)%a(F;) tHe (Fe) (PeSs) ras (3 *4) 
and 


H,, = (1/2M) (f/pP)" dara) (353) 
As a consequence of this transformation, we can take the nonrelativistic expression for K: 
K= (1/2M) (p: +P:)- (3-6) 


It should be noted that H, itself is not invariant under the Galilei transformation. In 

fact, with H, alone, we are led to the potential involving the center-of-mass momentum. 
Ns ? ote tee 

As one of the present authors (S-S) has already pointed out”, H is made Galilei invariant 
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by including H,, and the dependence of the potential on the center-of-mass momentum is 
cancelled out by the contribution of H,. 

Now, the term H, which is quadratic in the meson field variables contributes only to 
the terms in P’ and V’ of the fourth or higher order in f In fact, it is easily found 
that the largest contribution of H,, to V’ is of the order of f' 4°/M for the internucleon 
distances of the order of 4’, while the fourth order contribution of H, is of the order of 
f'v. Therefore, the contribution of H, is of the same order as V%” or VO in its 
magnitude. However, the former can easily be found to be velocity-independent, and more- 
over, a simple calculation shows that its convergent part actually vanishes. Its remaining 
diverging part does not cause any essential modification in our renormalization procedure, 
and our working formulas (2-23) ~ (2-33) for the potential operator remain unaltered 
to the desired order of approximation. [The largest contribution of H, to P’ is found to 
be of the order of f' 4/M, and accordingly, can be neglected in our approximation. ] 
Thus, we can omit H, entirely and take 


H=H,+H, (3-9) 


instead of (3-2). This confirms the validity of our assumption that H is considered to 
be linear in the meson field variables, of which we have made full use in the preceding 
section. 
Since, H, is of the first order in the nucleon velocities, it is sufficient for the calcula- 
tion of W’, to replace H by H, in V2, VE) and P@->. Then we have 
pe —~o, 
owing to the relation 


1 


Fig >. 


3 


malo ie o> = <H» 
H,’ 0 
As was explained in § 2, we have assumed that the nucleon velocities are of the order 
of 4/M or f?/4z at the internucleon distances of the order of Under this assumption, 
the contribution of H, to P“ is of the order of (f°/47)*, and therefore can be neglected 
in our approximation. Thus, the velocity-dependent part of P’ is only that of P&, 
According to (2-27), the latter is 


(eH re 5 <HyagtHes> | +[122} (3-8) 
A, Hy 
to the first order in the nucleon velocities. However, a simple calculation shows that (3-8) 
vanishes. Thus, P’ becomes entirely velocity-independent to the Present order of approxi- 
mation. [i.e., it agrees with that in the case of static approximation.] Therefore, //@- 
and V{' contribute to W’, only through the parts of (2-30) and (2-31) which are 
linear in H,. 


After these preliminaries, the calculations of P’ and V’ r are straightforward, and the 
results are as follows : 


P’= A(x) + B(x) Se (3-9) 
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and 
Ve (1/2) (K, P} + (18/M)[C(x) +D(x) (6,-4,) 
+E (x) Set (1/x") L(x) (S-L)], (3-10) 
where 
Su.=(o,-2)(o.-7), $= 4/2) (+0), 
r r 
L= (1/2)[r x (pi—p») ]= —ArxV,], 
r=r,—Tr,, and x=/pr. 
The functions B(x),:::::: , L(x) involve the operator (t,-T,), and A(x) contains not only 
(t,-7,), but also (6,-G,). The expressions of these functions will be given later. 
Finally, we have to calculate W ‘,, which involves the factor P’~"”. However, this 


factor does not cause any serious difficulty, since P’ is velocity-independent. Indeed, in 
virtue of the fact that the operators (T,°T) and (0,-0,) contained in A(x) and B(x) 


are commutable with S\\,, we can use the formula 
piv? (1/2) [(A+B)2?+ (A—B) 7] 
+[ (A+B)? — (A—B) ™] in} - (3-11) 
With this formula, the calculation of W,' is straightforward, and we finally obtain 
W f=WortWe (3-12) 


where Ws, is the spin-orbit coupling part, and W, is the velocity-independent part. These 


are respectively given by 
Worx (12/M) (1/#) [2+ (L—24) (A?—B) 7") (S-L) (3-13) 
and 
W = — (12/M) {(1/4) (4B) “[ (A? +B") (4 +B) — 4A’ AB) 
— (1/2)[2+ (L—24) (4—B) "| 
— (4°—B') [A (C— (L/#*)) —B(D+E) }} 
— (42M) {(1/6) (4° —B) “| AB (A? + B’) — (A? +B”) AB] 
— (1/3x2) [2+ (L—24) (4B) 
— (1/3) (4—B’) =(A(2 2D ORE a), +B(2D—C) ]} (0;-9) 
— (2/M) {(1/6) (4B) -*{ A'B! (A? +B’) — (A? +B”) AB] 
+ (1/6x)[2+ (L—24) (#—B) “1” —L(A—B) | 
~ (1/3) (4—B) “AE —B(C+D) — (L/x) }} S10, (3-14) 
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where 


and 
Siy= oS ge (9, ; or) : 


The explicit forms of the functions 4, B, etc., are as follows : 
A(x) =1+F(x) + (6,:6,) {(f°/47) (7-7) k, (x) +G(X)}, (3-15) 
B(x) = — (f°/4=) (%-7,) {hk (x) +24, (x)} +H (x), (3-16) 


CQ) = (f'/ 47)" [2Gt2x- 4)(— +3 stg teats =» expl—2x] 
4+(3-2 mt) {+4420 OES ea 1 tes hE, pas ee (3-17) 


D(x) <1 (f?/4n) | G-25r) {2 (144/22) ke-+ (148/22) kh, +a} 
5 


— (3+27,: 1)(4 tee tate ca 44 ‘2 )exp[— 2x], (3-18) 
E(x) =4 (f/4n)! [ G+2n,. ner re cae + +18 exp [— 22] 
(err) 2(1-+6/x*) be? (1412/22) hb, + (3/22) male (3-19) 


Lay =p /any | G—2 71°T2) (Ry + 2k,)?—2(3+22,- 7)(—+4 aa >it =) 
Xexp [| —2x], (3-20) 
where 
ky (x) = (2/7) K,(x) and ky (x) = (2/z) (1/x) K, (x) (3-21) 
with K-functions defined by 


K, (7) = ["(2+ 1/2) (2p) * i cos kr de 
ede (lias 6 (RP 2) 12” 


In eqs. (3-15) and (3-16), we have used the notations F(x), G(x) and H(x) for the 


following functions : 
F(x) = Van) 4 a2 (242 B 2 = 
= (p/m rn( 424442 Jory [29 
(3/2) (Lest, 833) (ky + 2k, b+ 3k) | (3 *22) 


G(s) = (F/4n)'| —6(2 + 3 +2 )exp [25] + (9/2) —22,-2) Ath J 
3-23) 
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Hs) = (f?/42)"| 6( 2+ + expl—2x]— (9/2) —271-2) (hy +2h') |. 3-24) 


fie Fips: to, 2 and 3, we plot the coeficient of (S-L) in Wg, and the velocity- 
independent correction W) as the functions of x with the value 0.086 for (f°/47). For 
comparison, we show in Fig. 4 also the spin-orbit coupling part obtained by the approximation 
in which V’ is expanded only up to the fourth order in the coupling constant (in our 
sense“) and P’ only up to the second order. To this epproximation, not only H,,, but 


also H, do not give any contribution, and the recoil part of the potential takes the form 


WD — po)-1/2 (172) {K, PM poate. G: 25) 
where 
P® =A® (x) + B® (x) Soyo» (3-26) 
A® (x) = 1+ (f°/4%) (F172) A) (Gi °O2)> (3-27) 
Mev 


i —> x 


0.7 0.8 0.9 1.0 1.1 


‘> 1. Coefficient of (S-L) in Wsr- Fig. 2. Wu, central part. 
I: triplet even 

II: triplet odd 

Ill: sirgiet even 


IV: singlet odd 


triplet even 


triplet odd 


*) Je. with an understanding that K/Ho is also regarded as the second order quantity. 
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Mev 
70 


60 § 


50 = 
40 aa 
—4 
30 
ma 
20 —6 
ag 
10 
—8§ 
0 
-9 
—10 Mev 
Fig. 3. Wo, tensor part. Fig. 4. Coefficient of (S-L) in Wg 70. 
I: triplet even I: triplet even 
Il: triplet odd II: triplet odd 
and 
BS (x) = — (f?/47) (t°Te) {hy (x) + 2h, (x)}- (3-28) 
(3-25) yields the following spin-orbit coupling part* : 
W S2= (42/M) (2/7) [1 —A® (AP — BO”) -17] (8-L). (3-29) 


§ 4. Discussions 


We have already mentioned in § 2 that our approximation can be good only when 
€S°/M. We now show that there exists another limit of validity in our result.** From 
the definition, the exact P’ must obviously be positive-definite, and accordingly P’~'/? must 


have only real eigenvalues. In other words, it should always hold that 
A+B>0 and A—B>0O (in eigenvalues). 


However, for A and B calculated by us, this holds only for x larger than a certain critical 
value x, x, takes different values according to the order of approximation and also to 
whether the state in question is a spin (or charge) singlet or triplet one. We have shown 
in Figs. 1~4 also the corresponding values of x, (dotted line). The appearance of such 


*) This was reported by two of us (I.S. and K.I.) at the Kyoto meeting of the Physical Society of 
Japan held in March, 1955. 


**) A similar discussion on this point has already been made by two of us, cf., I. Sato and K. Itabashi, 
loc. cit. 
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a critical distance is due to the fact that we have broken off the expansion of P’ in the 
coupling constant at the term of a finite order. Thus, these values of x, give the measures 
of the applicability regions of our approximations. Of course, it might be possible to 
make the eigenvalues of (4+B) and (A—B) positive everywhere by applying an adequate 
cut-off procedure in momentum space (instead of our renormalization) to the integrations 
over the virtual meson momenta.* However, not only such a procedure necessitates terribly 
cumbersome calculations, but also the results calculated by means of any method which has 
been proposed for the problem of nuclear force until nowadays would be, in essence, not 
trustworthy for the internucleon distances smaller than the meson Compton wave length. 

As for our final result, there are two features of particular interest. First, it should 
be noted that the spin-orbit coupling obtained by the present formalism is of the first order 
in (v/M). This is an encouraging feature in connection with the theory of nuclear shell 
model (see §1). In addition to this, we notice that the spin-orbit coupling derived in 
the PS(PS) theory (with the usual formalism)’ is of the order (u/M)°. The second 
interesting feature is the sign of Wx,. As is well known, a spin-orbit coupling with negative 
coefficient (in the single-particle model) is phenomenologically required by the theory of 
nuclear shell model. Of course, we must not confuse the spin-orbit coupling (o-l) in the 
single-particle model with the present two-body (S-L) coupling. However, it is possible 
to deduce the former from the two-body (S-L) coupling by summing the latter over the 
constituent nucleons of the closed shells. Referring to the several calculations” of this sort, 
it would be well expected that both of our Ws, and W,“ yield the spin-orbit couplings 
with negative coefficients in the single-particle model. Thus, our results (both of Ws; 
and Ws) which are suitably strong (order /M) end of the correct sign seem promising 
or, at least, worthy to be tested in connection with the nuclear shell structure. 

Finally, we shall briefly mention the results obtained by expanding P’~'? in powers 
of the coupling constant [instead of using the formula (3-11) ]. As reported previously by 
one of the present authors (S-S)", the resultant spin-orbit part obtained by such an 


expansion method is, up to the fourth order in f, 
—2u(p/M) (f'/47)?{a+%) 1 +-x+x*) /x"t exp [—2x](3+27,-T,) (S-L). (4-1) 


The coefficient of (S-L) in (4-1) is negative everywhere for the charge triplet state. 
However, in contrast with our result Ws, (§ 3), it is positive everywhere for the charge 
singlet state.** Thus, we see that the difference between the results of this method | in 
which P/-12= (A+BS\,.)~1” is expanded in powers of f| and our method which has been 


explained in § 3 is very large. In this connection, we want to notice that, corresponding 


*) The calculation of the static part of the nuclear potential with such a cut-off procedure has 
been reported by Inoue, Toyoda, and Taketani at Kyoto Meeting of the Physical Society of Japan, March 
2OMeL95D: 

**) However, according to the work of Elliott and Lane®), the contribution of the (t;-tT:) part of the 
two-body (S-L) coupling to the spin-orbit interaction in the nuclear shell model is very small. Therefore, 
the positive sign of (4-1) in the charge singlet state does not necessarily mean the disagreement with the 


requirement of the theory of nuclear shell structure. 
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to our W.,", the former method [expansion of P) in powers of f] gives vanishing recoil 
part of the potential to the second order in f and first order in the nucleon velocities. 

In concluding this article, the autho:s wish to thank Profs. T. Yamanouchi, K. 
Nakabayasi and S. Nakamura for their kind encouragement and for affording facility to this 
joint research. One of the authors (S. S.) wishes to express his sincere thanks to Drs. K. 
Sawada and N. Fukuda for their kind guidance and to Dr. K. Nishijima for valuable 
discussions, and is indebted to the Yomiuri Yukawa Fellowship for the financial aid. 


References 


1) N. Fukuda, K. Sawada and M. Taketani, Prog. Theor. Phys. 12 (1954), 156. 
2) M. G. Mayer, Phys. Rev. 74 (1948), 235; 75 (1949), 1969; 78 (1950), 16. 
3) L. Rosenfeld, Nuclear Forces (Amsterdam: North Holland Publishing Co.) (1948), § 15.22 and 
§ 17.43. 
A. M. Feingold and E. P. Wigner, Phys. Rev. 79 (1950), 221A. 
4) S. Okubo, Prog. Theor. Phys. 12 (1954), 603. 
5) K. Nishijima, Prog. Theor. Phys. 6 (1951), 815 and 911; 
M. Taketani, S. Machida, and S. Onuma, Prog. Theor. Phys. 7 (1952), 45; 
M. M. Lévy, Phys. Rev. 88 (1952), 725; 
I. Sato, Prog. Theor. Phys. 10 (1953), 323; 
A. Klein, Phys. Rev. 90 (1953), 1101; 
K. A. Brueckner and K. M. Watson, Phys. Rev. 92 (1953), 1023. 
6) S. Sato, Prog. Theor. Phys. 13 (1955), 457. 
7) For example, G. Eder, ZS. f. Naturforsch. 9a (1954), 565. 
8) J. Hughes and K. J. Le Couteur, Proc. Phys. Soc. (London) A63 (1950), 1219; 
J. P. Elliott and A. M. Lane, Phys. Rev. 96 (1954), 1160. 


317 


Progress of Theoretical Physics, Vol. 14, No. 4, October 1955 


B-Ray Spectrum of RaE 


Hisao TAKEBE, Seitaro NAKAMURA and Mitsuo TAKETANI* 


Department of Physics, University of Tokyo, Tokyo 
and 
*Department of Physics, Rikkyo University, Tokyo 


(Received July 25, 1955) 


It is shown that the famous beta ray spectrum of RaE can be explained in the Fermi theory in 
terms of the scalar plus tensor interaction for the selection rule, 4/=+1, yes. In this attempt, the 
simultaneous contribution to the electron wave function of the finite de Broglie wave length effect 
and the finite nuclear radius effect is reasonably taken into account for the first time. As far as 
the present calculation is concerned, the relative sign of the weight of the scalar and tensor interaction 
can not be determined. 


§ 1. Introduction 


The study of the P-ray spectrum of RaE has historically been of important bearing 
on the theory of the interaction for the S-decay. It is well known that the decay does 
not accompany the emission of the successive 7-quanta and the shape of its spectrum is 
one of the best investigated, experimentally and theoretically. The incentive deviation of 
its spectrum shape from that predicated by the Fermi theory enforced Konopinski and 
Uhlenbeck to suggest the following two alternatives. i) The one”, known as the K-U 
interaction, involves the derivatives of the wave-function, exclusively for the neutrino, and 
not the derivatives for the electron. According to this theory, the electron spectrum should 
have in general the so-called K-U shape for the allowed transition. Later, the evidence for 
the so-called Fermi shape has been found one by one in the allowed beta-emitters and the 
K-U interaction lost general acceptance. ii) In 1941, Konopinski and Uhlenbeck developed 
the forbidden theory in the Fermi theory as the second alternative? and the result was 
applied to the interpretation of RaE. In this theory, the spectrum is subject to correction 
due to effects of the higher angular momentum shared by the emitted particles. The 
correction factors which are defined as corrections to the allowed shape show in general 
appreciable dependence on the energy of the electron. They showed that these correction 
factors, if suitably interfere each other, could reproduce the peculiar deviation of the spectrum 
of RaB from the allowed shape. At that time, the log ft=8.01 assigned to RaE was 
classified to the second forbidden transition. In view of this classification, they used the 
correction factors in the second forbidden transition of the Fermi theory, in terms of the 
tensor or vector interaction. In their formulation, it was shown explicitly that the Fermi 
theory has a wide variety in its implication for the forbidden transitions. A great effort 
has been made to derive an over-all general formula for the spectrum shapes and the f¢ 
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values in terms of the forbidden Fermi theory. On the other hand, several beta spectra 
have been found which are certainly of the forbidden transitions. The Fermi theory”, in 


principle, could explain many of them fairly well : 


1) Unique forbidden shape. This corresponds to the special case when the theoretical 
correction factor (in the Gamow-Teller interaction) is only one, obeying the selection rule 
4J=+(n+1). (AJ is the spin change and n is the degree of forbiddenness.) 

2) Non unique forbidden shape. In this case, we have many correction factors to 
contribute the spectrum of the transitions, JJ=-+n. The interferences which might occur 
among them will give the quite different shape to the original one. 

3) Allowed shape. If the nuclear matrix element is considerably small in the 
allowed transition, JJ=-+1, 0, no, or if the interferences of the correction factors do not 
happen in the first forbidden transition, JJ= +1, 0, yes, it is not unreasonable to get the 
spectra which are almost of the allowed transition in spite of their forbidden life time. 


The results thus obtained confirm the basic view point of K-U’s forbidden theory in 
the Fermi interaction. However, since many assumptions are involved in these analyses, it 
seemed necessary to make the more systematic investigations before the final answer is 
drawn. One of the authors (Taketani)*’ attacked the problem in the classification of ft 
values and reexamination of the forbidden specira, especially of the non unique shape, such 
as RaE. In view of the later developments on the shell structure of the nuclei and_ the 
classification of the ft values, it became clear that the 4.8 day decay of RaE belongs to 
the first forbidden transition”. Thus the parity of RaE is odd, since the 83rd proton 
is in the odd parity orbit (hyjo or fyjg etc.) and the 127th neutron is in the even parity 
orbit (Yoyo Of i/o etc.) ; the final nucleus, RaF, belongs to the ground state of an even- 
even nuclei and its parity should be even. Therefore, it is clear that the parity change of 
the beta-decay in question is yes. Keeping in mind that the log ft of RaE is 8.01 which 
is reinterpreted to be in the first forbidden region, the possible spin of RaE is certainly to 
be one of the cases of 2, 1 and 0. The shell model does not provide an unambiguous 
assignment for the spin. The case of spin 2 was clearly ruled out, since the only one 
term which can be responsible for the correction factor of the spectrum in the T or 4 
interaction has quite a different form from the experiment. It seemed, on the other hand, 
difficult to give complete answer for the case of spin 1. It was expected that, although 
each of the correction factors in the first forbidden transition shows almost energy independent 
shape, interference of them might reproduce the required shape for RaE spectrum which 
exhibits a strong decrease with energy of the electron. In terms of the tensor or vector 
interaction, however, it was found out that the required shape could not be obtained.» This 
failure was considered to be difficulties of the Fermi theory, since several evidences in favor 
of the tensor interaction were accumulated so far. If this problem is to be solved in the 
frame work of the Fermi theory, one may proceed in the more general forms of the 
interaction, i.e., the possible linear combinations of the five forms of the Fermi couplings, 
scalar, 5, vector, V, tensor, T, pseudo (axial) vector, A and pseudoscalar, P. By taking 
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account of the finite nuclear size effect* in the tables of Rose and Holmes” and the finite 
de Broglie wave length effect**” in succession, Petschek and Marshak* concluded that none 
of the possible linear combinations can afferd the required shape for the spectrum for the 
case 4J=+1, yes. Naturally, the case O— — O-+ remains exclusively and they showed 
that the combined interaction (P, T) can give the experimental shape quite nicely. At 
this time, this seemed to be an interesting conclusion. The pseudoscalar interaction is now 
necessary in addition to the Gamow-Teller interaction, T’ (or A) and the Fermi interaction, 
S(or V).*** Many laborious works followed as regards the role of this new interaction P. 

Ahrens, Feenberg and Primakoff” called attention to the fact that the pseudoscalar 
nuclear matrix element (fy, is vanishingly small in the non-relativistic approximation. 
Therefore, it became quite doubtful to evaluate the radial part of the wave function for 
the lepton at the surface of the nucleus as was made conventionally. The higher order 
terms involving derivatives of the lepton wave functions do certainly contribute. The work 
of Petschek and Marshak should be subject to further more detailed study. 

At this stage, the principal idea of our approach was that before any definite conclu- 
sion is drawn as regards the RaE spectrum, one needs the most general point of view in 
evaluating the correction factors. Along this line of attack, the following investigations 


have been made in succession in our group” : 


1) The complex spectrum explanation, the effect of the mesonic correction and the 
contribution from the radiative correction were investigated, but they were all proved to be 
fruitless. 

2) More rigorous treatments in evaluating the effects of the charge of the nucleus 
on the electron wave have been undertaken. Since the final expression for the spectrum 
is given after cancellation among several correction factors by a factor of 10—100, it is 
possible that a slight inaccuracy in each factors may overlep and lead to an entirely opposite 
results. In this connection, we have dealt with the two problems". 

i) Is it really possible to fit with the experiment in terms of the tensor T plus 
pseudoscalar P interaction ? 

One of the authors” (Takebe) derived the correction fzctors by taking into account 
the finite nuclear size effect and the finite de Broglie wave length effect simultaneously. 
In fitting the experiment with these correction factors, we had to face another difficulty ; 
the pseudoscalar matrix element (/%7, is vanishingly small in the non-relativistic approxi- 
mation and a next order terms involving the O-p term may be effective. There remain, 
however, possibilities that relativistic effects such as nucleon pair formation might enhance 
the values of {f7;- Therefore, it may be more general to take the ratio of | bye tomthe 


* The finite nuclear size effect, 1.e., the correction to the solution for the point charge by taking into 


account the extension of the charge over the nucleus. 
‘ek The “finite de Broglie wave length eifect » means the contribution from the higher terms tn the 


hypergeometric solution for the Coulomb field of the final nucleus. ; 
«4k Later, A is excluded on evidences from the He® recoil experiment!) and V is excluded from the 


Ne!9 recoil experiment. 
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matrix element {for in the correction factor as an unknown parameters. In this manner, 
it wes shown that the spectrum of RaE can really be explained by means of (P, T) 
combination, if the suitable range of parameters is assumed. 

ii) Is it really impossible to fit with the experiment in terms of any of the linear 
combinations other then the (P, T) group? 

Yamada pointed out that if the finite de Broglie wave length effect is taken into 
account correctly, the cases (S, T) and (V, A) which were formerly excluded by Petschek 
and Marshak are, however, capable of explaining the spectrum of RaE. Yamada insisted 
that his conclusion needs no alteration from the consideration of the finite nuclear size 
effect which was not explicitly expressed in his formulation. However, this point should 


have been cleared out in more explicit formulation. 


Recently, Smith") determined the spin of RaE to be 1 by his ingenious experiment. 
Now, we have only one case, the transition 4J=+1, yes, to be explained in terms of 
scalar plus tensor interaction. 

In this paper, we first try to interpret the spectrum of RaE by using the rigorous 
formula for the correction factors mentioned above. In this attempt, we suffer ambiguities 
involved in the ratios of the nuclear matrix elements and have to deal with two of these 
as arbitrary parameters. We have shown that the required shape can be reproduced in the 
limited range of these parameters. Secondly, we discuss the relative weight of scalar and 
tensor interaction from the information of the values of these parameters which we have 
now determined. 


§ 2. Method of calculation 


As is well known, the P-ray spectrum of RaE deviates from the statistical shape. 
Tt seems to be possible to explain this fact only if the radiations by different coupling 
types interfere in a way to bring about almost complete destruction. As such a destzuction 
conceals the usually largest contributions, small terms in the correction factor which are 
usually negligible become effective. As a consequence, we should use a more accurate 
correction factor than those used commonly. Namely, in the power series expansion of the 
lepton radial wave function with respect to p or q/, it is necessary to take into account 
the terms which are of higher order than those given by many authors”””).* Here, p is 
the electron momentum, q is the neutrino momentum and ? is a length of the order of 
the nuclear radius. 

Certainly, the (decay of RaE is the first forbidden transition. In the correction 
factor, however, there are some terms which are classified as those of the third forbidden 


transition but have the same selection rule as the first forbidden transition, and these might 
have some effects on the RaE transition. 


Rose and Perry’) have pointed out that, in some cases, even if there is no destructive interference, 


these higher order terms may be effective. They have called this effect “the finite de 


Brogli 
effect ’’. toglie wave length 
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Moreover, Rose and Holmes’) and Malcolm™ have shown the possibility that the spread 
of the nuclear charge affects the result appreciably. As RaH is a highly charged nucleus 
(Z=83 for RaE, thus Z=84 for the daughter element Do), and as in our case the 
large terms of the correction factor cancel out each other, the above effect might be important. 

Heretofore the wave function of the electron in a Coulomb field caused by a point 
source has been used to derive the correction factor. But, as was mentioned above, in the 
analysis of the f-transition of RaE we should use those in an electrostatic field caused by a 
finite source. 

The correction factor which contains all the above effects is given by eq. (24) of 
the reference 20)*. We have analysed the f-ray spectrum of RaE by this formula. 

Although this formula is an exact one, we have made some approximations in the 
following calculation. 

i) The radial wave functions of the electron are usually evaluated at a value p of 
r, which has the order of the magnitude of the nuclear radius. (I-24) is an exact 
correction factor without such an approximation. This correction factor is expressed by a 
series through Taylor expansion of the lepton radial wave function around R, the radius 
of the nuclear charge spread. This expansion was possible, because, owing to the nuclear 
charge spread, no electron radial wave function is singular at the origin. If we retain only 
the first terms of the expansions (I-20) equating r to R, the correction factor (1-24) 
reduces to the one which resembles to the commonly used correction factor, but differs from 
this in having been corrected for nuclear charge spread and in containing the correctives of 
the n-th forbidden transition by (n+2m)-th forbidden transitions. We have adopted this 
approximation to equate r in (I-20) to R. To make such an approximation corresponds 
to disregarding the r dependence of the lepton radial wave functions inside the nucleus. 
We note here that, as can be seen from § 4 of I, R in our correction factor is the radius 
of the nuclear charge spread, while ¢ in the usual correction factor, at which the lepton 
radial wave functions are evaluated, is regarded only as a constant of the order of the 
magnitude of the nuclear radius, and has no physical meaning. 

ii) We have further neglected all the contributions from the above mentioned (n+ 2m)-th 
forbidden transitions, namely, the corrections to the first forbidden transition from the third 
or the higher order transitions, which are estimated to be roughly of the order of R'~ (1/50) 


ot higher. 


* Hereinafter, we shall denote the reference 20) as I. For example, eq. (24) of this reference will be 
written as (I-24). In this reference, in addition to the corrigenda mentioned in Prog. Theor. Phys. 13 
(2955), 127, the following corrections are desirable. In eqs. (2) and (7a, b) sums are also to be performed 
over p. In eq. (7a,b), Dake)? (ops r) should read DP ucery rv (op, rp). The left-hand side of eq. 
(11) should be replaced by 


pall V*QoapX Yrutnr)Yv™ (op, rp) Od 2 pdr’ 
P 
where de =dry.--drp—sdr p41 dP n. Throughout this reference (TlQropx Yuen) (oer IO i to be replaced 


Hy (flawsx Pacey (es PL). Tn (Ada) and (Adb), (71 aZ}R)DO and — +1 aZ)R ADO 
should be replaced by aZ/R?-D™ and —aZ/R?-1/D™. 
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iii) In accordance with Konopinski and Uhlenbeck’s formulze, we have retained 
only the first terms of the neutrino parts which may as well be of the order of R°~(1/50)?. 
(ieG2) 


When a large cancellation occurs in the correction factor as is the case for RaE, e.g. 
the magnitude of the final expression reduces to as small as ~1/500 of that of the main 
terms, we can not ensure that the errors introduced by these epproximations, especially by 
iii), are necessarily small. 

On the other hand, we have exactly calculated the first three terms in the power 
series expansion of L,, M, and N, in the correction factor, znd have taken into account 
the effect of the nuclear charge spread except to equate r to R. As will be shown later, 
the effect of the nuclear charge spread has appreciable effect on the analysis of the (-ray 
spectrum of RaE. 

Owing to the above approximations i) and ii), the correction factor reduces to the 
sum of Cy, Cp and Cs; namely, the sum of the correction factors for the first forbidden 
transition of scalar and tensor interaction given by Konopinski and Uhlenbeck*, and inter- 
ference term of these two interactions for the first forbidden transition given by Smith”, 
In our treatment, however, due to the effect of the nuclear charge spread, L,, M, and N, 
in this sum must be replaced as follows : 


LPL 1, = SRR, 

M,,— M,(—1, —1; RR), (1) 

Na > Pic, aaa SAS 
Here we have used the index «= + ( j+%) for j=l1+4 which is more convenient than 
the above authors index*. The above L,(—1, —1; RR) is L, as defined by radial wave 
functions of the electron in the electrostatic field caused by the finite nuclear charge spread, 


and are evaluated atr=R. This applies also to M,(—1, —1; RR) and N,(—1, —1; RR). 
They are given by (I-17), (I-20) and (I-21): 


L,(—1, —1; RR) =—~ : ar “Bion ah ee | 
2p*F,(R) R° 
1 Me wae nae 2 EX aa 4 
= a 9] 2 Ae Tt on! of ©) 
2p°F, (R) rail 2 a 2 2h, | 
Xe + aD (ah eb 
eT os Lunn eg oo ; (2a) 


* Our notations L;, Ls, Mi, N, L,-, M,~ and N,7- correspond inski : 
yy Las , Ni, ; pond to Konopinski and Uhlenbeck’s sh 
M, No and Smith’s Lo-, My- and No-, respectively. eae 
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MK 1; Sg he eS —1,-—1 
DprF CR) RIE c ( / ) 


1 1 ia es 7 Gwchs tb gag 
= = — % LI) a SIU) ay 
2p°F, (R) wal 2 m ag 5 Me, i 


5 oe re. 


yy 
(pe al fa 
; ieee (2b) 


il 
2p; (R) Reta 


N,(—1, —1;RR)= Mae (1; 1) 


= on p = {|= pe Dy eine eee XY an, | 
2p°F,(R) R° a 2 
Se ee a 

Z - N+ son SPN (2c) 


tere Uy, My, Ny eb}ey Myo sand Nz ate those defined by Konopinski and Uhlenbeck”, 
Smith™ and Pursey™ for a point nuclear charge. The first three terms of each of the 
ebove in the expansion with respect to pR can be calculated by the appendix B of I. 
Xi.(Yu,) are the ratios at r=R of the electron radial wave functions for the finite nuclear 


charge spread f(r) (x (r)) to those for the point nuclear charge fil GG ¢ 


PGADY ahem or 
fe(R) y5.(R) 


They are given by (1-22). In numerical calculation we have equated 4, to unity in 


(1-22) and assumed uniform nuclear charge distribution. 

Heretofore, the radius R= 1,45 of the nuclear charge spread was evaluated with 
Ty == 1.45X107-%cm. But recent experiments on the X-ray spectroscopy of s-mesonic 
atoms” indicate the value of 7 as about 1.2X107“cm, especially for Z=82 as Halt S< 
10-"%em. As this value of Z(=82) is very near to our Z(=84), we have adopted this 
value of 1, in our calculation. The valaestoftxe., Mam, and-L,(—15 — 1 RR)G etc.,. Lor 
this ry, (1.17X107“cm) are shown in Tables 1, 2 and Figs. 1, 2. 

To examine whether the results alter or not when 7 varies, we have also studied the 
RaE spectrum for y= 1.45 X 10-“cm. That is, we have studied it for two values of 7, which 
seems to be the smallest (1.17 X107-"cm) and the largest (1.45X107%cm). Of course, 
X., and Y,, ought to depend on 7. But, for the sake of convenience, for the values 
Be ex, and Yix i the case of ry=1.45X107-“cm, the values of X,, and Y,, in the 
case of %=1.17 X107“%cm_ have been used. 

On the other hand, as the values Of alin, eli ystNam C065 differ seriously for various 7, 
we have calculated the values for m»=1.45 X 10-"cm in the proper way. The results are 
shown in parentheses in Table 2. 

To examine the influence of the nuclear charge spread, we have calculated the correc- 
tion factor for Xs,= Yu,=1 when 1% is 1.17X107"cm, that is, for the case of the poin? 
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nuclear charge. In this case, as the coefficients of L,~, M,~ and N,” are all zero, 
L,(—1, —1; RR), etc., reduce to Konopinski and Uhlenbeck’s L,, etc.. The R for such 
a treatment has not the meaning of the radius of the nuclear charge spread any longer, 
and is only a mzgniiude of the order of the nuclear radius. As only the ratios of the 


nuclear matrix elements affect the spectrum shape, it is convenient to define: 
c 
x=i9s| Pr/ fal Bo xr, y =| Ba/ \ po xr. (3) 


We have tried to make the Kurie plot of the RaE spectrum straight by adjusting these 
two parameters. 

The data of conventional Kurie plots for the electron energies W,=1.2, 1.4,---, 3.0 
were obtained by interpolation from Table 1 of Plassmann and Langer’s paper™, and are 
shown in Table 3. 

The condition that the three points on the Kurie plot for electron energies W, 
(=maximum energy), W, and W, should lie on a straight line is represented by a 
quadratic of x and y. The graphs of these quadratics for various values of W, and W, 
are shown in Fig. 3 by dotted-lines. To make the Kurie plot straight, we should adopt 
x and y which correspond to the points where the hyperbolas best coincide. 

We have made Kurie plots for various pairs of x and y on these hyperbolas. The 
plots of y against the corrsponding values of x which yield the best fit are shown in Fig, 
3 by solid lines. As can be seen from this figure, the ranges of x and y are confined as 
follows : 


0.2<x<5.5 and 18.8 <y< 104.0 

for »=1.17X10-"em_ (Xax3e1, Yaxds1), (4a) 
0.2 <x< 10.0 and 15.4< y < 147.0 

for m=1.45X107%cem (Xan 251, Yay2<1), (4b) 
0.2 x< 50.0 and 24.8 <y< 1088 

for m=1.17X10-Nem  (X3,= Y3,=1). (4c) 


For various values x, the values of y which make the Kurie plots most straight are shown 
in Table 4. The corresponding Kurie plots are given in Fig. 4. 


§ 3. Conclusion 


We have shown, in the preceding section, that the beta-ray spectrum of RaE can be 
reproduced, in a limited range of parameters used, in terms of the linear combination of 
the scalar and the tensor interactions in the Fermi theory. In our attempt, the relevant 
transition is assumed to be of the first forbidden transition, obeying the selection rule 
baie Wie ; : : 
= +1, yes, which is in accordance with the recent finding by Smith™ that the spin of 


P ? t n ? Oo 
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of the finite nuclear size effect and the finite de Broglie wave length effect, both of which 
are surely felt by the emitted electrons. This can be realized in our final expression for 


the correction factor C(Z, W,R) on the forbidden spectrum in question : 
C(Z, W, R) =9sCstGrCot Is92Csr 
= {2 (4g'L, + 2L,+M,+3qN) +L. t Qgh+th+M—3™) 
— 2y (gL, —N,) —2x(L,—M,) +2xy(4qL,+N)} 97° S80xr- ©) 

We have used abbreviations : 

Does Ba(=1,, — 1K), 

Loix= Ly (—1,:—1 3.8.8), 

M,=M,(—1, —1;R, R), 

IN NCE To bg RR) 


L,, L,, M, and N, are the modified of L,, L,, M, and N, of Konopinski and Uhlenbeck’s” 
paper respectively by the simultaneous consideration of charge spread over the rucleus and 
of the higher terms in the hypergeometric solution for the electron in the nuclear field. 
The modifications are found quite appreciable and variant among each member of them. 
In view of this fact, it seems likely that the very well fits with the experimental curve by 
using either the former values of L,,---N,, or by partially introducing one of the effects 
mentioned above, were rather accidental. 

As was shown already in the relation (3), x and y involve the ratio of nuclear matrix 
elements which are not precisely known. x and y are constant over the spectrum and 
used as arbitrary parameters. Our results may be considered to be a detailed refinement of 
parameters which were already estimated by some former workers!” -*. However, since 
they have neglected one of the important effects in the formula, their reports would be 
far from final one as far as the actual values of parameters, x and y, are concerned. 


The present calculation of ours has also neglected some of the higher order terms, which 
might as well be ignored. Our results may be modified by further research, but could be 
regarded as a first approximation to the true values. 

As is well known, one can infer the sign of Js/Jr from the values of x in the 


relation (3), 
Is[Jr=©% (6) 


if the ratio of the nuclear matrix elements 
1/é=zi\ pr/| Ao Xr 


Lee-Whitung”” concluded that, for the beta decay of Rak, 


can be evaluated. Recently, 
His process of argument, however, seems to us so limited 


9s/Jr<90 is to be ruled out. 


for the following two reasons: 
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A) The lower limit of the allowable region for x, Le., 
TU 
which Lee-Whitung has determined from the spectrum analysis is changed to 
x => 0.20 


by the present calculation if we take R=1.17X10~"A'"cm. In order to know the true 
value of x, we shall have to make more precise estimation of the correction factors and 

also of the radius of charge spread. 
B) The value of 1/& which he has evaluated by using the relation 
1/é=7, Gs) —jnUn+1) =, (+ 1) +1, (,— 1) (7) 


seems not to be final, since this value might be modified by more general considerations, 


e.g., the mesonic correction”, the configuration mixing” and break of the assumpiion that 


25) 


28) 


the neutron distribution is the same as the proton distribution™’, etc.. 

In view of these considerations, we shall denote amendments to x and &€ <s dx and 
AE respectively which might possibly be required by the above two rezsons. Thus we have 
instead of (6), 

9s/[Jr=x(1+ 4x) -E(144E). (8) 

Furthermore, difficulties to get an equivocal prediction for the nuclear configuration of RaE 
have so fat prevented us to determine the value of €. 

On the other hand, we know 

\9s/Jr| 1 


from various analyses of beta decay phenomena. It is a keen interest whether the sign of 
Ys/Yr is positive or negative. Unfortunately, we can not at present draw any conclusion 
for this question from our result, since much ambiguities are attached to the values of dx 
and 4E. (See Table 5.) 

As for the values of y, our results, (4), agree within a factor of ~2 with the 


theoretical estimation of Ahrens and Feenberg™, 
er Loe 


Our final conclusions are as follows : 
1) The deviation of the beta ray spectrum of RaE from the allowed spectrum can 
be reproduced in terms of (S, T) interaction combination in the Fermi theory, 


H=9S+9rT, 


assuming the selection rule dJ= +1, yes (1——->0+). 

2) The current question whether gs/p2Z1™ or —1™ can not be answered in the 
present calculation, since there remains some ambiguities concerning the ratios of the nuclear 
matrix elements. (See (8) and Table 5.) In order to determine the sign of J</G7, we 
have to make more systematic investigation for the forbidden spectra, angular correlations 
and the allied phenomena of beta decay. 


patient and helpful in numerical calculation. 
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Table 1 
a nll al Pein AE a CE beens et Be 
W xX X-1 Xo Mas 4 Yeu Ye Y_» 
Be Gove || 
12 0.965380 0.715336 0.997618 0.916232 || 0.727934 0.960202 0.909112 0.997734 
1.4 0.964617 0.715340 0.997596 0.916632 0.727832 0.959514 0.909462 0.997716 
1.6 0.963879 0.715345 0.997574 0.916990 0.727727 0.958837 0.909806 0.997697 
1.8 0.963150 0.715356 0.997552 0.917384 0.727631 0.958176 0.910146 0.997679 
2.0 0.962434 0.715340 | 0.997530 0.917800 || 0.727541 0.957522 0.910483 0.997662 
wie) 0.961735 0.715333 | 0.997507 0.918181 || 0.727454 0.956882 0.910814 0.997644 
2.4 0.961047 0.715329 | 0.997486 0.918560 | 0.727367 0.956257 0.911183 0.997626 
2.6 0.960374 0.715304 | 0.997463 0.918935 0.727288 0.955643 0.911470 0.997607 
2.8 0.959716 0.715321 | 0.997440 0.919305 0.727211 0.955044 0.911791 0.997590 
3.0 0.959077 0.715316 | 0.997416 0.919672 0.727137 0.954455 0.912100 0.997571 
Values of Xin=fix(R)/fesx(R) and Ysx=91(R)/9°sx (R) when the nuclear charge ts distributed 
uniformly and 79 is 1.17 10-Mcm. 
Table 2. 1. 


oT 


W Tse) Ly") (1 — 1 RR) 
0.868995 —0.569585 0.802696 
io (0.862840) (—0.564868) (0.797014) 
0.865514 — 0.485397 0.798717 
1.4 (0.858520) (—0.480681) (0.792266) 
0.801938 —0.422471 0.794569 
1.6 (0.854117) (—0.417807) (0.787363) 
0.855300 — 0.373149 0.790324 
1.8 (0.849621) (—0.368435) (0.782337) 
0.854620 — 0.333820 0.786014 
2.0 (0.845077) (—0.329096) (0.777241) 
0.8509125 —0.301720 0.781672 
DD (0.840499) (—0.297008) (0.772110) 
0.847184 —0.274935 0.777316 
2.4 (0.835897) (—0.270224) (0.766965) 
0.843441 == (025227 1 0.772956 
2.6 (0.831279) (—0.247561) (0.761814) 
0.839688 — 0.232845 0.768600 
2.8 (0.826650) (—0.228136) (0.756670) 
0.835929 — 0.216006 0.764259 
3.0 (0.822014) (—0.211298) (0.751542) 


Values of Li 


(1), 1,8) and L,)(—1, —13; 8, R) for ry=1.17X107%cm. Those for m= 1.45 x 10-em 


are shown in parentheses. 
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Table 2. 2. 
W Lo) L.‘S) Le(—1, —1; R, R) 
0.0375896 —0.0298008 0.0374116 
ina (0.0307461) (—0.0297011) (0.0305999) 
0.0668780 —0.0454286 0.0665593 
1.4 (0.0666307) (—0.0452567) (0.0663132) 
0.102196 —0.0607206 0.101706 
1.6 (0.110177) (—0.0604474) (0.101279) 
0.143633 —0.0758338 0.142939 
1.8 (0.142959) (—0.0754487) (0.142268) 
0.191273 —0.0908596 0.190343 
2.0 (0.190278) (—0.0903452) (0.189353) 
0.245200 —0.105855 0.243998 
7 (0.243798) (—0.105193) (0.242603) 
0.305490 —0.120858 0.303982 
2.4 (0.303585) (—0.120031) (0.302086) 
0.372217 —0.135890 0.370365 
2.6 (0.369700) (—0.134880) (9.367861) 
0.445449 —0.150967 0.443214 
2.8 (9.442200) (—0.149755) } (0.439982) 
0.525343 —0.166129 522687 
3.0 (0.521233) (—0.164695) | (0.518598) 


| | 
ee 


Values of 1,4), L,) and L,(—1, -1; R, R) for r9=1.17X10-"cm. 


are shown in parentheses. 


Those for r>=1.45X10-%cm 


Table 2. 3. 
FS ene eereeseesennenpnsestoemeneensenne=neeeeseeeeee 
w M,{) M,'S) M,(—1, —1;R, R) 
324.094 205.869 166.921 
1.2 (211.100) (132.914) (108.735) 
326.825 175.395 168.605 
1.4 (213.299) (113.059) (110.051) 
329.259 152.531 170.067 
1.6 (215.255) (98.159) (111.196) 
331.474 134.744 171.369 
1.8 (217.034) (86.567) (i! 12.219) 
333.538 120.641 172.549 
2.0 (218.691) (77.3935) (113.150) 
335.492 108.857 173.653 
29 (219.529) (69.6905) (114.004) 
337.363 99.144 174.696 
2.4 (221.757) (63.3558) (114.848) 
339.168 90.921 175.691 
2.6 (223.202) (57.992) (115.636) 
340.921 83.8694 176.648 
28 (224.604) (53.3910) (116.394) 
342.630 77.7548 177.574 
3.0 (225.970) (49.4002) (117.129) 


Values of M,‘“), M,(S) and M,( 


are shown in pazentheses. 


—1, —1; RR) for m=1.17%10-en. Those for ry= 


1.45 X 10-lem, 
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Table 2. 4. 
|| N\) N°? IN sik, nl ne R) 
—16.7805 — 10.8330 —11.5732 
12 (—13.4945) (—8.67018) (—9.30719) 
—16.8172 —9.23231 — 11.6025 
1.4 (—13.5303) (—7.37860) (—9.33517) 
— 16.8443 — 8.03186 — 11.6220 
1.6 (—13.5566) (—6.41000) (—9.35401) 
— 16.8650 —7.09825 — 11.6350 
1.8 (—13.5764) (—5.65673) (—9.36667) 
—16.8809 — 6.35142 — 11.6430 
2.0 (—13.5914) (—5.05419) (—9.37459) 
— 16.8934 — 5.74043 — 11.6477 
22 (—13.6027) (—4.56126) (— 9.37932) 
— 16.9030 —5.23132 — 11.6498 
2.4 (—13.6113) (—4.15055) (—9.38155) 
—16.9105 —4.80058 — 11.6500 
2.6 (—13.6175) (—3.80309) (—9.38181) 
—16.9162 —4.43142 — 11.6486 
2.8 (—13.6217) (—3.50532) (—9.38048) 
— 16.9203 —4.11152 — 11.6459 
3.0 (—13.6243) (—3.24729) (—9.37781) 


2 
Values of N,‘),N,) and N,(—1,—-1;R,R) for r=1.17X10-4cm. Those for 
7y9=1.45%10-lcm are shown in parentheses. 


Table 3 
ee 


W | 2. 1.4 1.6 1.8 2.0 IEG 2.4 2.6 | 2.8 3.0 


[N/p?F] 1/2 0.1613 | 0.1344 | 0.1121 | 0.09184} 0.07446 | 0.05857 | 0.04428) 0. 03178 | 0.02056 | 0.01076 


Values of [N/p?F]1/? obtained by interpolation from Plassmann and Langer’s table!!). 


Table 4 


| 18.8 22.4 Dd, 28.9 ey dels) || eis) 


(a) r9=1.17X10-¥em (X4x1, ee en) 
a 
0.220) 0:25 10!27-|"0:30"| "0:40 0.60 | 0.80 | 1.00 | 2.00 | 4.00 | 4.50 | 5.00 8.00 | 10.00 


x 


y SH 16.2) | 16. 17.0 18:4 \-20.2 9) 23.9) || 26:8 40-5 67.0 | 73.4 | 80.0 | 120.8 | 147.0 
(6) ro=1.45X10-Bem (X4x741, War gsi) 
x 0.20 | 0.40 | 0.60} 0.80 | 1.00 2.00 | 3.00 4.00 10.00 | 20.00 | 30.00 | 40.00 | 50.00 


24.8 | 29.5 | 33.9 | 38.2 | 42.6 | 64.2 85.6 | 106.6 | 233.0 | 448.0 | 660.0 | 873.0 | 1088.0 


(c) rp=1.17X10-Mem (X4x= Yin =1) 


The values of y which make the Kurie plots most straight for corresponding values of x. 
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Table 5 
Possible configuration 1/é gslor 9slor 
of RaE. (from eq. (7)) (4x=0) 4x=—0.5 
(Ag/2, Yo/2)1— Onl <—2(1+ 4) —(1+ 4s) 
(Ag/ay t11/2)1— 1 > (1+ 4e) 0.5(1+ 4e) 


— i 


Possible configuration of Rak, if it is of a pure state, is cited from the 
discussion of Lee-Whitung’) and Pryce). 26.5>4x>0 corresponds to the 
results of the present calculation, and 4x=—0.5 is only a guess which might be 
introduced by the consideration of B) in the section 3. The sign of gs/gp 
can not be determined from our results. For instance, if 4x=0, 4¢=—0.5 for 
the configuration (hg/2, 95/2)1—, or if dx=0, 4E=—2 for the configuration 
(Ag/25 411/2)1—, we have gs/gr=—1. Also if 4x=0, 4¢=0 for the configura- 
tion (Ag/o, iy1/2)1—, we have 9s/9r= +1. 


be 


Fig: 1 Xigeand oY uy. for Z=84. 1) was equated to 1.17 X 10-18cm, 
and the nuclear charge distribution was assumed uniform. 
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Fig. 2. b. L.(—1, —13 RR) for 
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Fig. 2. c. Mi(—1, —1; RR) for 
a) r9=1.17X10-cm, (Xt0¥1, Yaus41); 
b) 79=1.45X 10-“em, (Xi, 41, Y4741); 
c) T9=1.17 X 10-¢m, (Xt4=Y4,=1). 


Fig. 2. d. Ni(—1, —1; RR) for 


a) r0=1.17 X 10-em, (X41, Y4x%41); 
b) ro=1.45 X 10-13¢m, (Xtn1, Yin341); 
c) T9=1.17X10-Vem, (Xin =Y,=1). 
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B-Ray Spectrum of RaE 
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Fig. 3 Dotted-lines represent the quadratics of x and y which are the conditions 
to place three points on the Kurie plot on a straight line. Solid lines 
are the plots of y against x which yield the best fit. 
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Fig. 5 The theoretical correction factor for (x=1, y=32.35) is represented by the dotted line. 


The correction factor inferred from the experiment of Plassmann and Langer is given by 
the solid line. As far as Kurie plots, each of the two sets of parameters, (x=1, y=32.35) 
and (x=1, y=32.3) could yield a straight line equally well (See Fig. 4.), but the 
former set gives a better fit with the experiment than the latter, if we interpret them in 
the graph of correction factors. Anyhow, the differences between them may be covered 
by the experimental error or by the slight modification of R. Therefore, we have 
neglected the differences in the fourth effective figures of y in this two sets. For any 
other sets cf parameters (x, y), the differences in y of this order are also neglected. 
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On the Bose-Einstein Liquid Model for Liquid Helium, IV 
—Ai _ Revised Model — 
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The discrepancies between the modified Bose-Einstein theory developed in previous papers and 
some experimental facts are shown to be ascribed partly to the erroneous experimental results concern- 
ing the lambda-temperature shifts in mixtures, on which the theory was based, and partly to the inap- 
plicability of an ideal gas model to pure liquid He*. According to the recent experiments on lambda- 
temperature shifts, the energy gap must be taken as proportional to the 0.4th power of the number 
density of He “ particles”, instead of as proportional to the number density. It is also shown that 
the above relation between the energy gap and the number density is applicable not only for the 
mixture problem but also for the high pressure effect. In particular, the thermal expanion of liquid 
He! calculated on the present model is found to be negative and of the right order of magnitude. 
Application of a similar model for liquid He* predicts the fall with pressure of the Fermi-Dirac 
degeneracy temperature while the usual ideal-gas model predicts the pressure shift towards the inverse 


direction. 
§1. Introduction 


In a series of the present author’s papers "the modified Bose-Hinstein liquid 
theory of He* was extended to the case of He’-He! mixtures and to the case of pure liquid 
He? at high pressures. The relation between the energy gap, 4, and the mean number 
density of He‘ “ particles ” n,/v, was taken so as to fit the observed dependence of T) 
on the He’ concentration in mixtures. Several authors””® have recently shown that the 
earlier observations on lambda-temperature shift due to He*® admixture were largely in error. 
If we take the relation between J and n,/v so as to fit those new experiments, it turns out 
to be 4= 4, §(n,/v) / (n4°/%) }°* instead of a previously proposed one, A= Asn f/f as] Ys) 
The revised relation removes all the discrepancies between the earlier calculations and ex- 
periments in the cases of the specifie heat and the velocity of second sound in mixtures. 
The discrepancy between the observed and previously calculated vapour pressures of solutions 
is shown to be due to the erroneous J vs. m, relation, on one hand, and to the non-ideal 
gas behaviour of pure liquid He’®, on the other. The vapour pressures of dilute solutions 
calculated on the revised model are found to be in good agreement with observations when 
the former are derived by making use of the observed values for an arbitrarily chosen 


mr 5 
standard solution instead of those for pure He’. 


*) The first three will be quoted as I, IJ and III respectively. The notations in these papers are kept 


in the present note. 
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The influence of pressure on the various properties of pure liquid He’ can also be 
explained by applying the same relation between 4 and n,/y as that for mixtures. The 
value of » is then a function of pressure, which is to be determined so as to give the 
lambda-temperature shift correctly. The thermal expansion coefficient calulated on the same 
model is negative and of the right order of magnitude at temperatures between 1.3°K and 
the lambda-point. 

Applying a modified Fermi-Dirac gas model to liquid He’, it is suggested that the 
temperature of degeneration will be lowered by the application of high pressure. 


§ 2. He’-He* mixtures 


The mass factor, », is assumed as independent of the concentration while the energy 
gap, 4, between the ground and the lowest excited states is assumed to vary with the 
concentration through the relation 


4=4, iN; V/(N; Ve+NV,)}*=4, C", oe (1) 


where V, and V, are the molecular volumes in the mixture, and « is determined so that 
the calculated value of dT,/d=, may be equal to the observed one. Table I shows the 
calculated values of dT,/ds, for different values of « together with those observed by dif- 
ferent authors. The ratio of the molecular volumes, V./V,, is taken as equal to 1.44, 


0.7 


0.4 


0.2 


0 iy 5 0.3 0.4 


0.5 0.6 

Atomic concentration of He! 
Fig. 1. Variation of lambda-point with He® concentration, x: 
OQ: Experiments by Abraham et al.®) 
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Table I. Initial slopes dT/d&s, calculated for various values of « and observed by various authors. 


Theoretical | Experimental 
k ie 2Buy 908 
exaderee ae King & Dokoupil Dash & 
: et al Fairb 6) rf lees 
dT,/dé3 (deg/mole) | —2.85 —2.10 —1.49 38 pone ae ie 
0.6 
ie) 
s \ 
\ 
O° 
. \ 
ee 
\ 
re) \ 
0.4 \ 


AC/Cy 
@) 
> 
——— 
oa 


TCR) 
Fig. 2. The relative increase in the specific heat of a 2.5 percent solution. 


Curves A and B: modified B.E. theory assuming eq. (2) with and without 
including the contribution of pure He}, Curve C: de Boer-Gorter-Taconis theory. 


Curve D: Heer-Daunt theory. Experimental points: Dokoupil et al.” 
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which corresponds to the ratio of those of pure liquids at T=2.186°K, the normal lambda- 
point of pure He’. The value of dT,/d>, obtained by Abraham et al”, on which the 
author’s previous works were based, differs considerably from those of recent workers. As 
clearly seen from the table, « should be 0.4 instead of unity. Thus eq. (1) leads to 


AzAG/4 . (2) 


Fig. 1 shows the calculated T,-€, plot compared with experiment. The value of V,/V, is 
taken as 1.40 in calculating the whole T,-7, diagram, because it seems reasorable for this 
Purpose to use a value applicable to the widest range of concentration. 

Various properties of mixtures will be discussed on the basis of the revised model, but, 
as to details of the calculation procedure, readers are referred to previous papers. 

(i) The specific heat The calculations of the specific heat of a 2.5 percent solution 
based on the modified Bose-Einstein theory has already been reported’ and compared with 
the experiment of Dokoupil et al.” However, the dependence of J on C,’ was there er- 
roneously assumed as J=J, C,’* and, moreover, the contribution from the phonon excita- 
tions was not included. The results assuming eq. (2) are shown in Fig. 2. The upper 
solid curve indicates the case, where the contribution of the He? component is represented 
by that of an ideal, nondegenerate Fermi-Dirac gas having the same particle density and 
mass as those for He® atoms. The lower solid curve shows the result when the contribu- 
tion of pure He’ is wholly neglected. Both include the phonon parts, which are considered 
as equal in pure and diluted He’. The phonon part is approximately obtained by the 
Debye T*-law 


C,,=0.021X T* joule/g deg, 


which is known to be exact below 0.6°K. Possible deviations from this in the high 
temperature region considered would change the result little, because the contribution of 
phonons to the total specific heat is not large there. The agreement of the upper curve 
with the experimental points of Dokoupil et al.” is very satisfactory. For comparison, the 
results according to the de Boer-Gorter-Taconis theory’? and the Heer-Daunt ideal B.E. gas 
a ee : 
theory’” are also plotted. It is evident that the modified B.E. model assuming eq. (2) 
an an ideal, classical gas behaviour of He® is the best among the various models for the 
mixture. 
(ii) The velocity of second sound The velocity of second sound in a solution, calculated 
; , i ; ; ie: 
in I assuming J=4d, C,', was in qualitatively good agreement with experiment, but, as pointed 
out in that paper, there were unexplained discrepancies between theory and experiment 
Reet : : é 
When th seve relation between 4 and C’, represented by eq. (2) is adopted, the square 
of the velocity of second sound is approximately given by 


1 See ae O:Gi Te Tifa 2 2 
tie | yt 2 x (1—x) (A+ 7) 2tST/4+25T2/44 
1+ (x,/x) —x, Ws gelato Chie EST /a415T age 


RT x 
“wer A Lear) a) *| (3) 
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whic . . . . . 
h corresponds to eq. (72), I. Applying a similar correction as in F to the theoretical 
values of x, we obtain the result plotted in Fig. 3. Agreement with the experiment of 


Lynton and Fai poder ich i 
ynton and Fairbank"? has been much improved. Some authors” stated that the observed 


28 
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1.4 1,5 1,6 17 1,8 1,9 2.0 21 2.2 
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TECK) 
Fig. 3. The velocity of second sound in solutions as a function of temperature. 
are calculated by eq. (3)- Experimental points show the measurements by Lynton and Fairbank.) 


Theoretical curves 


d sound in a solution cannot be explained quantitatively wi- 


change of the velocity of secon 
particles largely different from the atomic one. 


thout assuming an effective mass for He’ 
ver, that it is unnecessary to assume a mass 


The calculations presented here indicate, howe 
ge of the velocity of second sound in 


different from the true atomic one. Thus, the chan 
Solutions as well as that of the specific heat can be satisfectorily explained by adopting eq. 
n ideal gas behaviour of the He’® component. 

(iii) The vapour pressure It will be shown that, in discussing the vapour pressure of a 
solution, eq. (2) leads to better results than assuming 4 as proportional to C,!. We shall com- 
pare the partial pressures of He? calculated in different theories with those derived from the 

The method of the derivation of empirical values of p, was 


observed total vapour pressure. 
described in TIT. Since recent experiments on the nuclear magnetic susceptibility’? and the 
ented by an ideal Fermi-Direc 


specific heat" showed that pure liquid He® cannot be repres 


(2) and assuming a 
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gas with the number density and the mass of particles as equal to the atomic number 
density and the atomic mass (in this connection, see also a recent note by the author’), 
the formulae for p,/p,” derived in I acording to the modified B.E. theory are not justified. 
In the present note, let us first calculate p, for any solution, not relative to p,”, but relative 
to some standard solution, for which the vapour pressures are experimentally known as a 
function of temperature. Then p, can be calculated for a solution of an arbitrary concentra- 
tion by using the empirical values of the standard solution, which can be obtained from the 
observed total pressure in the way described in II. As illustrations, we have calculated p, 
for solutions containing 9.49, 13.0, 20.3 and 25.5 atomic percent of He’®, taking as the 
standard a 1.98 percent solution, on which Sommers’? made accurate measurements. It is 
convenient to choose as the standard rather a low concentration solution, because it has a 
high lambda-temperature and, in consequence, a smooth p,-T curve in a wider range of 
temperature, on one hand, and because the validity of the present model has already been 
confirmed for a dilute solution by discussing the specific heat and the velocity of second 
sound, on the other hand. 
The formulae employed are : 


ae aie exp| C,/{1— ee os x |] 

Xexp| —C’,,{1—1 = (1+ ote Just | Pe Tet) 
p=Leul Ge exp| C/{1— ; : (1+ ee a 

xexp| —C’,,{1— ; # (1+ da! Js} } T,<T<T,, 


where those quantities with suffix s refer to a standard solution, and [ pss] means the 
observed value. The value of V,/V, seems to range from about 1.36 in the low tempera- 
ture region to about 1.44 at the lambda-temperature of the solution. In the practical calcula- 
tions, however, a fixed value of 1.40 was adopted for simplicity. The curves A in Fig. 4 
show p, calculated by the above procedure as a function of temperature. The empirical 
pyT plots are those derived from the observed total vapour pressure of Sommers’ and 
Weinstock et al". The large discrepancies between theory and experiment as found in the 
earlier calculations do not exist in the present case. (Compare Fig. 4 with Figs. 1 and 2 
in THI.) Agreement is satisfactory and, in particular, the general aspects in the theoretical 
and experimental plots are very similar even in the vicinity of lambda-temperatures. If we 
apply the same procedure as described in TZ but assuming eq. (2), the discrepancies are 
found to be even larger than those found in II. This clearly shows that pure liquid He* 
cannot be represented by an ideal gas with a common energy spectrum while He* in a 
solution can be well represented by such a model at leest up to 25 percent. 

The similar calculations according to the de Boer-Gortet-Tzconis and the Heer- 
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Fig. 4. The partial vapour pressure of He3 as a function of temperature calculated from the experimental 
data for a 1.98 percent solution. A: modified B. E. theory assuming 4=4)C,/°4 B: de Boer-Gorter- 
Taconis theory. C: Heer-Daunt theory. D: modified B. E. theory assuming 4= dp C,/’. Experimental 
points for 9.49 and 13.0 percent He® are derived from the total vapour pressure data of Sommers, and 
those for 20.3 and 25.5 percent He® are derived from the data of Weinstock et al.1® 


Daunt (ideal Bose-Einstein) models have also been done, and the results are plotted in Fig. 
4 by dot-dashed and dotted curves respectively (Curves B and C). The former deviate 
from experiment considerably, and the latter are in moderate agreement but cannot predict 
the breaks in empirical plots. In a previous paper, IIT, it was pointed out that these 
breaks were found to occur at considerably higher temperatures than the lambda-temperatures 
deduced from the superflow experiment by Abraham et al.” It is now evident that the 
break-points in the experimental plots of p, vs. T nearly coincide with the lambda-tempera- 
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tures deduced from the recent experimental results concerning the shift of lambda-points with 
the admixture of He’. In order to indicate that the agreement in p,-T plots is violated if 
the earlier relation between J and C,/ is used, the results of similar calculations on. this 


assumption are also included (Curves D in Fig. 4). 


§ 3. The pressure effect and the thermal expanion 


(pure liquid He’) 


In the preceding section, it was shown that the energy gap, 4, in the iiquid He* 
diluted with He® can be represented by eq. (2) as a function of the apparent density of 
He’ particles. It raay also be written in the form 


4= 4 { (n,/Y) /. (n,°/»,)} se (4) 


In a previous paper, IT, we used the relation J = 4) (n,/v)/(no/2) instead of eq. (4), 
and an additional factor (v/»,)'* was needed in order to extend it so as to apply to liquid 
He’ at high pressures. Thus we got 


4=4,(¥/%)™*(n,/v) / (no/r). (5) 


Similarly, let us first put 


4=4,(»/»)* {(m4/¥) / (n°/%9)} 4, 

and then choose the value of 7 so thet the calculated values of the lambda-temperature and 
the velocity of second sound at some high pressure may be in as good agreement with 
experiment as possible. This procedure leads to the result that 7 may be taken as zero. 
It means that the energy gap in pure He’ under high pressure can be represented by the 
same function of the number density of He' particles, n,/v, as in mixtures. It is a re- 
markable fact that the energy gap depends on » only through the number density of par- 
ticles, but not explicitly on it. The effect of Pressure on 4 can thus be expressed by 


4= 4, (0/0) ae (»/%) ee (6) 


where the quantities with suffix 0 correspond to any standard state. If we take the normal 
lambda-point as a standard, we have 


4,=8.609°K, »,=8.8, 0,=0.1462 g/cc. 


Applying eq. (6) and requiring that the calculated lambda-temperatures are in agree- 
ment with the observed ones, we get the values for » and J as listed in Table II. Com- 
parison of these values with those listed in Table II, IT sh-ws chat the two sets of » and 
4 differ only slightly from each other, and suggests that almost the same results as obtained 
in previous papers” can be expected when the values listed in Table II of this note are 
used. The velocity of second sound calculated by employing these values, when plotted as 
a function of pressure and temperature, can indeed be represented by nearly the same figure 
as found in IT (Fig. 1). 


There is, however, one particular case, where eqs. (4) and (5) lead to considerably 
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different results: it is the coefficient of thermal expansion, of which we have not spoken 
so far. 


As simple thermodynamics shows, the coefficient of thermal expansion in the present 
model assuming eq. (4) or (6) is given by 


a=—p(95/0p) r 
ae me on Pe 1 dv 
ey aa ( ane) dp 


ssf SE tte : 


where S, is the entropy due to the Bose-Einstein excitations, v, is the velocity of ordinary 


sound, and @,, means the coefficient of expansion due to the excitations of longitudinal 


Debye waves. This formula can easily be obtained from eq. (2), I and eq. (6). The 


Table II. The mass factor, y, and the energy gap, 4, as functions of pressure. They are determined from 
observed pressure-shift of lambda-temperature by using eq. (6). 


p(atm) 0.05 | 5 10 | 15 | 20 | 25 
y 10.146 10.852 11.649 12.554 
A(°R) 8.453 8.341 8.201 8.038 


phonon part can be expressed by 


Sela Buy 1 ye (8) 


ph 


 15h%u\v, Op 30vye 


as shown by Atkins and Edwards. They also showed that, if the dependence on density 
of the three parameters is properly assumed in Landau’s 1947 model, the calculated co- 
efficient of expansion can be fitted to their measurements below 1.6°K. Our modified Bose- 
Einstein model is formally identical with Landau’s 1941 roton model, but we have only one 
adjustable parameter v-tdv/dp because we have already imposed a relation between 4 and » 
represented by eq. (6). The values of this parameter, moreover, cannot be chosen arbitrarily, 
as it should be consistent with the dependence of » on p deduced from the shift of lambda- 


temperature due to pressure. 
The theoretical curve in Fig. 5 shows the coefficient of thermal expansion vs. tempera- 


ture relation obtained from eq. (7) by assuming 
dv/dp=0.144 atm~. (9) 


For S, in eq. (7), we used the experimental values of Hercus and Wilks” correspond- 


0.1465 g/cc minus the theoretical phonon entropy. In order to estimate S,, 
the T?-law is assumed but the observed values” were 


A slight change of 4 with density 


ing to P= 
and a, at different temperatures, 
used at respective temperatures for p, v; and dv,/Op. 


was neglected. 


346 Z. Mikura 


°) 
LS Proms ere rts 20 eae eek 


—2 


—6 


Coefficient of thermal expansion 


—10 \ 
—12 \ 
x 
—14 
—16 
x 
—18 


Fig. 5. The coefficient of thermal expansion of liquid He‘ under its saturated 
vapour pressure as a function of temperature. The theoretical curve assumes 
dy/dp=0.144 atm-1. Crosses are the experimental points of Atkins?2). 


In order to show that the value of dv/dp required for explanation of observed thermal 


expansion is consistent with the dependence of » on pressure obtained before, a straight 
line representing 


¥=8.8+0.144(p—0.05), (p in atm) (10) 


is drawn in Fig. 6a together with the points indicating the values of » listed in Table 
I. The figure clearly shows that the dferent determinations are wholly consistent. For 
comparison, the result of a similar procedure assuming eq. (5) instead of eq. (4) or (6) 
is plotted in Fig. 6b. The value of dv/dp required for a good fit of thermal expansion 
data is considerably larger than that consistent with the pressure dependence of » determined 
from the lambda-point data. It may be said that the relation (4) yields better results 


than eq. (5) also in discussing the influence of Pressure, for the thermal expansion can 
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0 5 10 15 20 25 
p(atm) (a) p(atm) (b) 

Fig. 6. y as a function of pressure. The straight lines represent (a) v=8.8+0.144 (p—0.05) 

and (b) v=8.8+0.175 (p—0.05), which give the best fit of thermal expansion when eq. (4) 

and eq. (5) are assumed respectively. Crosses in (a) indicate the values listed in Table I, and 


those in (b) the values listed in Table II, I. 


be regarded as an effect of pressure on entropy. Possible relations between the energy gap 
and the number density of particles will be further discussed in the last section. 

The effect of pressure on the specific heat has already been dealt with in previous 
papers”. But, after they were published, a report on detailed measurements by Hercus 
and Wilks” has appeared. It seems of value to compare their experiments with the pre- 
sent theory in the revised form. 

In Table III, the theoretical and experimental ratios of the specific heats at a 
constant density, 9=0.1675 g/cc, to that at nearly the saturated vapour pressure are listed. 
The theoretical values correspond to the specific heats due to the Bose-Hinstein excitations, 
and the experimental ones are the ratios of the total specific heats minus the estimated 
phonon parts. In all the calculations, the change of pressure on the liquid with tempera- 
ture and the change of sound velocity with pressure were taken into account. In the 
calculations of phonon parts the T°-approximation was used. The estimated pressure for 
p=0.1675 g/cc listed in Table III was derived from the isopycnal data of Keesom. The 
values of » used for calculating theoretical specific heats were obtained by inserting the esti- 
mated pressure value into eq. (10). Moderate agreement between theory and experiment 
can be seen from the table. Similar results are also obtained for each of the other densi- 


ties, for which the experimental data are available. 
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Table III. Relative increase of the specific heat of liquid He! due to pressure. The phonon contributions 
are subtracted from the observed specific heat. The theoretical values concern only the contributions of 
the Bose-Einstein excitations. 

C,(0=0.1675 g/cc)/C (sat. vap. pressure) 


ee  —————————eeee—eeeeeeeeeeee ee eee eee eee _—eaeaaeaeeeeeeeeeeeeeeeeee 


IMDS) 12 | 1.3 1.4 A 1.6 1.7 1.8 
p(atm) 19.1 | 19.0 18.9 18.7 18.4 18.1 17.7 
Observed 
(Hercus & 1.39 | 1.42 1.40 1.37 1.38 1.39 1.44 
Wilks?) 
Theoretical iso | 1:53 1.48 1.44 1.39 1.36 1.34 


§ 4. The pressure effect on the degeneracy temperature of liquid He® 


It has been shown in preceding sections that a modified gas model can successfully be 
applied to liquid He’. This fact suggests that a similer model can also be applied to 
liquid He*, apart from the difference of statistics. In fact, the author™ has shown that the 
low degeneracy temperature and the temperature-dependence of the specific heat can con- 
sistently be explained by assuming »,+4 for He*. The existence of an energy gap is not 
essential in this case, because the lowest state plays no important role in the Fermi-Dirac 
Statistics. It seems worth noting that the degeneracy temperature would be shifted further 
to lower temperature by applying high pressure, while an ideal gas model predicts the shift 
to the inverse direction. 

Th ® degeneracy temperature is, in fact, obtained from 


vik = h?/8v.m.k . (3n,/z»,) 2/8 


and, if the relative increase of », due to Pressure is greater than that of the atomic number 
density as was the case for He‘, T, must decrease with pressure. It may also be suggested 
that the high-temperature limiting value of the excess specific heat over the Debye one 
would decrease with pressure, because it is given by 3R/2», per mole. 


§5. Discussion 


The assumption that » has the same value both in pure and diluted liquid He‘ has 
been shown in §2 to give satisfactory results in predicting various properties of mixtures. 
But it should be remarked that the assumption of concentration-dependent » and constant 
4 would give nearly as good results as the above mentioned in all problems discussed in 
this paper, provided that » is determined as a function of concentration so as to give the 
lambda-temperature correctly. This requires us, however, to assume a large increase of v 
with concentration, which seems unreasonable because » seems to become unity in a very 
concentrated solution of He* in He’, i.e., in a very dilute solution of He! in He’. Besides, 
this model is not easy to extend in a physically reasonable way to discuss the high pres- 
sure effects. The difference between the predictions according to the above two models seems 


large enough to be experimentally investigeced only in the case of the normal fluid fraction, 
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x. The calculated values of this quantity for mixtures containing 10 and 20 percent He’ 
are listed in Table IV, second and third columns. The normal fluid fraction ratio increases 


with decreasing temperature in one case, while it remains constant in the other. 


The IV. Normal fluid fraction in mixtures calculated on different models. 


ee 


x/xo for a 10 percent solution | x/xy for a 20 percent solution 

i ane — Heer- deEBoer- hs the mod. Heer- deBoer:- 
. K) v= cneee. 4 Sone Daunt* Gorter CK) y= conaty A Sohal Daunt* Gorter 
pet 61,76 1.46 111 712 We ve 3.04 2.26 1.24 11.57 
5) Tvs 1.46 i[siall 5.58 | 1.3 2.86 2.26 1.24 8.94 
1.4 1.66 1.46 Pa 4.48 | 1.4 2.66 2.26 1.24 7.02 
5 162 1.46 B bali gl 3.66 1 il33) 2.58 2.26 1.24 5.66 
Lol PT s9 1.46 1.1 3.06 || 16 2.48 2.26 1.24 4.63 
5 bad 1.56 1.46 a ded. 2.62 | Wey 239 2.26 1.24 3.84 
1.8 1253: 1.46 a atu 2.28 | 1.8 Ze. 226 1.24 

1.9 151 1.46 118 203 ah 

2.0 1.49 1.46 a pal | 


a 


* These values were calculated by inserting empirical values of lambda-temperatures into x/xy=(T,°/T,)*/*- 


The experimental determination of this fraction from the measurement of the 
velocity of second sound or the Rayleigh disc torque is probably dificult in a mixture 
because of the complexity of the phenomena. The difference between the predictions accord- 
ing to the above two models seems, however, to be large enough to be examined by an 
experiment similar to that of Andronikashvilli® or Hollis-Hallec™ if a solution of rather 
a high concentration is used. This type of experiment in mixtures is now being conducted 
at Los Alamos by Dash and Taylor,” whom the author would like to thank for informing 


him of this fact. 
In Table IV the predictions according to other well-known theories’ of mixtures are 


also included for the sake of comparison. 

Finally, it is to be remarked that the decrease of ¥ with He* concentration does not 
seem improbable, because, as has already been pointed out, the value of v is supposed to 
become unity in highly diluted He’, as is the case for He®. If the shift of lambda-tem- 
perature is kept in agreement with experiment, this dependence of on concentration changes 
very little the properties of our model solutions unless it is very strong, and it seems difficult 
to find it experimentally. Until any satisfactory molecular theory is established, it may be 
allowed to adopt the simplest assumption among all the alternatives which yield practically 
the same results in most problems. 

The author would like to thank Professor K. R. Atkins for making his unpublished 
experimental data of thermal expansion available to him ; Dr. J. J. M. Beenakker for sending 


him a preprint of Dr. Z. Dokoupil and others; Dr. J. G. Dash for sending him a pre- 
print of his paper. 
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A new methcd of calculating the grand partition function of many-body system is developed, 
adopting extensively the techniques of calculus in quantum field theory. It is shown that the grand 
partition function, which is a trace of the density matrix expressed in terms of field operators, can be 
evaluated in a way almost parallel with the evaluation of the vacuum expectation value of the S-matrix 
in quantum field theory, provided that appropriate modifications in notation and definitions are made. 
As an example, the method is applied to electron-phonon system. Further, basing on this new formalism, 
yarious non-perturbational methods are discussed. 


§1. Introduction 


Stimulated by the studies of cooperative phenomena in quantum statistical system such 
as ferro- and antiferromagnetism, superconductivity, the /-transition in liquid helium etc., 
various methods for the calculation of the partition function of many-body system with 
interaction have been put forward by many authors. These methods of attack have each 
its own merit, and in some cases they have been fairly successfully applied to practical 
problems. For instance, Kubo established an expansion theorem of the density matrix and 
applied it to ferro- and antiferromagnetism.” Schafroth, in his theory of Meissner effect in 
superconductors, derived a formula in which the density matrix was expressed in powers of 
the interaction Hamiltonian.” Essentially the same formula for the expansion of the 
density matrix was also obtained by a different method by Chester, who made use of it 


» A quite different way 


to discuss the Bose-Einstein condensation of imperfect Bose gas.” 
than others to handle the density matrix was invented by Feynman (the method of integral 
over trajectories), and he applied it to the problem of liquid helium”. More recently, 
Friedman and Butler introduced another technique of manipulating the density matrix and 
thereby discussed the transition in liquid helium quantitatively.” 

Generally speaking, however, it seems that major efforts have been made so far to 
overcome the difficulties encountered in treating the interaction in many-body system, so that 
there remain unsolved difficulties in taking account of the effect of statistics, especially for 
Fermion system such as electrons in a superconductor and liquid helium 3, in both of which 
the role of Fermi statistics seeems to be important. To remedy this point, it may be pro- 
mising to use the number representation of the second quantization theory for the calculation 
of the trace of the density matrix. From this view point Ichirnura developed a method of 
expanding the grand partition function in powers of the coupling constant using the number 


representation.” It appears, however, to the present author that his method is unsatisfactory 
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in the following two points: First it will not be practical in evaluating higher order cor- 
rections, because troublesome calculation of an enormous number of terms are needed ; 
Therefore, application of this method will be restricted only to cases in which the effect of 
higher order perturbations is unimportant. Secondly, while the number representation may 
be most convenient to take into account the effect of statistics, it has such a defect that it 
is difficult to treat by this method the problem in configuration space, namely, it is not easy 
by this method to utilize physical pictures connected with the configuration space. For 
instance, one cannot utilize the quantity such as the molecular distribution function, which 
has been useful for the understanding of the cooperative phenomena in classical system. 

In this paper we shall present a new approach which seems to be free from the above 
mentioned shortcomings of the n-representation. We introduce explicitly the quantized field 
of particles and utilize the various techniques of operator calculus in quantum field theory 
as far as possible in evaluating the quantum-statistical average of the field quantities. In 
§ 2 and § 3 we give a general formulation of our theory for an example of electron-phonon 
system. Various results obtained by means of this new method for electron-phonon system 
are illustrated in § 4. In §5 non-percurbational treatments are discussed, starting from the 
formulation given in § 2 and § 3. The last section is devoted to a possible extension of 
our method to other systems. 


§ 2. General formulation 
We suppose that the Hamiltonian of a system in question can be divided into two parts 
HAH, 2H, (2-1) 


each of which is expressed in terms of field quantity as 


H,=\H, (x)d*x, 


H,=|H, (x) d*x. 


We shall call H,(x) the Hamiltonian density of free field and H,(x) the density of in- 
teraction Hamiltonian. The density matrix of a canonical ensemble P=exp(—fH) has to 
satisfy the Bloch equation 


—3p/98=(H,+H,)-p, B=1/KT. (2-3) 
If we put 


exp (— 8H) =exp(—AH,) -S(8), (2-4) 
the equation for 5(/) becomes 


—95 (8) /08=H, (8) -S(A), (2-5) 


where 


HT, (t) =exp (¢H,) +H, -exp(—#H,). (2 6) 
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The solution of (2-5) with initial condition 5(0)=1 may be written as 
tg 
f 


Vo i Ty “| de | de | - | de, (t,) H(t) «= Hy (ty) 


=3)(—1)*/n! |---| PLAC) eFC) id= ote (2-7) 


n=) 
where P is an ordering operator” which re-arranges the operators in the bracket in such an 


order that the arguments ¢ in them are decreasing in magnitude, that is, 


PCH, (¢,) «+H, (tu) |= Fis (4!) As (to!) «A Ct’) 
(2:8) 


Ele Beet 
If we regard 
exp (tH,) +H, (x) -exp(—tHy) =H, (%, ) =F; (x) (239) 


as an operator in the four dimensional space with coordinates x= (x, #), then (2-7) can be 
put into another form 

$() =S(—D/a tf [PL Gate 40) 
in which dix=d*xdt and the integrations are to be taken over the whole volume with 
respect to X, and over the range (0, 9) with respect to ¢,. P is now an operator arranging 
the operators in the bracket in such an order that the fourth components of coordinates in 
them are decreasing in magnitude. 

The grand partition function of the system is defined by 
&=Trlexp(—aN—fH) |, (2-11) 


where N is an operator representing the total number of particles, say, of electrons, and @ 


a selector which is related to the chemical potential per one particle / through 
a= — fp. (2-12) 
Introducing the following notation 
5,=Trlexp(—aN—H,)], 
(0.0) =Tr[exp(—aN—BH,) ~J/Trlexp (—@N—BH)] 


(2-13) 


we rewrite (2-11) in the following forms : 
£/3,=(S(#)) (2-14) 
= 146, +E,+Fet 019 (2-14b) 
=exp(C,+C,+Cs:--), (2-14) 


where 


ae (—1yr/otf--| PL) AHL, (xd eed (2-15) 
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The relations between €,’s and C,’s are essentially the same as those between the moments 
and Thiele’s semi-invariants in the theory of probability, that is, 
945 2 IT(C,) tlm, ! > 
Simj =n 


“tt (2-16) 
C= SO 1) Fr? (SD TE fan 
Z 


&', represents the grand partition function of the free system in which the interactions are 
absent. (+--+) means the quantum-statistical average of a given field quantity denoted by 
dots referred to the thermal equilibrium realized in the free system. 

In order to facilitate the explanation of our further analyses, we consider hereafter as 


an example the electron-phonon system, whose Hamiltonian is given by* 


H=H,+H,, (2-17a) 
Fy= Ear ap +E > FO (b,%5,,.+6,6,*), (2-17b) 
k& w 


A,=¢9 ar (ba,,./2 yy (4104p Pip tape a).b x) 
kyu 


TI 2> BO bil biet bb +b ub—wt beth Xe), (2+17c) 


w 


where a;* and a, represent, respectively, the creation and annihilation operators of the 
electron with momentum k and energy €,, 6,* and 6,, are the corresponding operators for 
the phonon with momentum w and energy hw,, g and g’ are, respectively, a coupling 
constant and a renormalization constant given by 


g= (VC*/NMS)"?, g’ = (s2—s) /28°. (2-18) 


The meaning of the symbols appearing in (2-18) is as follows: V is the volume of the 
system, M the mass of an ion, N the total numbers of ions, C the usual interaction con- 
stant between electron and lattice, s, the sound velocity of free phonons. 5, is generally 
different from the real velocity s because there are interactions between electrons and phonons. 


Now let us define quantized wave functions of electrons and phonons by 


i‘ 


yp* (x) ae Pre siare 


ve 


(x) =V ee ane, (2-19) 


‘ 


(=) =S (bms/2V)" (byge* + See), 
Making use of the commutation relations 


[a,., ary | Lo On Ary [Pros bx, | = Us sole 


four dimensional fields * (x) =exp (tH) )* (x) exp(—#H,) etc. are easily shown to become 


p* (x) = VM Saame Hewett, 
© 
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$6) =V Saat (2-20) 
k 
¢ (x) = si (bws/2 V) 1/2 Cee ens pep er e) : 


Furthermore one can verify by a direct calculation that 


eH =H, (t) =9 |" IO) P@)dx+9' |p) ed's, 
or (@ a1) 
H,(x) =99* DY We™ +99 HE. 
From (2-14), (2-15) and (2-21), it can be seen that those which we have to know 
are rules for calculating the averages such as 
(PLD* (x) 6 x) £* (20) f Cm) O* (Rn) $ Ca) J) 
and (2-22) 
(PLE (x) 9 (%) +P en) J)- 
We want to emphasize here that a remarkable similarity exists between the evaluation of 
E/E, and that of the vacuum expectation of the so-called S-matrix in quantum field theory. 
In fact, it will be shown in the next section that all the rules of calculations of the vacum 
expectation of the field quantities in quantum field theory can be used in the present case 
with only slight modifications. 
§ 3. Computation rules?” 
It will be found convenient in later analyses to use in place of the operator P in 


(2-22) another operator T defined by” 
d= 0,8; (30) 


where 0, takes 1 or —1 according as the character of the permutation of the electron 


operators involved is even or odd in going from the written order to the one re-arranged by 


P. Of course it holds that 
P[O(¢*) ]=TlO¢H*P)], (3*2) 


if H(¢*) is any functional of a product of * (x;)(%)’s as in (2°22). Now let us 
find the computation rules for (T[S(p*P)]) and (P[% (gv) ]), where F}(¢) in any func- 
tional of a product of ¢(x)’s. In the first place, we decompose 4/* (x), $(x) and 9 (x) into 


two parts respectively according to 
P* (x) =PE (x) +92); 
d(x) =$4 (4) +$-@), 2) 
g(x) =¢. (x) +¢-()- 
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For a given product X,X,--:X,,, where X; is any one of the components introduced in (3-3), 
we define an N-product by 

N[X,Xo°++X,] = Op Xr Mor + Xnry (3 -4) 
in which the right hand side is a product of the same factors X,X,:--X, but ordered in 
such a manner that all the operators with suffix — stand to the left of all the operators with 
sufix + and, among the electron operators with the same suffix, all the operators with « 


stand to the left of those without *. 0, determines the sign of the permutation in the 


same way as in (3-1).* For instance, 
N[P* (x) 6 (x!) J= N[Y% (0) fa () $% (D) O_(%) + 9% (DG) + 4%# (DD E_()] 
=F (x) fs (x) —$_() PE +92) $2) +42 (WP (), 
NLY™ (x) P* (2) f (xs) J= GE (2) O% (x2) P- Cy) + OE (5) PE (0) Pe (5) 
— PE (xy) P- (xs) PE (xa) + PF (x) PE (x2) bs (xe) FOX (x2) - (25) O* (x) 
— GPE (2) PF (4) Ps (xa) +P (xs) PE Ca) OE (2) + 9% (4) O* (x0) Pa (ms), 
NIG (1) 9 (2) = P— (1) P- (2) + 9-41) G4 22) + 9- (0) G4 (m1) £94 (0) 4 0) 
NLP (x1) 8 9) (5) J= @— (x) 9 2) - (%) + E- (x) O- (mm) &s 4) 
HP (4%) P— (45) Pa (2) +E— (x) Ps (2) Gs Crs) + 9- () G- (m) 04 (4) 
HP (%2) Ps (4) P+ (5) FE— (Hs) Oe (1) G4 (2) +E 4 (5) G4 (2) 94 5), 


and so on. Then we can show that an arbitrary T product of electron and phonon field 
operators is always converted to its corresponding N product through a simple relation. For 
T[Y* (x) P(x’)], it is easy to verify by a direct calculation that 


N[* (x) of (x’) | +[¢* (x), f (x')], t>e 
T[$*x) $(x')]= et 
NLY* (x) HC) +[9E@), $-)]--[Y*@, OOD]. t<e. 


For Pl¢(x)¢(x’)], we get 


Nig (x) 9 (x) ]+[¢.(%),.9-()],  #>¥ 
PLe(x) o(x’)]= (3-6) 
No(s) ¢(*')]+[¢9.(%), ¢-@]_ t<e. 


Thus if we define two functions S(x—x') and D(x—x’) by 
[Yt (x), $-(')] pete 


S(x—x’) -| (3-7) 
[PE (), $-@)],—[6*@), $@)], 8<# 


*) Note that there exists a slight difference between our definition of N-product and that used in 
quantum field theory. This difference arises from the fact that $+* (x) and $4 (x) (or ~-*(x) and ¢—(x)) do 
not necessarily anti-commute with each other, and thercfore we have to take care of their order in the product. 
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[or Ge GnGe)l sit > t 
ae (3-8) 
[OL @ eNO ]_ Ke, 


the T-product with two factors is expressed as a sum of the corresponding N-product and 
S or D function : 


T[P* (x) P@)IRNLE* OP) ]4+SG—*’) » (3:9) 
Plo (xe) J=N[¢ (x) 9) J+ D—x) . (3-9b) 
Trying similar calculations for the T-products with more factors than two, we are led to a 


conclusion that any T-product can be expressible as a sum of terms, each of which is 


composed of an N-product multiplied by S or D functions. More correctly, this statement 


will be mathematically expressed in the following two lemmas :”” 


Lemma I For any product of @(x)’s denoted by (vy), it holds that 


TLE) IHN ODI (3-10) 
where ¢/(x) is defined by 


¢' (2) =9() + | dx D(x—x') 4/09). (3-11) 


6/d¢(x) is an operator characterized by the commutation relation, 


[0/09 (x), p(x) ]-=e(x—*’), Ga) 
that is, an operator representing functional differentiation with respect to ¢ (x). 
Lemma IE For any product of ¢*(x)’s and ¢(x)’s, which is denoted by 5 (4/*¢/), 
it holds that 
TLD(P*P) J=NOG'H) I, (3-13) 
where #*/(x) and ¢/(x) are defined by 


gi" (x) =p (x) + | dia! (x—x1) 0/0H(X), 
(3-14) 
(3) =9i(x) — | dS 6! —2) 0/09"), 


respectively. 0/dp* (x) and 0/c¢ (x) are operators characterized by the following commutation 
relations : 

[3/06 (x), 6) ].=[8/00* ), $* () 1, = 8 O—*), 

[8/ag (x), $* GY]. =[8/9* @), HO]. =0- 
A proof of these lemmas will be given in appendix. (3 -9) are the special cases of (3- 10) 
or (3-13). It should be noted that the above results are valid for an arbitrary choice of 
the manner of decomposition (3-3). We can, therefore, decompose the field operators in 


such a way that the resulting computation rules becomes as simple as possible. A possible 
i * \ 
good choice will be such as to make the averages of N-producis (Ni d* (x) P(x’) |) and 


(3-15) 
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(NL¢ (x) ¢(’)]) vanish : 
(N[Y*() P(x) ])=0, (Ne (x) ¢(%')]) =0. (3-16) 
This choice yields for S(x—x’) and D(x—x’) the results of the form: 
mee fi yeh aiectilid agiae t>#', 
Sx he ‘ (3-179) 
ies > (fe lie chs fey dee, 
D(x— 2) = 3S) (bw5/2V)[ (Nyy +1) fee 2a 


cf Neghit Co ae ee alike (3-17b) 


where fj, and N,, represent the average numbers of free electrons with momentum k and 


of free phonons with momentum w in thermal equilibrium at temperature T, namely 
fir= (allan) = (*e41)7 


3-18 
Nic= (bitbye) = (C41) ~ > oe 


(3-17) are readily proved with the help of (3-9), (3-16) and (3-20). Although the 
averages of N-products of higher order do not necessarily vanish, it happens that they are 
such small quantities that their contributions to the grand partition function can be ignored 
in the limit of N->00, V->co (keeping N/V as a constant). To see this fact, we shall 
consider (T[¢* (x) of (x) $* (x) (x) ]) as an example. According to the lemma II, we get 
(TLL (x) hx) O* (2) (2) ]) = (NIE) fC) (X') 0) ]) 
= (N[P* (x) f(x) £* (x) b () J) —S (x) (N[* (x) $2) 
—S (2) (NIY* (PJ) +S —2) (NTE (SY) 
+8 (x —2x') (N[D* (x) f(x) J) —S (x—2’) S (x’— x) +S (x—x) S(x’—) 
= (N[S* (x) f(x) o* @/) 6 @)]) —S(x—2/) SX! — 2) 
+S(x—x) S (x —x’), (3-19) 
in which the condition (N[¢* (x) ¢(x’)])=0 has been used. On the other hand, if one 
compute the left-hand side of (3-19) directly, it will follow that 
(TL o* (x) o (x) $* ) f(x) ]) 


V- > by i SMart aa® d \ er —Daet (m—n) a }+ (Ep, -E7)t+ (E,,, =E,, 1? 
. ve 


mene 
m 


= ai (3-20) 
V= > ) Pe Dia apak ay) e~LA-Dx! + n—n)ar}+ (Ep, Ep) + Epp, -E It t< t’. 


cMmn 


The average (a;*a,a*,a,,) vanishes for all values of (ktm n) except for the follwing three 
cases : 


a) ..d=Lem=n, 
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b) k=nxl=m, 
c) k=l=m=n. 


Referring to the definition of S(x—x’) given by (3-17a), one can easily see that case a) 
gives us the term S(x—x)S(x’—x’) in the right hand side of (3-10), and the case b) 
the term S(x—x’)S(x/—x), so that 


(NTE) PO) @)EO)]) HV Sarena an), (3-21) 


which is, however, smaller than the other two terms by a factor 1 /V, owing to the con- 
traction of the summation over momenta from double to single. The same reasoning 
prevails for all the averages of N-products, and the average of an N-product with 2n factors 
is generally shown to be a quantity of the order of (1/V"") if the cnumber terms com- 
posed of S(x—x') and D(x—x’) alone are regarded as the quantities of the order of unity. 
Thus, on disregarding all the averages of N-products, we are led to a simple computation 
rule for (T[H,(%) °F, Gay) others 5 
(1) substitute for every field operator (*(x), £(x) and ¢(x) the quantities eas 
$i! (x) and ¢! (x) defined by (3-14) and (3-15) respectively, 
(2) perform the operations indicated by 0/d¢* (x), 0/0f(x) and 0/d0¢(x) with the 
help of the commutation relations (3:12) and (3-15), 
(3) retain only such terms that do not contain N-product as a factor. 
aW, can reformulate these results by noting that equs. (3-11) and (3-14) can be re- 
spectively in the form 
eAy (x)e “= 9" (x), 
eNepe (x) eM =P" (x) (3-22) 
PU(e ray"), 


where 
d=4| { dxdyD (9) 0/09 (0) 9/9 (0)> 
(3-23) 
Sa dedyS (xy) 6/ Of (y) 0/0f* (x), 


as can be readily proved by a direct calculation. Let G(¢*, ¢, ¢) be any functional of 
the field operators ¢* (x), h(x) and g(x). then 
(TIS, ¢ DI) = (NLGW #, Pee"). (3-24) 


In this formalism the grand partition function given by (2-14) can be put into a compact 


form : 
5/2,= (T[exp—|H, (x)dx]) = (T[S]) 


= (N[e%e®Ger*e-*]) 
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or 
8/2, = (Ni[e*e7S)]), (3-25) 

because we can disregard the factor e~4e~= since there is nothing for it to operate on. Serial 

expansion of exponential function in powers of \H, (x)dx leads us to the formula (2-14b). 


In actual calculations dealing with eq. (3-25), it is more convenient to employ the 
so-called Feynman graphs. Each term in the expansion of the right hand side of (3-25) 
can be analyzed into various Feynman graphs according to the following rules: On carrying 
out the rearrangments of operators and retaining only the terms which do not contain 
N*product, for every factor D(x—x’) a dotted (phonon) line is drawn connecting the points 
x and x’; for every factor S(x—x’) a directed (electron) line is drawn from x to x. Thus 
each term in the expansion of the tight hand side of (3+25) is composed of a number 
of Feynman graphs, to each of which a product function of S(x—x’) and D(x—x’) cotr- 
responds. The final result we want is obtained by integrating with respect to all the 
coordinates involved in each Feynman graphs and by summing up all the terms contributed 
from possible Feynman graphs. 


§ 4. Illustrations 


Having established the computation tules, we will apply them to the calculations of 
&, and C,, with small n for the electron-phonon system. What we are going to calculate is 


Ea (—1)°/at| (CTT) Fh (an) Dey 


4-1 
Fi, (x) =99* (x) (x) 9 (x) +9'¢ (x) 9 (x). erty 
In analyzing €, into Feynman graphs, the following view points are useful: We think 
that to each f* (x) corresponds an electron line starting from the point x, to each f(x) 
corresponds an electron line entering into the point x, and to each (x) coreesponds a phonon 
line joining at the point x. Thus H, (x) represents a point x, at which either three lines, 
two electron lines and a phonon line, join with strength J, or two Phonon lines are con- 
nected with strength g’. We can, therefore, carry out the analysis of ¢, by drawing all the 
graphs in which n vertices are connected with each other, either by two electron lines outgoing 
and incoming and a phonon line, ot by two phonon lines. We need not consider the term 
in €, which contain the factors ¢(x)’s of odd numbers. Furthermore, many graphs may 
be left out of consideration on account of the rule that an electron line is forbidden to 
join a point to itself. This additional tule comes out from the fact that since a constant 
factor $(0) corresponds to such an electron line that joins a point to itself, the integration 


with respect to the coordinate of this vertix is to be reduced to the form [Deas which 


evidently vanishes in virtue of (3+17b). 


In Fig. 1 various Feynman graphs appearing in 
the lower order terms of €,’s are shown. 


A comparison of the results from Feynman gra- 
ph analysis with that of a straightfoward application of the computation rules reveals that 


2 
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the sign of each graph is determined as -+ or — according to whether the number of 


Cc t i i i 1 
losed electron line loops involved in the Feynman graph is odd or even. 


and &,. 


Fig. 1. Warious Feynman graphs appearing in £1, &o, &% 


(2-16), we can see from Fig. 1 


Referring to the relations between é, and C, given by 
graphs with k vertices. This sesult 


that C, is exclusively constructed of connected Feynman 
is of some importance, because the free energy of the system is given by 


F=—Np—kT log & 
= — Nu—kT log 5,—kT(C,4+C,+ Cus ly 
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which is to be proportional to the whole volume of the system V. For every connected 
Feynman graphs, the result of the integrations with respect to all the involved coordinates 
but one turns out to be independent of a remaining coordinate, and the integration with 
respect to the last coordinate simply gives a factor $V, so that the above requirement that 
(4-2) is to be proportional to V is always fulfilled if every C;, consist of connected Feyn- 
man graphs alone. It should be noted that this proportionality FocV is not justified when 
the averages of N-products disregarded above are take into consideration. 

The integrations with respect to the coordinates can be quite easily performed, at least 
for small n. We shall show below only two lowest order terms in Fig, 1 « 


C= |D0o)de=—V >) tws(Nw+1/2), 
Coa= | [5 (x—x') S( —2) D(x— 2!) dc (4-3) 


=(-S5 Whi (1— firs rn) 4.3 3) WN (fies w—fre) |v. 
iz 


' aa) 
we Enya — ER tows mW Eps i bws 


which are in agreement with those obtained by other authors.® 

The merits of the present method are, apart from the simplicity of its computation 
rules, that it enables us to get a deep insight into the structures of the higher order per- 
turbations through the Feynman graphs, and hence to go beyond the usual perturbational 
calculation. For instance, we can carry out a partial summation of serial terms up to infinite 
order, by adding certain special Feynman graphs. Thus the so-called renormalization pro- 
cedures developed in quantum field theory will become available to various degrees. An 


modified phonon line 


modified phonon energy 


7s --"@e 
ge FN 2 i ‘\ v 
O= & )- (2/2)¢ pe a’ ee eF pp nives-a 
“see ‘, Fa Ni \ 


se 
- on ie 


Cy + Cc, + Cc, Te Gj, sesso = @ sum of all connected Feynman graphs 


=-O- eke - (1/j) 4) {) - (1/2) - (1/4) 


me? 


—_ eereteceon 


Fig. 2. Elimination of the term 99 (x)e(x) in Hi(x). This is effected by employing a 
re-defined phonon line jn place of ------ 
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example: It is immediately suggested by inspecting Fig. 1 that the effect of the second 
term in (4-1) can be eliminated by re-defining the phonon line and the phonon energy as 
illustrated in Fig. 2. 

This means in the mathematical formula that D(x—x’) is to be replaced by 


fpad ee a ae — 2g! |D(x—a) Ei *) ds 


+ 29") i |p PD Gn DGS dade (4-4) 


The evaluation of D*(x—x’) is not difficult (see appendix B), the result being conveniently 


expressed in terms of the Fourier component as 


D*(k,t)=1 /g\€"D IaH (4-5) 
fpberé 
D(k, 8) = (Dix, £) etl d2x, (Lea 
aid 
a= (1+39')/9’. (4-6) 


(4-5) and (4-7) show that for small g’ D* (x—x’) is nearly equal to D(x—x’), whereas 
for large g/ it becomes proportional to 1/g’. This reduction in magnitude of D*(x—x’), 
in turn, acts to prevent the sound velocity from suffering large alteration due to electron- 
phonon interaction. Such a situation remedies a certain difficulty occurred in a perturbational 


treatment of sound velocity re-normalization."’ But we shall leave this problem for another 


occasion. 


§ 5. Non-perturbational treatment 


The treatment described in the preceding sections is essentially an expansion of the 
tition function in powers of the coupling constant, so that, for the case of strong 
It is, however, possible to put forward a method 
) 


grand par 
coupling it will not be useful as it stands. 
which is free from the serial expansion procedure.” 


We consider a set of functions defined by 
G(x3%) =(T[P* @ YO) SP/KTISD, 
Gy (xy 3 xy) (TP OPN EOD? (x') S])/< TLS]; Gt) 
Gy (xyz 3 x'y'Z) =CT[P* OC) Do Zo) PC“) SH/KTIED, 
and so on, where 


S-apl- [Hd Me =s9*@YOCO- (5-2) 
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(For the sake of simplicity, we shall omit the term g'¢(x)¢(x) for a while.) Following 
the terminology used in quantum field theory, we shall call them the Green function of 
one-electron, of two-electrons and so on. As is evident from the definitions, however, they 
correspond to the coordinate representation of the reduced density matrices in the grand 
canonical ensemble, and play a role similar to the molecular distribution function in classical 


statistical mechanics. For phonon we define in a similar way 
A, (xx’) =(T[¢ (x) 9) S))/KT[S]), ete. PSE, 


Now, we will show that these Green functions satisfy a set of coupled integral equations. 
To do this we apply the equation (3-24) to (5-1) and (5-3). Then, for instance, we 
obtain 


G, (xx) =(N[ete®h* (x) h(x’) S])/<T[S]). (5-4) 


Here let us commute e™ through #* (x). Referring to the relations 


eM d* (x) = f* (x) e® +\4S@—y) 0/0 (y)e*, 


(5-5) 
FH (3) =H (3) | dyS(y—2) 0/09" ()e?, 
we see that the result is 
G(x!) = (N[e*l dyS(x—y) 3/04 (y) eH) SP/KT [SD (5-6) 


The term which contains the factor ¢*(x) standig to the left of e* is omitted, because we 
are ignoring the average of N-product. Since the operator 0/0¢/(y) commutes with 2, we 
can perform the indicated differentiation in (5-6) by noting that 


[9/06 (y), $@’)],=8Q—*), 


8/8 (5) S=99* (9) 9(9) 6, Ge 


and we obtain 
G, (x2!) =S(x—x) + 9 [SQ ALN [Me (HO) PONED/CTIS). 8) 
Let us further commute e* through ¢*(y), ¢(x’) and ¢(y), referring to the relations 
9 (y) =o (e+ |deD(y-2) 0/09 @e4 (5-9) 


and 


0/09 (2) FS = —9$* (DYOS. (5-10) 


The result is 


G, (ot) =S(x— x) =9°| | dydeS (ey) Dy) (TIP HH) I*(OHOSY/ATIED 


A New Approach to Quantum-Statistical Mechanics 365 


=5(e—x) — 0° [SG—)DO-9G(925 ¥D dyde, (5-11) 


where the use of the definition for G,(xy;x’y’) has been made. Thus G,(xx’) is shown 
to be coupled with G,(xy; xy’) through an equation (5-11). Repeating the same pro- 
cedures, we can easily prove that G,, is directly connected with G,_, and G,,, through an 
integral equation similar to (5-11). For example 


GiGy sx y= — x) G (yy) —S (4-9) GX) 
—9°| S@—m) D(x,—91) Gs (x14 > y’x'y,) dx,dy,. (SG: 12) 


These coupled equations connecting the Green functions of varicus order bear a resemblance 
to the integral equations satisfied by the molecular distribution functions of various orders, 
discovered by Born-Green™ and Kirdwood™ in classical statistical mechanics. Although it is a 
very difficult task to solve these equations, one might be able to find an approximation of 
breaking off the infinite chain of equations into a closed system of few equations. 

It is, however, more convenient to handle an equation containing one electron Green 
function alone, if such an equation exists. In fact, we can derive such an equation by 
making use of a trick of introducing an auxiliary external field.” We define © in place 


of (5-2) by 


S=expl—| PPO) GG) +4* SO)YR)} deh (5-13) 


where d(x) is a cnumber field which is to be made vanish in the final result. Then 


following the same procedures as in deriving (5-11), we get 
G(r!) =8(—#) — | 8x9) (TY 1) 0/08) S/S) 
Now in view of (5-13) it immediately follows that 


d/bf (y) S= {96* (20) +O (NSF (MIS; 


and hence 


G, (ea!) =5(x=¥) + |S —8() GORY 
s-9{ dy S(a—y) (Nee DHE) PO)ED/TISD 
=S (2-2) +) SG — 9) SO) GO*)G 


—9°\|SG—»DO-*) Gy(9F 5/6) dy ds. Xe) 


The last expression in (5-14) has been attained Ly commuting e“ with ¢(y) and carrying 
out the differentiation. In order to express G, in terms of G,, we have to regard G,(xx’) 


“! 
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as a functional of the auxiliary field ¢(x). Then we can proceed as follows : 
Gy (x8 5 6) =(T[Y* @) HF OYE) HM SD/ATISD 
= —(T[$* (x) $(y) 0/668) SP/{ TIS) 
= — 0/86 (F){T[P* @)$(y) SP/KTIS)- (5-15) 


Inserting (5-15) into (5-14) and carrying out a slight manipulation, we arrive at 


G(x’) =5 (x) +| 5-160) 60, x) dy 


+9°{| $y) D(y—£) 0/068) G(x’) dBdy. (5-16) 
On the other hand, S(x—x’) satisfies the following differential equation : 
Ee i 4] 5(a, 1) = 0(x) (4) = 8(x); (5-17) 
Ot 2m 


which can be easily proved by a direct operation of (9/dt+56°/2m-4) on S(x) defined by 
(3-17a). Operating (0/0t+6°/2m-d4) on (5-16) from left, and making use of (5-17), 
(5-16) is converted to 


a) b < ' 
Eee ee xx’) =0(x—x) +0(x xx! 
{o-+= 1GGx’) =0@—x) +66) Ge) 


+9'|D@—$) 0/08 (F) G(x’) dé . G18) 


A similar equation for one-nucleon Green function in meson field was solved by Edwards 
and Peierls by introducing a special technique of Fourier transformation in functional space.’ 
A similar method may be available in the present case. 

Another and more tractable method to deal with the grand partition function will be 
the generalized Hartree approximation. Recently Kinoshita and Nambu have developed a 
theory of Hartree field for a system composed of a number of particles and a intermediary 
Bose field.” A similar method will be also applicable to the present case, and will be 
especially useful for the investigation of the cooperative phenomena such as superconductivity. 

We shall take again the electron-phonon system as an example. According to the 
general theory described in § 2 and § 3, the grand partition function is given by 


S/S tT lex (—|H, yaays (5-19) 


which is valid for an arbitrary choice of H, and H,. We assume, therefore, that the free 
Hamiltonian has, instead of (2-17b), the following form 


H= >} Exape ag +>) Won (b,8bw+4) (5 +20) 


and the interaction Hamiltonian is chosen so as to make it hold that 
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| A, (x)dx= [ere d= a] T [$* (x) 6 (x—2/) f (a!) died! 


+4|| Ple@)x@—2) 9) ade’ +a|"@P@e@dx (5-21) 


where 6(x—x’) represents a sort of Hartee field for electron, E;, the energy of electron 
moving in this Hartree field, y(x—x’) and W,, are the corresponding quantities for phonon. 
f* (x), (x) and @(x) are respectively defined by 


f* (x) =v" ea Pid eet Mabie 
DIZ, 
We =a A dent Be ( ) 
k 
pa W,.,/2V) 12 (bk eet Wao? +B, ettre—Mew" 
a ‘ 


in place of (2-20). With the aid of (5-22), each term in the right hand side of 
(5-21) can be written down as a function of aj‘, az, 63 and b,, the results being 


3 \| T[o* (x) b (x—x’) f (x) | dxdx’ 
=| dee (4 5) 66, Ex) (aioe anal) Je, 


2 | Plo) x@—*) 9) ldede 
2 ee 5623) 
=3| dee pa Wot (w, = Ww) (bx by tbube + biyb-wt bxb sw) Woman 
g |e @d@e@d 


= | dee [g 5} Su) 2V)'” (ae rabid + sitibe) I 
k w 


where O(k, E) and y(w, W) are, respectively, the Fourier-Laplace transform of g(x) and 
7(x) defined by 


$(k,E) =| (x, e®?-Mdxdt, 
(5-24) 
x(w, W) mal 4 (x, thet -Md'x de. 
Combining (5-23) with (5-20) we see that 


H,=¢ oS SOV al 2V (ak -wdnbee + di. wt Pw) +30 (k, —Ex) ays dj, — 2 d(k, — Ex) 


e w 


+4 Si Wt (w, ay oe) (le +b bis bb. pct ben 0 an SS 


Since the sum of A, and Hy, has to be taken equal to the original total Hamiltonian given 


] 


. 
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by (2-17), apart from a constant, 
Hy, +H, He, C, 


it follows by comparing (5:25) with (2-17) that 


€,=E,,+¢6(k, —E;); (5-26a) 
bws=W,, (5-+26b) 
g'=71(w, —W,.), (5 +26c) 
C=—45)¢6(k, —E,). (5 -26d) 


Eqs. (5-26) provide physical meanings for the Hartree field d(x) and 7(x), that is, the 
Fourier-Laplace component of g(x) equals the difference between the enenery cf a free 
electron and that of an electron moving in the Hartree field, and the Fourier-Laplace com- 
ponent of 7(x) gives what we called renormalization constant in § 2. In order to determine 
d(x) and 7(x) self-consistently, we shall apply the theory of Green function described in 
the beginning of this section. Define the Green function G(xx’) and J(xx’) by 


G(x’) =(T1$* (0) $@) S))/KT(ES)), 


Stee 
A(e) =(Tle@ ee) SD/T[S) se 
with 
S=exp[— fo |e" I~) e)deta{ [oS G—x) SW) dade! 
+3| |e@)76—¥) ¢()dade'}]. (5-28) 


If we content ourselves with the expressions up to the second order in the coupling constant 
g, the coupled equations for G(x—x’) and d(x—x’), which are derived through the pro- 
cedures described above, can be easily solved by an iteration procedure. We shall give 
here only the results ; 


Glow!) =S(x— x) +3] |8(<—y) bay) 5 (@—#)) dye 


+ r| 


A (xx’) = D(x—x’) — 3\|DG—») L0y-DD(— x) dydz 


SCY IRS CP LRIORE IW ty dong 35) 


+9°|[D@—9)DO'=9S(y—-9S8(@ydydz.—(5-30) 
In this approximation, it will be natural to determine ¢(x) and (x) in such a way that 
G(x’) =S(x—2x'), A(x’) =D(x—), (5-31) 


because the equations (5+21) state that electrons and phonons behave in the respective 
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Hartree field as if they are independent of each other. This statement is in accord with the 
basic assumption in Hartree approximation. From (5-29), (5-30) and (5-31) (x) and 
7(x) are determined as 


d(z—y) = —29°D(y—2)5(y—2), (5 +32) 
1(y-D = — 29'S (y—2)S(z—9)- (5-33) 


Here we shall briefly discuss the results derived from the equations (532) and. (5233), 
leaving the details to a later publicatoin. 

Performing the Fourier-Lapace transformations of (5-32) and (5-33) with the help 
of (3-17), we readily get 


op Nia) (i few) ey ee) 
k, —E,, ok bs | { ue k-u et u k+u 4 Bo yl 
#( ° V = Ex siyp— F et ows | OPN at Sy ee 2 


= 29° 4 fsQ aii ») 
(w, —W;.) = — 5 +35 
A = We os tes OR Wr 
Referring to (5-26), the equation (5-35) gives the change in the sound velocity of phonon 
caused by the electron-phonon interaction, if the dispersion of sound velocity is ignored. 
The result obtained here is nearly the same as that calculated by Frohlich. (5 - 34) combined 
with (5-26a), on the other hand, give an equation to determine E;,,. On neglecting N,, 


at very low temperatures, it becomes 


Eo — oe >) bws (= fr-w) (5 - 36) 
V on Ex—-w—En tbs . 
It is interesting to note that the same equation as (5-36) was derived by Bardeen in a 
quite different way.” Although the nature of the solution of the equation (5-36) was 
already discussed by him, a more careful investigation of this equation has been made by 
the present author. The result obtained agrees with that given by Bardeen in its essential 
point. There exists a solution of (5-36) in which one electron energy E;, has a gap at 
Fermi surface for sufficiently strong coupling constant. The ground state in which all the 
states of lower energy are occupied by electrons will correspond to a superconducting state 
at O°K. ‘Temperature effect on energy spectrum is easily taken into account in the present 
method, and it is shown that the energy gap, dependent on temperature, becomes to vanish 
above a certain temperature. Thus a sort of phase transition is expected. A similar result 
was worked out by Frohlich and Kuper” with one-dimensional model. The basic idea of 
the present method resembles rather that of Fréhlich’s than Bardeen’s. Frohlich has assumed 
that a cooperative interaction between electrons and phonons produces such a potential for 
an electron as to give rise to a splitting of the energy spectrum of the electron. In the 
present theory, we introduced explicitly a possessing a nature which Frohlich has assumed, 
and we have proved in a self-consistent manner that this potential actually gives rise to a 
splitting in one-electron spectrum even in three dimensional case, and hence brings the assemb- 


ly of electrons into a special state which we want to call the superconducting state. 
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§6. Extension to Other Systems 


The electron-phonon system so far considered is a typical example, to which our method 
can conveniently be applied. In extending our method to other system, it may happen that 
some modifications in the formalism are required. In this section we shall show that our 
method is easily extended to a system in which many particles, obeying Fermi or Bose 
statistics, are interacting with each other through two-body potential. 

In the scheme of second quantization we write the Hamiltonian of a systen in question as 


H=H,+H,, 


H,= [9 (x) pi/2mg (a)d"s, (6-1) 


A,= 3| |" (x) b* (x!) J(x—x’) f(x’) f (x) d?*xd? x’, 


where J(x—x’) represents the interaction potential between two particles located at x and 
x’, p the momentum operator of a particle. *(x) and (x) can be expanded into Fourier 


series : 


ICON a STs eemeeii (OE? elisa. set (6-2) 


in which a;* and a;, are as usual creation and annihilation operators of a particle with wave 


vector k, the commutation relations between them being given by 
Lay; = Or nr (6-3) 
(+ Fermi, — Bose statistics) 
The grand partition function 2 can be written as 
B/E 5=1 +8, +8, 4+85+ “35 
=exp(C,+C,+C;---) (6-4) 
with 
B= (—1)"/af CPL) Fh (G) Dedede 
HH, (t) =e He, (6) 
or more formally as 


£/2,=(P[S)), i 


where 


S=exp[—|H, de} 


First we consider the case of Fermi particles. In applying the computation rules derive 
in § 3 to the present case, a difficulty arises from the interaction term 
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\H.@ dr=3\|¢* (x, t)O*(x!, 1) (x—x!) h(x’, 1) h(x, 2) d®xd®x'de, (6-7) 


which prevents us from accomplishing in a simple manner the tordering indicated in the 
right hand side of (6:5). The problem can, however, be solved by rewriting (6-7) in 
the form 


\H (t) de=3\\TIy* (x) h(x) J (x— 2!) b* (x!) b () Jdxde! 


—44(0) |o* (YG) as (6-8) 
in which J(x—x’) is defined by 
J@e—¥) =J(e—w/) Et). (6-9) 


That (6:8) equals (6-7) is easily verified by a short calculation. Then, noting that for 
arbitrary T-products T[A], T[B],--- 


[PAL TB), +l 24; 8, --*], 
we obtain, in place of (6-6), 
8/5,=(T|S)) 


with (6-10) 


S=expl—3] [WH )IG—¥)P" HO) dade 


+400) \o* @) ob (x) dai, 


to which all the rules established in § 3 are now applicable. 
We have no trouble with the case of Bose particles. We do not want to repeat here 
q long analysis, so that we give below only the lemma II modified so as to hold for both 


statistics. 


Lemma III For any product of $* (x) and (x) denoted by $(4)*, #), it holds that 
T[H($*, MI=NLOY*, 1, 
in which T= (41)7P and ¢’*(x) and ob’ (x) are defined by 


J*” (2) =P" (2) + |dv'S (xx) 0/98), 
(a) =9@) ¥ | deS G2) 0/090), 
respectively. 0/0¢* (x) and 6/d¢(x) satisfy the following commution relations : 


[3/80 (x), (x) ]e=[8/80* (x), FO) z= 9 —*), 
[3/00 (x), 6 (x) x= [0/09 > OO) z= 0- 
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S(x—x’) is given by 


where 


yr Yh eta a (t-t!) 
Shi 
S(x—x) = 


ok Fl en tks (nar!) + Ex, (t-t/) 
SfeFD 


pS (etx ie : 


O CONS: © 


Cia 


50508 


Con 


Fig. 3. 


that of Ichimura’s calculation. 


Cia 


/ ’ 
C28 Coc 


he Cr Cxp Cre 


Various Feynman graphs appearing in Cy and C,. Dotted 
line x-++++- x’ corresponds to J(x—x’). Directed line x>—x’ 
corresponds to S(x—x). X represents self energy J(0). 


by Ichimura by his own method are written as follows :” 


C= 49" SSVI FI fh 


i>? 


eae of 


All the upper signs ot 
doubled signatures corre- 
spond to Fermi case and 
lower signs to Bose case. 

We can analyze ¢, 
or C;, into Feynman graphs 
by drawing a_ directed 
(particle) line for every 
factor S(x—x’) from x to 
x’, and a dotted line con- 
necting the points x and x’ 
for every factor ](x—x’). 
In the present case a 
particle line may join a 
point to itself. In Fig. 3 
the Feynman graphs ap- 
pearing in the lower order 
terms of C;,’s are shown. 

It will be worth while 
to compare the results 
derived from Fig. 3 with 


In the notation adopted here, the results for C;,’s obtained 


(6-11a) 


=~" y= pepsp2 pat Ae! F fr fifo (Joe Ju—-2) Ce dean) 


+42 'S) oF Ja (Eh) A PRO 


ri. Sh Ej, ma ee ean Tn 


* fitin 


where Jj, is the Fourier component of J(x) defined by 


We will show that (6:11) are in complete agreement with our results. 


Ix | T(x) eed, 


(6+11b) 


Inspecting Fig. 3, 
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our expression for C, is readily written down as 
C=4](0)|$(0)de—4] | Joy —x) {9(0)} “dr 


+ 3\| j= Nee as (6-12) 
Noting that 
S(0)=V" Df 
S (=x) 3 (x! x) = V8 SYD) fc 1 fy) MADDIE, 


JO)=V" Iu (Ja—x)de= J 
(6-12) can be reduced to 
C,/BV=—-hV” 23h i Sicfar + Jo fre fer F Jinx fic fir F1)} 
=—4V" DS) LeF Iva fe feos 
which is just equal to (6-11la). It is seen from the above calculation that the term 


J(O) axe) {)(x)dx in © so behaves as to subtract the self-energy from the final results. 


We may, therefore, disregard this term hereafter, provide we keep in mind that the self- 
energy parts are always to be subtracted. Then C, is shown to consist of five integrals : 


Co= F4C,4+2Cypt 8 Cie F 4 Cap F 2Cyy, 
Cy= 3)---| {5(0) } 2] (4 — 4%) S (x. — x5) S (x3 — x) J (x3 — x4) dx, “dx, 
=29V J. She fe F Df fw 


C= 4 {86 —2)SG2—m) Sn) SGU) HII Goa) dad 


Al —2 h- 1A 
ABV DIP AD I> pen Sel fe FI) CrP) ae 


k+l=mt+n 


Coo =| [8 (I=) G2) 5 (=) 5 (4H) Tg) dod 
=4hV~ 2 2 2 JoSn-ufi Cie 1) Titans 
Cy =3| [8G x) 5 (2) =A) SG— AJ (4M) Om) dd 


=iey-* ma 23 2 Ji-wJi-mfi (fr: + fio 


= to 


er. 
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Cy, = | {s (% — Xx») S (x, — xs) S (%— 2%) S (x4 — x) I (% —%x3) J (% —%,) dx,:- ‘dx, 


ktmnu Ep t Er — Em — on 


c+ l=m+n 


=49V2 Dy) —Jnomdmn _ (6,51) (fF Dinh 


As to the evaluation of the above integrals, see appendix B. The summation of these five 
integrals with given numerical coefficients immediately leads us to (6-11b), apart from the 
self-energy parts which can be cancelled out by the integrals corresponding to the graphs 
Cia .p and C’.> in Fig. 3. 

An application of the method of partial summation over certain special Feynman graphs, 
which was proved useful in § 4, gives rise to an interesting result for the electrons inter- 
acting with coulomb potential. It is suggested from Feynman graph analysis that the 
interaction potential J(x—x’) has better to be replaced by 


Fx) =] =x) +2] [Tn SG —m) Sma) mx) diy 
+2'{---| J =x) Sy —2)S aA) J 2) S =) S (UR) OY) dod Eo 


(6-13) 


For coulomb potential J(x—x’) =e/|x—x’'|O(t—¢’), the Fourier transform of (6-13), 
integrated over t, becomes 


)*(b= fe {1 iat Are" rA(k) + (8 Sar, A(k)) ++ ; 


a 47e* 
kR?—4reA(k)’ 
A(k) =7_ sy {sq et eee d= 2s) Lit = fran ). (6-14) 
V « Cr ead 
This result shows us that the coulomb interaction between electrons is to be screened (as 


1/r—e~*”/r), the screening constant 2 being roughly estimated as 


= —47e°A(0 sp BEES 0 fx ~ Shem » 
en Salle 2 se) Stone ae (6-15) 


(K,,=the magnitude of wave vector of electron with Fermi energy). 
The same result as (6-15) for the screening effect was derived by Macke by a variational 


calculation.’ 


Appendix A 


A Proof of Lemma I 


We shall prove the validity of lemma I by a mathematical induction. Assume thai 
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it is true for some T-product T[%}(¢) ], i.e. that 
TLS (Q)I=NSE) I. (A-1) 


og if we can prove it for T[¢(x)&(¢)], we can conclude that the statement of lemma 
I is valid, since for }(~) =1 and for §(¢)=¢ (A-1) is trivially true. Without a loss 
of generality we can take {}(¢) as a product of n factors ; 0 (x1) 2 (%) °° P(x). When 


T[%(¢)] can be written as 
TLS (9) = Ga) PG) 1 PO). (A-2) 

Now let us assume that 

Het Ete PS aS tt 
Then 

Tle) SB )IHP i) 9) EO) B Crat) °F On) 

=X(¢)¢(x) Y(¢)- (A-3) 

Here we decompose ¢(x) into two parts according to 
(x) =9+ (x) +9-@), 

and transfer g_(x) to the left through X(¢), and 9, (x) to the right through YQ: 
The result is conveniently expressed as 


X(~) 96) YG) = 9) XY+X YG. (2) + faded () 0/89 (@) KY) (AA) 


where 


A,( =| Lene Gd 1eF (A-5) 
Flies, CO tar. 


In order to obtain the N-product of X¢(x) Y from (A-4), we have to bring back ¢_ (x) 
to the right and ¢,(x) to the left, becanse y_(x) may stand to the left of ¢_(%), 
p_(%), °° G-(%) and ©, (x) may stand to the right of 94 (x41) 5 *°* P+ (x,). Carrying 


out rearrangements needed for getting N-product, we can express the result in the form 


g_(x) XY=N[¢_() XY]+ [axe (x), p(x) ]8X/0g_ (x) ¥, 


(A:6) 
XY¢, (x) = N[XY¢,. (x) J —|ax[e. (x), P+ (x) |_X0Y/0¢, (x’), 
where operators 6/d¢.,(x) and d/dg_(x) are difined through 
0/0 x), 0, (x) |-=[8/0e-@, g-@)]-=8—*): 
(8/80. (2), + (*) -=[8/8p-(), p-@) ]-=8@—*) es 


[0/0¢.. (x) ? g- (x’) ]-=[8/eg- (x) ba (x’) J. =0, 
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namely they represent functional differentiation. Since X and Y contain 9, (x) and _(x) 
as factors through the combined form 9(x) =¢, (x) +¢_-(x), it follows that 


OX/dg_(x) =0X/dg(x), AY /dg, (x) =0Y/09(x). (A-8) 
If we define further 


+X), D, (x’) = od 
se)=| [p. (x), 94 (x) ] rer 


/ 


—[g_@),¢g-@)]-  #<?, 
then from (A-3)—(A-8) we obtain 
Xp(0) Y=NL{p. (9) +¢-G@)} XY] + ded, Go’) — dyn’) ] OXY) /dp (). 
(A-10) 
In view of the first assumption (A-1) and a property of N-product 
N[¢'N[S (ED N=N[¢'5 (E')] 
(A-10) tells us that 
TLEMEQIHN EWE] 
where 
(x) =9 (x) + [de {4 (x!) — 4, 0x')} 8/28 GE). 
With the help of (A-5) and (A-9) it is easy to show that 
A, (xx) — 4, (xx’) 
Lv. (x), 9(*)J-—[e. @), 92) -=[¢.@),9-@)] te? 
a (x), 9-() ]-—-[¢-@, 9@)]-=[¢.@),¢-@] t<? 
=D(x—x), 


which is identical with the definition of D(x—x’) given by (3-8). Thus our proof is 
completed. The proof of lemma II cen be achieved in quite a similar manner, so that it 
will be unnecessary to repeat here the similar procedure. 


Appendix B 


First we shall derive the formula (4-5). For simplicity, we employ hereafter such 
an unit as to make s=1 and f=1. Fourier component of D(x) is then expressed as 


D(k, t) =4k{ (Ny, +1) eM -+ Nyetlty, (B-1) 


Now the Fourier transform of (4-4) is given by 


D*(k, t—1’) =D(k, t—#’) —24'| D(k, Sh Dilah ot) de 
0 
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+ (29')'|" [ DG, t—t,) D(k, ty—t) D(k, t—t’) dtydty--- (B-2) 
Although D*(k, t) can be evaluated by solving an integral equation 

D*(k, t) =D(k, 2) —29'\ Dik, t—s) D*(k, 5)ds, (B-3) 
we shall follow a more direct and elementary method. A short calculation yields that 


8 RP ; BP? ’ } 
| Di, t—t,) D(k’, t, -—) d= aoe t—t') — fap , ff) (B: 4) 


which is reduced in the limit of k—>k’ to 
| Di, t—t,) D(k, t,t’) di.= (1—1kd/dk) D(k, t—#’) =4,D(k, t—t') (B-5) 
0 
where 
4,= (1—4tkd/dk). (B-6) 
Using (B-5) in a repeated manner, we can put (B-2) into the form 


D* (ky t) = (1—29'4, + (29'S — ++) DK t) 


1 
oe eS DOCKS) 
1+29'4, (hs) 
or 
(1+29'4,) D* (k, t) =D(k, ¢)- (B-7) 


It is easy to solve this inhomogeneous linear differential equation of first order with a con- 
dition lim D*(k, t)=0. The result is 


k>o 


D*(k, t)=1 /g\ EDO 1) kI-*dk’ 
k 
= /9!\ “DE t)dé (B-8) 
ifs 


where 
= (L391) / 9! 
Thus (4:5) is proved. For the Fourier component of S(x), the following equations are 


easily proved : 


S(k, t—t’) —S(k’, t—t’) (B-9) 


8 
Ps Pp —H\ dt = 
[sce ea) Ad oa 


(sce, 1—1)5(1, 9 S(m, &—#)S(n, #4) de, 
0 


— (fra — fn) / (Er +&m—En— En) SEs e—t’) S(L, ft) (B- 10) 


Coo 
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= (frr— fr) / (Er +€m—Ex—En) S(m, t—t’)S(n, t/—ft). 


In particular, in the limit of kk’, t>t’ (B-9) becomes 


{5s P-7)S(e, bode 525th, NSS OTe (B-11) 


k 


(B-9), (B-10) and (B-11) were used in evaluating the integrals C,,—C,, in § 6. 
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When a Fermion is described by a plane wave, quantities which are to be compared with experi- 
mental data can be computed easily by using the well-known Casimir trick. But, when the influence 
of interaction of the Fermion with another field is taken into account, the calculation becomes very 
difficult. As the Casimir trick can not be used, complicate calculations have hitherto been necessary. 

It is the purpose of this paper to give a method of calculation in which the density matrix, in- 
stead of the Casimir operator, is used to avoid the intricate method above mentioned in the case of a 
Fermion moving in an arbitrary central field. This density matrix will be represented as a sum of direct 
products of p- and o-operators with numerical coefficients. It is also verified that, for a free Fermion, 
the density matrix defined in this paper is reduced exactly to the usual Casimir operator (projection 
operator). 

The method of calculation proposed in this paper will be not only favourable to treat such various 
problems as @-decay, Bremsstrahlung and so on where the influence of a central potential must be 
considered, but also useful to solve the problem for free Fermions by the method of partial waves. 


§1. Introduction 


When a Fermion interacts with another field, such results as the transition probability 
and the cross section which are to be compared with experiments are obtained from the follow- 


ing quantities : 


% (1-1) 


pap \dx,: dx, ,* (x1) M (x00) fi (x;") 


Here ; and ¢, are Fermion partial eigenfunctions for initial and final states, respectively. 
>} means the average over possible initial states and 5} is the sum over possible final states, 
a . y . - 

keeping the sign of energy fixed. M(x,--:x;’) is a quantity which depends on the other 
fields and, if necessary, intermediate states. This calculation is straightforward, but somewhat 


tedious. In order to avoid this complicate calculation, we will utilize the fact that, for 


example, the quantity, 
Dy fp a) Of Cx)» Ci 2) 


usually appears in (1-1). 
When a Fermion is described by a plane wave, Casimir succeeded to develop a very 


elegant method of this calculation, named by the so-called Casimir trick”. As is well 
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known, the main points are that, in the momentum representation, these sums appeared in 
(1-1) can be replaced by a trace of Dirac operators by introducing Casimir operators 
(projection operators) instead of (1-2) and only using commutation relations between opera- 


tors, without using the practical matrix representations of eigenfunctions and Dirac operators. 


In this paper, these Casimir operators are defined as follows :* 
A,(+p)=(W+H(+p))/2W 
= (W-+ (a-p) +fm) /2W, (1-3) 
A_(—p)=(W—H(—p))/2W 
= (W-+ (a:p) —Pm) /2W, (1-4) 
where 
We (1-5) 


A.(+p) is a projection operator selecting states of free Fermions with positive energy 
+W and momentum +p. A_(—p) is an operator for the negative-energy Fermion 
(energy (—W) and momentum (—p)), whose absence stands for an anti-Fermion.** 

But when the Fermion is not described by such a plane wave, this trick can not be 
applied at all, and so the complicate method has been used. This method is to multiply 
each matrix element by corresponding component of the eigenfunction. 

It is the purpose of this paper to develop technics of calculation, by which we can 
avoid this mistakable method even when the Fermion moves in an arbitrary central field. 
In order to calculate in accordance with the similar idea to the Casimir trick, we introduce 
the density matrix ; 


D=aiG. (1-6) 

The sum (3) is taken over possible states for the Fermion which has the constant energy. 
¢ is the eigenfunction of Dirac equation with the potential (V) for one of such states. 
The formalism which is favourably suited for solving this equation is of the angular mo- 
mentum representation. In this representation, for a single partial wave, fe) Ms? the 
eigenfunction of a Fermion with quantum numbers « and ys and energy E=+W>0, and 
(4 (x) is that of a Fermion with energy E= —W <0 and momentum —p, so that +p 
is the momentum of the anti-Fermion, if the negative energy Fermion is absent.*** Then 
Fermion field quantity (x) is quantized as a series of these partial waves. In this angular 
momentum representation, the density matrices, corresponding to the Casimir operators 
A, (+p) and A_(—p), are respectively written as follows : 


Throughout this paper, we set $=c=1. 
** We thus deal with an anti-Fermion of exactly the same enetgy and momentum as the Fermion, 
though the old non-covariant treatment of projection operators is developed for two Fermion states with the 
same momentum +p) but one with energy E>O and the other with energy E<0?). 

*** The meanings of the quantum numbers x and y will be explained in Appendix A. In the 
subsequent formalism, all quantities concerning the negative energy are distinguished by primes from the cor- 
responding quantities with respect to the positive energy. 
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Dara) =>) Pru (%1) Px p™ Ca), (1 7a) 
% 
ge ee a Se OG) alu (a) (1-7b) 
wp 


Here a’s appeared im these definitions are parameters concerning the potential (V)*. 

The idea of this density matrix was already used by de Groot and Tolhoek in order 
to obtain shape factors for the allowed (-transition.” They represented this density matrix 
by (4X4) matrix. It is possible to deal with their formalism only in such special case 
as the orbital angular momentum of the Fermion being zero, but it seems to be very hard 
in other cases. Thereupon, the reduction of density matrix to the more convenient form will 
be considered first (§ 3). It is suitable for this reduction to use the property of Dirac 
operators (/”) which can be represented by the direct products of ~-operators and o-opera- 
tors. ’s operate in the Dirac (~) space which is introduced since Fermions have positive 
and negative energy states, and o’s are operators in the Pauli spin (a) space. Of course, 
these o’s and o’s are able to be represented by (22) matrices familiar with us.** As 
such a formalism is used, it is necessary to write the eigenfunction ¢,,(x) of the Dirac 
equation in the form corresponding to the direct product of o-space and o-space. Such form 
of the eigenfunction will be listed in § 2. In this formalism, the density matrix which is 
usually a (44) matrix will be represented as a sum of direct products of p’s and o’s 
with numerical coefficients. In § 3, this representation of density matrix will be shown for 
a Fermion moving in an arbitrary central field. When the central field is removed, this 
density matrix must be, of course, reduced to the Casimir operator ((1.3) or (1.4)). This 
fact will be shown in § 4. Therefore, density matrices ((1.7a) and (1.7b)) introduced 
in this paper will be convenient not only for the calculation in the case of the Fermion 
in the central field, but for the partial wave analysis in the case of the free Fermion. 


§2. Eigenfunction of Dirac equation 


As stated in §1, it is useful to start our discussion with the formalism, in which 
each Dirac operator (/’) is represented as the direct product of -operator and o-operator. 
Therefore, the Dirac equation for a Fermion interacting with a central field (V) is written 


as follows : 


H¢ (x) =Ep (x), (2-1) 


* The fact that the parameter (—a) is used in definition (D’) (1.7b) does not mean that the eigen- 
function ¢/ is a charge-conjugate wave function. The reason why this notation is used will be cleared up in 


§ 3. 


** We list the matrix representations of p’s and a’s used in this paper, though they are well known. 


1 0 01 0 -i 
pata le ) n=or=( 10 » P2=Fy= i 0 ’ 


tel 0 
m=o.=( 0-1 j; a=pi0 and B=p3lo=ps. 


(1-8) 
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H=—i,(3-p) +mp,+V()- (2-2) 


The Fermion eigenfunction (¢/) of this equation in the angular momentum representation 
has already been listed in the convenient form by Rose, Biedenharn and Arfken.” But, as 
our definition of Hamiltonian (2-2) differs from theirs, we shall summarize here the results 
with their notation.* (This eigenfunction will be systematically derived in Appendix A, 
for convenicnce. ) 

We shall consider the Fermion with the energy E and quantum numbers « and 4 
Here, « is a non-zero integer and gives both the total angular momentum j and the parity 


(—1)'™ for the Fermion state: 
j=|«|—1/2, (2-4) 
and 
Gost ei eee 1), (2-5) 
where 


+1 for «>0, 
—- (2-6) 


—1 for «<0. 


j can also be written as follows : 
j=l(«) — (1/2)S,. (2-7) 


The eigenvalue of J, is 4, the magnetic quantum number. 
In order to obtain an eigenfunction for this state in the angular momentum representa- 


tion, we introduce the spin eigenfunction 7%). which has eigenvalues 2>= +1 for o.-operator : 
oO, Gp= 27 Lij2- (2:8) 


Then, the eigenfunction may be represented formally by two components corresponding to 
the (2X2) matrix in p-space. 


PO, (x) 
| (2-9) 


PO, (x) 


Of course, each component (¢™ or g) including the spin function ZF is itself a matrix 
with two rows and one column in o-space. 


For the positive energy state (E=+W>0), the Fermion eigenfunction is given as 
follows : 


Yxu (x) = | 


* Rose, Biedenharn and Arfken*) used the following definition of Hamiltonian’): 


H=i\ (6-7) —mp3+V (r). (2-3) 


Thereupon, the third and fourth components (¢ 2)) (2.9) of eigenfunction obtained by them are the so-called 
large components. In order to make easier to treat a free Fermion in a covariant formalism, we use here 


the different definition from theirs. As will be shown, the first and second components (#0) of eigenfunc- 
tion in this paper are large components. 
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| Gar) NEGA) 
= (2-10) 


if.(r) 1*2(0, 9) | 


Radial eigenfunctions f, and g, are real and determined by the radial equation with energy 
E=+W: 


(2-11) 


(E—V—m) 94= (— (0/0r) + (e—1/r) ) fas 
(E—V-+m) f= ((0/0r) + (¢+1/1)) Fn 


The radial variable (r), the parameter concerning the central potential (V) and the energy 
(E) ate included only in these f, and g,. For example, in the case of the electron in 
the nuclear field (V=—Ze*/r), they are given in the convenient forms by Rose" for the 
continuous energy state (E=W>m) and by Bethe” for the discrete state (E=-+W<m). 
It is cleared from (2-11) that the first column of the eigenfunction (2-10), $%, is the 
so-called large component. The spin-angular eigenfunction 7% is defined as follows : 


1/2 
te= DiC U(«) 1/2j3 e—-tT TH Yiw 4G P)Lip, (2212) 
where the C-coefficient is the usual vector addition coefficient :” 


Cj: Je ]s3 m, My, m;) = GA Jo ™ my|j1 }e Js Ms) . (2513) 


This alternative notation is adopted in the interest of brevity. The spherical harmonics are 
defined according to Condon and Shortley.”” 

For the negative energy state (E=—W <0), the spin-angular parts of the Fermion 
eigenfunction are the same as ones for the positive energy state. Therefore, as Rose has 
done,” the radial eigenfunction can be obtained from the equations (2-11) with energy 

—_We<o. But it is convenient for the further development to obtain the eigenfunction 


by using the charge conjugate operator defined by Furry’: 
C= — ps. 01, (2-14) 

That is, using the Hamiltonian in which only the sign before the potential differs from 
(2:2), 

H=—io,(o-p) +mp,;—V(r), (2-15) 
we shall obtain the eigenfunction of the following equation : 

Hoy) =W xu: (2-16) 
The influence of the central potential appears only in equations (2-11) for the radial part 
of the eigenfunction. Therefore, the so-called charge conjugate eigenfunction (~) which 


‘s of an anti-Fermion with the same energy and momentum as those of a positive energy 


Fermion can be written in the following form : 


on (r) “8, 9) | 
ifs, (r) ) eae (9,¢) 


Puy (X) = | (2-17) 
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where f,’ and g,’ are obtained respectively from the radial eigenfunctions f, and, -ot = 
Fermion with the positive energy by changing only the signs before a parameter concerning 
the potential (V). 

Thus, the negative-energy Fermion whose absence is the anti-Fermion has an eigen- 


function, 
Oxy) =Cor,(), (2-18) 


where g* is Y with complex conjugate elements but not transposed. By using the follow- 


ing relation, 

oy HEE = (1) (<1 rE-4 yh, (2-19) 

the eigenfunction of the negative-energy Fermion is of the form 
be (= (—- 1) tes | —if,!(r) 72%(4, ¢) 


Jn (1) X52", 9) 


(2-20) 


§ 3. Density matrix for a Fermion interacting with 


an arbitrary central field 


The density matrix for a positive energy Fermion defined in (1-7a) can be represented 
as follows by making use of the eigenfunction (2-9) : 


| Priv (%) Priu* (x), Ph, (x1) PE* (xe) | 


or, (x,) ee (x,) ’ De (x,) on (x) 


It is needless to say that this matrix corresponds to a matrix in f-space. We will first ex- 
press this matrix in the form of a sum of four (operators including the unit operator () 
in f-space (1-8), 


D(x, x &) =>) 
aE 


(3-1) 


D(x, X95 a) =" Di +P; D, + Pr Dy + PsDs, (3 *2) 


; , —_ 
where coefficients D’s, of course, correspond to the (2X2) matrices in o-space. As it is 
convenient to reduce (3-2) in a form in which the density matrix has spin-angular parts 
as a common factor, we introduce the following notation, 


aC for (d=0;, 
Xtwn= 


hens Ot eed 


(3-3) 


where 


H- Ulictoriiies 0: 
E(u) = (3-4) 
= ToL, 


Furthermore, the subscript 1 appeared in each element ot (3-1) can be replaced by (—x), 
because the summations are over <ll positive and negative integers of x, except zero, and 


over all possible values of s which are (|«|—1/2) to (—|«x|+1/2) in integral steps. 
Thus, 
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D(x, %3 4) = 


1 
DS Re ye (e735 A) Put Ragu 7 &) PseatiaX (3-5) 


Aw u=0 
x Lean (4, Y,) BA ue Yo) b) 

where numerical coefficients R’s are defined as follows: 

Ryo (r,, > 5 a) = 1/2 ; (Ix CAA) “fix Cray pee (15) ) > 

Rus (ty %23 &) =1/2- Gx (11) Fx (re) —f—-»n (a f—x ())» 

Rea) Yo 5 a) = 1f2 : CH (19x (€29) ++ Jax GC)f5. GD) G -6) 

oe Cis Yo 3 a) =i/2 3 eA (11) Ix (72) —J_x (7,) jee (Gal 
The radial variable (r), the energy (W) and the parameter (a) concerning the potential 
are included only in these R’s. 

In order to show apparently the fact that the spin-angular part, %(9,, $1) L* (Cis Ds) 

is a (2X2) matrix in o-space, we will try to represent this part as a sum of four o- 
operators with numerical coefficients. Since the summation over /4 in (3-5) is independent 


of R’s and p’s, it is sufficient to consider the reduction of the following expression : 
hea (91, Pi) Xn* (Oo $2) 
soa) 2 CW! 1/243 port MCEU1/2 j; pot! tl pw) xX 
KY Y* (Oy GP) YAO Oe $2) Lie tin*, (3+7a) 
where 
PA 2- Ons 
=1(€(u) «) = |e| +1/2+ Seayx—1)- 


It is useful for this reduction to perform a Racah recoupling according to the prescription : 


(3-7b) 


C(t Jods m, My, m)C(j js fas mm, my) 


=> Ge 1) Arey) C (fo Js V3 Mz M:, ms +m) X (3-8) 


XC (Cj, v js ™ ms +m, m,) W (jt fo Jad j»)> 
where W(j1 jojajs3 j¥) is 2 Racah coefficient.” The sums over t’ and y in (3-7) are 
replaced by the sums over the new variables ¢(=t—t’) and m(= jt—T), respectively. 


Moreover, the following relations are used : 
SC) POC 1/2 2 ete Xin Gait =v 2n/(2v+1) Way, 32) 


where Yi (c) is one of the (2v-+1) solid harmonics of degree v. (The correspondences of 
these Y/i(c)’s with the usual representations of o-operators (1-8) will be given in Ap- 
pendix B(B-7)). Here v means merely two numerical values (1 and 0) according to the 


property of vector addition coefficients : 


_ 
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C(1/2 1/2 v3 t t—t A= (—1) 9-0-9) V (1 4 28) /2. (3-10) 
By substituting these values for C-coefficients, the relation (3-9) can easily be proved. 
Thus, our expected results are obtained : 
DME Ov Li) La" (Go, Po) 
=, SS +1) VJ 2nf2t+i Ci vl; mtm+t)X (3-11) 
x WW 1/2 11/2; | )YBOs BYE Oy $2) YEO). 


The density matrix (3-1) can be represented as the sum of direct products of -operators 
(3-5) and o-operators (3-11) with numerical coefficients by use of definitions of / and 
te (3=7b)2 

Dis Nas 48) 


=D>18_,(2)+1) ¥27/2l+1 CW’ vl; mtm+)x 
XW 1/2 11/2; jv) Yr, 9) YP** (Os, ¢) X (-t2) 
X {Rasw Pa +Re, sow Post Fi(a). 


Here the summations are over x, m, v, t and u. This is the general expression of the 
density matrix for a positive energy Fermion moving in an arbitrary central field. If the 
potential is really given, the density matrix can be obtained easily by introducing the radial 
eigenfunctions f, and gy, solved in this case into definitions of R’s (3-6). 

The density matrix for a negative energy Fermion defined in (1-7b) is expressed by 
making use of the eigenfunction (2-20) and reduced according to the similar procedure 
as for the positive energy Fermion: 


eu (x, X03 — a) 


1 
=>) ee Rta (1, Y3 —@) Put Re san lp T3— @) Ps—ut x (3 : 13) 


A, u=0 


X Xun (Gr, Pr) XK* (Oo, Go), 
where 
Ryo (ty 13) =1/2 + (9'n (44) 912) +f! 0 (fn (12) s 
Rigs (ty 19 A) = —1/2+ (9'n (4) 9x! (2) — fn! (11) fn (rp), 
Rina (My t3—4) =1/2+ (fal (4) Iu! (2) +9 n(n) fen (re); (3-14) 
Rix, 1 (tis 193 Ot) = — 1/2 + (Fx! (Detour etd) nF lon ao 
The reason why the parameter (—a@) is used in the definition of density matrix for the 


negative energy Fermion is that radial eigenfunctions f,’ and g,/ are followed from 


Positive energy eigenfunctions f, and g, by changing the sign before the potential parameter 
(a), as it was stated in § 2. Therefore, if these definitions of R'(—a)’ 
energy Fermion are compared with R(+a)’ 
following simple relations will be found: 


s for the negative 
s (3-6) for the positive energy Fermion, the 
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Ry o( + @) =Ri (+e), 
Rn 3(+@) = Ry, (+2), 
Rx29( +a) =Ri(+), 
Rn ( +e) = —Raa( +4). 


Gas) 


The spin-angular part of this density matrix (3-13) is the same as for the positive energy 
Fermion, so the same reduction of this part (3-11), can be used again. Thus, the density 
matrix (3-13) for the negative energy Fermion is the same as the one (3-12) for the 
positive energy Fermion, except definitions of R’s. That is, the signs of parameter (a) 
are different in each case and, at the same time, the signs of R,/(—q@) and R,/(—q@) are 
different from corresponding R,(+a@) and R,(+@), as shown in the relations (3-15). 
In other words, noting that 


Rx3( 4+ &) P3= — 341 &) Pas (3-16) 


and 
Ry (+8) = —Rya( +2) Pp 


we may say that merely the signs before 0, (5 and parameter @ are changed into minus 


signs. 


. §4. Density matrix for a free Fermion 


In the preceding section, the general expressions of density matrix were obtained for 
a Fermion moving in an arbitrary central field. Such a density matrix must include one for 
a free Fermion as a special case. Furthermore, the density matrices obtained in § 3 must 
be reduced to Casimir operators when the central potential (V) is removed, that is, in the 
limiting case where the parameter (a) concerning the potential is equal to zero. We should 
like to verify this fact. 

When the central potential is equal to zero, only the radial parts f, and g, of the 
Fermion eigenfunction are different from those in the case of V4<0. Therefore, in the 
expression ((3-12) or (3-13)) for the density matrix, the spin-angular part given 
EO) HH Gap, Go dnr 3 11). <i8 the same as one for V3<0, but the radial parts R’s are 


given by the following simpler expressions in the case of the free Fermion with the 


positive energy* : 


* In the case of the free Fermion, the radial part of eigenfunction which is normalized per unit 

energy interval may be given as follows : 

fu= lp W—m)|n}3? Jicn (pr), 

(4-2) 

gx= [p(W+m)/7]1?Sx Joc (Pr), 
where jz(pr) is a spherical Bessel function. This is also reduced from the eigenfunction of Dirac equation 
with the central potential (V) by putting V equal to zero. For example, when 7 is the Coulomb potential 
(V(=Ze|r)), the eigenfunctions given by eq. (4.2) have only opposite signs to ones which are reduced 
from the Coulomb field eigenfunctions obtained by Rose®. 
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Reo 23 0) =(Wp/t) jug (Pri) fro Cpr)» 

Ra s(t 723 0) = (mp/Z) fac) (P11) fargo (P72) (44) 
Ry o(% %5 0) =0, 

Rug ts Tes 0) =i5, (p’/z) Ju-n (pr) ji (pre) - 


All quantities concerning the free particle are distinguished from the corresponding ones for 
the particle moving in the central field by putting the parameter (@) equal to zero. In 
the case of a Fermion with the negative energy, the radial eigenfunctions f,’ and g,/ are 
the same ones as f, and g, (4-2), but, as is known from the general discussion (3-15), 
the definitions of R,’(0)’s are different : 


Kaa ie 3 0) =Rxo(7, Lom) 0), 


Kes (1, %; 0)= — Ne ates 2470), (4 <o) 
Rees (7%, To 5 0) =0, 
Ros (5 5 0) a Ae A (7, T. 5 0). 


It is also apparent from the definition that R,(0) is also equal to zero, if the Fermion has 
not its mass: 


Ry s(t, 703 0) =Ra3(n, 3 0) =0. (4-4) 


Thus, it is clear that the density matrix for a free Fermion can be expressed as the 
same form with eq. (3-12) merely by introducing the free Fermion eigenfunction into 
R's. But, in this case, as a result of these simple expressions for R’s ((4-1) or (4-3)), 
two summations over u and v appeared in (3-12) can be reduced to a summation over v. 
The fact that the possible values (0 or 1) of u are always equal to each corresponding 
value (0 or 1) of v is verified by using the following relation : 


W(l(E(u)«e) 1/2 I(x) 1/2; jv) 
= (S_,) | (2j+1+2v S,) (1—u) +0n (21(«) +1) 1b 


(2—u) (20+1) (2)-+1) (21(«) £1) 


When v=0, it is clear that u=0, because, if u=1, W-coefficient is equal to zero. In the 


(4:5) 


case of v=1 and u=0, the summation over Positive « cancels out the sum over negative 


«x, because R’s have the simple dependence on « for the free Fermion. Furthermore, using 
expressions for vector addition coefficients, 


C(l(«)0 l(«); 0 0 0)=1, 
(4-6) 


C(l(«) 1 1(—«); 0 0 0) =S_, (2)+1)/2(2l(«) +1), 
we may write the density matrix for a free Fermion as follows : 


Dix, X3 0) 


= 21 31(1/2)'"V' 42/2041 CUL(E()«) v U(u)3 mt m+) X 


Hem vyt 
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XC C(K)v (E(u) e); 0 0 0) Yiemyxy (Ot, Gr) Y7GI* (Oo, Ge) (4-7) 
x x OG Yo; O) PEt Ras vO, ¥3. OP } Yi (oc). 


This expression is still in a very unwieldy form to assure that this corresponds to the 
Casimir operator. Therefore, the summation over « is replaced by the sum over the azi- 
muthal quantum number (/), which is familiar with us,* and Rayleigh’s relation is used : 


c= Ans) j, (pr) YP*(O, D)Y?R(O, 9). ee) 
l,m 


O and @ are angular variables with respect to the direction of motion of the plane wave. 
Also we use the well-known formula : 


VEC ¢) COL ¢) 


se (Um (20: 1) /42 C(luL; mt m+#)C(Lol; 000) Y7**(6, ¢). (4-9) 


Then, by using the definitions of R’s for the positive energy Fermion, the density matrix 
(4-7) can be reduced to the following expression : 


D(x, 3 0) =P” 


d2 A ipso : 
EB | a2 A, CHp)e (4-10) 


Here d2 is a solid angle of G0 and @, and A,(+p) is a Casimir operator defined by 


(1-3). In the momentum representation, this is expressed as follows,** 
> 
(Pi|DG, x3 0) |P2) =A, (+ p) ?(pi— Pe) 0(W—W,). (4-21) 


Thus, when a Fermion has a positive continuous energy (E=W>m), it has been 
verified the density matrix (3-12) corresponds to the Casimir operator. Is the same situ- 
ation kept in the case of a Fermion having a negative energy (E=—W<-—™m)? This ques- 
tion is confirmed easily. The density matrix for a negative energy Fermion is the same 
as one for the Fermion in the positive energy state, except signs before , and (,, since 
the definitions (4-3) of R,/(0) and R,/(0) differ from those of R,(0) and R,(0). The 
negative Fermion energy whose absence is an anti-Fermion has momentum (—p) in con- 
trast with momentum (+p) for the positive energy Fermion. Therefore, it is clear from 
(4-10) that the density matrix for a free Fermion in the negative energy state corresponds 


to the Casimir operator J_(—p); 


D’ (x,5 x3 0) = = | d2A_(—p) en ipait ipa, (4- 13) 


27) * 


* As it will be cleared in Appendix A ((A-16) and (A-17)), the relation between / and x may be 
given as follows: 
B=l>0, [(k) =I, K=—([+1) <0, [(«) =1, 
[(—r) =[-1, [(—n) =I41. (4-12) 
** The author wishes to express his appreciation to Professors I. Miyazima and N. Fukuda for their 


discussions on this point. 
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At last, for the sake of the applications of these technics, we should like to tell of 
the density matrix (d) for a neutrino. In this case, as the central field (V) can always 
be set equal to zero, the density matrix with R, =O must be used as shown in (4-1). 
Furthermore, if its mass is ignored, (W/-:m) must be replaced by the energy of the neu- 
trino (q) and R,. has to be put equal to zero, according to (4-4).* Thus the density 
matrix for a neutrino is obtained as follows : 


d(x, x3 0) =S1 ST SS_, (2741) V27/2+1 Cols mt m+ xX 


A,mv,t uw 


XW! 1/2 11/23 jv) YR(O, 9) YP** (Oy ¥) X (4-14) 
Ry ap Oa), 
where 1=[(c) and =l(eQan, 
Rao 93 0) = (47/7) jrco (Gri) fre (972) » 
Raa Cy 13 0) =194(9°/7) jr (97) frcw (Gr) - (4-15) 


We may, of course, set the running subscript u equal to v, as it was shown in (4-5) to 
(4-7). If the neutrino is in the negative energy state, the density matrix (d’(x,, x; 0)) 
is obtained from (4-14) by changing the sign of definition of R,: 


Rise (a Ts 5 0) = —35,, (q°/z) Ju-n (97) jue) (gro) : (4 : 16) 
It is important, in the case of the neutrino, that merely 7, and 9, appear in the density 


matrix (4-14) among four (-operators ((%, (, 0) and ~,). This will be shown in the 
other paper. 


§ 5. Discussions 


As expected in § 1, the density matrix could be expressed as the sum of direct products 
of ~- and o-operators with numerical coefficients. Therefore, we can replace the complicate 
method which has been used till now by a trace of (- and o-operators even when a 
Fermion moves in an arbitrary central field. This trace is separated into two traces of only 
f-operators and of o-operators, because all y’s are commutable with o's. The trace with 
respect to /’s can be evaluated more easily than ["’s. But, as the trace of all products of 


o-operators is generally included in the form of vector o, this trace is slightly difficult. 
Then the following relation being used** 


Mt () Ys (og) =r 2Vt1) (2u+1) 
Ao) Fao) ‘ V2n(2a+1) 


XW(1/2 u 1/2 v3 1/2 a) Mts (), (5-1) 


C(uva; s t st+t)x 


* To avoid confusion, 


by q’s, instead of p and W. 


** This relation is easily proved by making use of the relation (3-9) between Y yo) and y1)/27 %jot-t* 
and of the prescription (3-8). 


the momentum and the energy for the neutrino will subsequently be denoted 
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all numbers of o-operators are reduced and at last a trace of oy) (o) remains ; 


Tr 7% (cy |= 20,0 0,,0° 1/V 4z. (5-2) 


Thus, the trace of c-operator is expressed as products of C- and W- coefhcients. These 
coefficients are considered with other coefficients appeared in the definition of the density 
matrix (3-12) and reduced by using the sum rule (3-8) and the orthonormal properties 
of these coefficients. 

The technics of calculation proposed in this paper will be useful to treat such various 
problems as B-decay, Bremsstrahlung, pair creatian, photoelectric effect and so on, when the 
influence of a central potential must be considered. 

Especially in the case of the -decay process, the well-known quantities, which have 
been written by notations L, M, N, P,Q and R after the complicated calculation, play an 
important role in giving the energy spectrum for the forbidden transition. They are merely 
given by R’s (3-6) except additional numerical coefficients.” + ™ Therefore, it is clear 
that the energy spectrum is easily derived. This will be shown in the other paper. Also, 
the angular correlation between electrons and anti-neutrinos (or positrons and neutrinos) 
for any degree of forbidden transition can be obtained even when the influence of the 
Coulomb field on the electron is taken into a account. This problem has been treated 
as a kind of scattering proposed by Greuling and Meeks,’ in which an incident negative 
energy neutrino is transformed by the Fermi interaction into a scattered electron in a positive 
energy state. The direction of motion of the Fermion is easily introduced into our defini- 
tion of density matrix, as shown by (4-10). Therefore, we can obtain the angular correla- 
tion according to the usual perturbation formalism as well as for a free particle. 

In addition, the technics proposed in this paper is not only favourable when we treat 
the Fermion moving in a central field, but also useful when we try to solve the problem 
for the free Fermion by the method of partial waves. The application on the latter pro- 
blem will be reported. 

The author takes pleasure in thanking Mr. S. Matsunaga for several important discus- 
sions and helpful suggestions. Also, he would like to thank Professor M. Sasaki for his 
kind interests and Mr. H. Takebe for informing Him of his work in advance of the 


publication. 


Appendix A. 
On the eigenfunction of Dirac equation 
As stated in § 2, the convenient form of the eigenfunction of Dirac equation was 
given by Rose, Biedenharn and Arfken.” But, the definition of Hamiltonian (2-2) used in 
this paper differs from theirs and they did not apparently show the derivation to obtain 


their results. Therefore, we would like to show this procedure for convenience. 
As is well known, we have j and yp as quantum numbers which are eigenvalues of 


the following two operators : 


(J)?=(L+0/2)* and J., (A-1) 
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both of which, of course, commute with Hamiltonian (2-2). Following Dirac”, we 
introduce an additional operator which commutes also with H and which will distinguish 


between states with oO parallel or antiparallel to J:* 
Ka =p,((o-L) 1. (A-2) 
As there is the following relation between J and K, 
J°=K*— (1/4), (A-4) 
K-operator has all positive and negative integer eigenvalues («) except zero and 
j=\«|—(G/2). (2-4) 


The K-operator does not include the quantities depending on the radial variables (r). There- 
fore, the angular and spin parts of the eigenfunction are fixed by the requirement that 


is an eigenfunction of the K operator : 
Kb=xg. (A-5) 


When this eigenvalue problem is considered, the Dirac equation (2-1) can be reduced 


to the well-known equation ; 


(—ip,o,,(0/dr+1/r+ 0, x/r) +mp,+V(r)) P=EP, (A-6) 
where 
ee fei? 
o, = (o-r)/r=( ah oe rin ics ) (A-7) 
ord (A-8) 


As stated in (2-9), we assume that the eigenfunction is formally represented by a 


matrix with two rows and one column corresponding to the -space : 


D bp? 
ada p® i (2-9) 


Then, the eigenvalue problem (A-5) is rewritten as follows : 
((o-L) +1) ¢% =—Kg™, (A-9) 
((o-L) +1) ¢? =x, (A-10) 


These components including the spin function 7{,.(2+8) have two components, respectively, 
one of which we write, for example, 


* If we define K as follows, 
K=o3((6-L) +1), (A:3) 


as Dyson has done'®), and if we consider the same eigenvalue problem as (A-5), every signs of x appeared 
in the eigenfunction must be changed. For example, the definition of [(r) (2-5) is replaced by 
[(«) =\x —1/2(S,+1) and the state with «= +1 may correspond to the non-relativistic state with /=0 (S-state) 
On the other hand, according to our definition (A. 2) used here, the non-relativistic state with /—0 on 
be derived from the state with c= —1. f 
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GO = SA, al : )) (A-11) 


where A,,.=A and A_s.=B. Substitution of (A-11) into the eigenvalue problem (A-9) 
gives us the equations depending merely on angular variables (@ and ¢); 


LA+YV 2L_, B=—(«+1)4, (A-12a) 
V¥2L,,A+L,B= + («+1)B. (A-12b) 


Here representations of L,-operators in the spherical coordinate are defined and listed in 
Appendix B(B-2). Using the commutation relation between two L,-operators (B-3) and 
the definition of L’-operator (B-4), we obtain the following equation, 


(L?—«(k+1)) A=0. (A-13) 
The eigenfunctions of this equation are easily obtained according to the well-known 
eigenvalue problem (B-5): 
A,=a,9,(r) YE(O, ¢) for e=k>0, (A-14a) 
or 
Asaeade oe) Yi, (0S oy for x= —E< 0. (A-14b) 
Here a’s are constants independent of the variables (r, @ and gy) and g(r) is a function 
of only the radial varible (ry). The Fermion state with quantum numbers « and y is now 


considered and the eigenfunction belongs to the state in which the zcomponent of spin 


angular momentum is T=1 /2. So, the z-component of orbital angular momentum is 
m= p—1/2. (A-15) 
Following Rose, Biedenharn and Arfken” in order to represent formally the above two solu- 
tions (A-14) by a notation, we use the convenient notation [(«) =|«|+ (S,—1)/2 (2-5). 
According to the definition of j, (2-4), 
[(k) —1/2 for «>0, 
jHl(x) — (S,/2) = (2-7) 
[(—k) +1/2 for «<0. 
It will be shown from radial equations (2-11) that the first row ($™) of (2-9) is the 
so-called large component. Therefore, we may be able to obtain the correspondence to the 
non-relativistic results by taking 


[@) =L (A-16) 
This fact is equivalent to assuming the relations, 


[ for k>0, 
| (A-17) 


—(/+1) for «<0. 


This is clearly derived from the definition of [(«) (2:5). Using these notations, we can 


write two solutions (A-14) by a notation as follows : 
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A, =a, 970) Vt; 40) 2): (A-18) 


As L_, is a step-down operator, the other solution of (A-12) for t=—1/2 may be as- 
sumed to take the form, 


B,=by Ju(1) Vins (4 ¢)- (A-19) 
One assumes the normalization condition as follows : 
§|$@|? sin @ dO dp=|9,.(7) |’, (A-20) 
that is, 
de Dy 1s (A-21) 


Substitution of these eigenfunctions (A-18) and (A-19) into equations (A-+12) gives us 
relations for determining these numerical constant factors a’s and 6’s. Thus, in the case 
of k>0, 


PEL= £9n(7) SIC (1A) 1/2 1k) -1/2; wp—t t pw) Yigg Yin» (A+22) 
and in the case of «<0, 
$%, o= £9-2(7) SIC ((—A), 1/2 (2) 41/2; w—t tw) YER vie. (A=23) 


One of these eigenfunctions with either of the two signs can be used in each case. Follow- 
ing the definition (2-12) by Rose, Biedenharn and Arfken®, we may write 


JD, =e (r) ox (4, ¢), (A-24) 


instead of (A-22) and (A-+23). This also demonstrates the following relation given by 
Rose et al.:? 


((o-L) +1) ¥= —Kyh. (A+25) 


We can easily obtain the second column ¢/ of the eigenfunction of (A-9b) by making 
use of this relation (A-25). That is, 


Gru=Cha(r) x2. (4, 9), (A-26) 
where C is a phase factor and f,(r) is a radial eigenfunction. If we substitute these eigen- 
functions into the Dirac equation (A-7) and use the relation c, Lx = — Hx given by Rose 


et al. too”, we may put the phase factor (C) equal to pure imaginary (i) and obtain the 
radial equations (2-11), by which radial (real) eigenfunctions are determined. 


Appendix B. 


Relations in the spherical representation 


Throughout this paper, the spherical representation has been used. Though various 
relations are given by Rose’, we will list some of them for convenience. The spherical 
components of any vector A are A, which are given by 


Ax, = + (A, 205 1A,) ‘ys wa?) and A,= A,. (B ; 1) 
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For example, components of the angular momentum operator L are given as follows : 


L,,= —e*[0/0+i cot 0 0/d¢\/V 2, 
L,=1/i-0/d¢9, (B-2). 
_,; =e '?[—0/00-+: cot 4 d/ag\/V 2. 
The commutation rule takes the form 
LLL, Lz=L,,, for 2. (B-3) 


The total angular momentum operator is 


| Ba —Li, D1 is aa Lys 


j fe) 1 0? 
— - B-4 
=-(— sin = ae od i sind d0¢* ( ) 


If we denote by Y?" any simultaneous eigenfunction of L? and L, with eigenvalues /(/ + 1) 
and m, respectively, the following relations are held : 


(L?—1(/+1)) Y7=90, (B-5) 
Perr vie 1) CUL!; mn gumchip) Nive: (B-6) 
The correspondences of Y't(c) to the usual representation of o-operators are as follows = 
Van Yo (co) =1= Ditiv tin" =( i , ik 
Va Tt 

48/3 YN (o) =o = —1/¥ 2+ (o,+i9y) =-Vv2( aan (B-7) 

ar 1 

Vv 4r/3 Y °(c) ees es rey. = 


0 
1) 
9/42/3958 (o) =o j= 1/ V 2 (a, —io,) “=V2- -( he 
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Note on the Non-Perturbation- 
Approach to Quantum Field Theory 


Tetsuo Goto and Tsutomu Imamura 


Deffartment of Physics, Osaka University, Osaka 


July 28, 1955 


Recently, there have been some attempts!)®)*) to 
investigate the quantum field theory without using 
any perturbation expansion. These stand on the 
fundamental assumptions which are introduced from 
the physical point of view. Moreover, commutability 
between several operations such as _ integration, 
differentiation and limit is assumed in their analysis. 
(This assumption will be called (A) in this note.) 

Under these assumptions, Kallén investigated 
Quantum Electrodynamics and obtained several 
interesting results. However, we shall show that an 
undesirable result will be derived if we follow their 
line of thought. 

According to Kallén’s arguments,!) we find the 
following relation, 


(O| Lin), jy 7) ] 10 = — il “daz (—a) 


oO 
— Se 3 
ie,dx, A0-¥O 


x(O8,.- 


where |0> is a true vacuum state vector, ju) a 
current operator in Heisenberg representation and 
mz(—a) a positive definite function introduced by 
Kallén. This property of z(—a) is one of the 
essential points in his discussion. From the relation 
(1), using the assumption (A) we obtain 


C0] [1500 js ODO | e=e7 


=F Oe”) \x(—a)da i=1, 2, 3, 
(2) 


On the other hand, using the canonical commutation 
relation we see that 


[ja (x, ED li (x, t)] =0. 


Therefore, in view of their relationship, we can see 
that the equation 


{ “x(—a)da=0 (3) 
0 


must hold. From the equation (3) and the positive 
definiteness of z(—a), it is easily seen that 


z(—a) =0. (4) 
Thus we come to the following conclusion 
0|[A, (x), A, (x’)]|0)= —i8,,D(x—x’) 
b=0. (5) 


where A is a vector potential operator of the electro- 
magnetic field in Heisenberg representation and L 
a charge renormalization constant. The same result 
as (5) can be derived also from the arguments of 
Gell-Mann and Low.®) This is an undesirable result 
because it means the assumptions are too severe to 
reach a non-trivial solution; that is, a solution with 
the exception of the case of free field. 

It seems to us that there may be two reasons for 
this result. The one is the assumption on the 
cancellation of the contributions from scalar and 
longitudinal photons. This seems to be not yet 
verified in the representation in which total Hamil- 
tonian is diagonal. The positive definite property 
of z is based on this assumption. The other is the 
assumption (A) which is of use in examining the 
properties of modified propagators. 

We shall not discuss the former in this note. The 
above mentioned undesirable result may be avoided, 
if this assumption (A) is applied only under some 
suitable conditions. This means the asymptotic form 
of z(—a) decreases in such a slow rate in the region 
of large a that the assumption (A) is not permitted 
in certain cases. For instance if the asymptotic form 
of xz(—a) decreases slower than a-! we can not 
arrive at the equation (2) and therefore the un- 
desirable result (5) does not occur. This fact 
suggests that the nature of cut-off factor shold not 
be strong if we use a sort of cut-off procedure tenta- 
tively instead of the future rational theory. Further- 
more, such an asymptotic property of z would 
Prevent us from obtaining another undesirable 
conclusion) that the singularity of 4’ is not less 
than that of 4. 


We wish to express our gratitude to Prof. R. 
Utiyama and Prof. G. Kallén for their helpful 


Letters to the Editor 397 


letters, and also to Prof. H. Yukawa, Dr. S. Nakai 


and Mr. S. Sunakawa for their valuable discussions. 
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A Note on the Static Approximation 
of the Nucleon Anomalous 
Magnetic Moment 


Akira Kanazawa 


Department of Physics, Faculty of Sctence, 
Hokkaido University, Sapporo 


September 1, 1955 


Recently some doubts on the static approximation 
of anomalous magnetic moment of a nucleon have 
pointed out by E. Yamada!). He says that it is 
difficult to perform the charge renormalization, for 
the matrix elements of the vertices are all propor- 
tional to (e/2m)c-H, in the static approximation. 
The aim of this note is to analyze what parts of 
the covariant one are calculated in the static 
approximation. 

In the static approximation the interaction Hamil- 


tonians”) 


H¢é (x) =— (e/2m) 6* (©) (oH) 


x eS its eo +eA*T es 9oV 93: 
(1) 
Hi (x) =(g/n) o* Ota -Vead), 
are used as the approximated form of the covariant 


one 


He (x) =—ied (x) Ay ty, 


x( TENG Gx) ted, Tarouen 
(2) 


Hi (x) =if0(0) tata (Gas (2m/n) 9=f, 


where Hé represents the interaction between particles 


and the external electromagnetic field and Hi? does 
between the nucleon and the meson field. mand yz 


are the nucleon and the meson masses, respectively. 


a) Meson Contribution 


The matrix elements correspond- 
ing to Fig. 1 are 


Ag™ (p, p') =Ag™* (p, p”) 


rie +Ag-(p,p’), (3) 
where 
Asef 
fake + = 
Fig. 1 Ee Ce yada ak 


754+ (P—K) rs75(A-K) 
(Eps-~—m + ho) (ho? — 0x") (ko? — 07 44. Ap) 


(2; oy Gea| 


—1;4~-(P—K) ry7;(A-K) 
(Ep-z +m—ky) (ky? — wz.) (ko? —°44Ap) 


ci (p, Po) = 


in the covariant case, and 


Ag" (p, p) = —2e{-2 . orca| dik 
u 


21 
(2z)* 
(o- K+ AP) (A. K) (cK) 
ko (ko? — 2) (ho? 0? kt Ap) 


(4) 


in the static case. 
If we introduce the following approximation ; 


/oq/2m é=e/ 


(P+, El rars|P, = 1 e=t+, #=— 
—1 é=-, = ee 
oil/2m es: 


(P+q, éla-A|P, = —oH/2m ¢=&=— 
Soh GEE" 
E,=m, 


where |P, &) 
the nucleon with the momentum P and the energy 


cE, we can get the following relation ; 


: €=+or—, represents the states of 


Ag™* (p, p))=As™ (0, p), Ac (p, ~)=0, 
so that 
Ac (p, p’) =4s" (p, b’). (6) 


This shows that the above approximation (5) 
produces the static expression from the covariant one 
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exactly, at least as to meson contribution. 

In eq. (3) it is possible to set aside the term 
proportional to @-A as the charge renormalization 
from the term which contributes to the magnetic 


moments, i. e.: 


Act (p, Pb’) = [4¢%*] ms) m+ [Act (p, p’)] Core? 


(7) 
where 
hie f2 - 
[Me™ (psp) ] con = aE Sra dk 
- tse (Pi—K ) /2m}7475(A:K) 


(Epr—n—m+ ko) (ho? — 02.7) (ko? — w" x4 4p) is 
(8) 
[Aq] ¢.,. is the charge re- 
normalization term and [Ag+] 
m-m. is the term which contributes 
to the magnetic moment. In 
---- these separation we do not con- 
sider the higher order terms 
with respect to (1/m). 
The same approximation as 
before shows that 


‘Fig. 2 [c¥+(p, 2) om As™ (p, p”), 
[Act (Gee P|] mm—0, (9) 


b) Nucleon Contribution 


The matrix elements corresponding to Fig. 2 are 


Ac’ (p, p’) = AuN** (p, p.) + Ac**- (p, p’) 


+ Ag -*(p, p’) +AcX—(p, p’), (10) 
where 
_Ntt / Pes al oh (Seton k 
Ao®**(p,p!) = 71 zing B—r) (dh 


_15A* (P—K) 7,(7A) At (P’—K) yyy, 
OK (Epy—~—m+ wx) (Eye-~—m+ wg) 


’ 


Ao®~ (psp) =F 


2q)t it B—ts) [AK 


ye TAP =K) 141) (PK) rt, 
WK (E,-% + m+ wx) (Eps—n +m+wx) 


Ac®*t~(p, p’) and AgX-+(p, p’) have the factors 
75A* (P—K)7,(7A) 4-(P/—K) ry75 and 7,A-(P— 
K) 7;(74) At (P’—K) Y47s respectively. 

In the static case we have 


As (Ps 1) =—(el2m) (li)* Got (dK 


(cK) (cH) (eK) 
x 3 


Ok 


(3—t3) ¢. (11) 


The same approximation as the previous subsection 
shows that Ag¥Vtt=As¥ and ANt+-=0, AN-*t=0, 
but in this case Ag4-~ has the contribution, which 
is the same order as AcNt++ with respect to (1/m). 

A-**++ can be separated into two parts as before 


AcNt* (p, p’) = [Ac®** (p, p2)] mm 
+ [Ac*t* (p, Pp) ers (12) 


where 


° 


[Ac***] 6... 


3 = rin @ B—n) [dK 


y tsta(P—K) /2m}7,(rA) {a (P’—K) |2m} 7575, 
OZ (E,-z-—m+ ox) (Eps-x—m+ wx) > 


(12) 
Here also we consider only the main term with 


respect to (1/m). The same procedure as before 
shows ; 


[Ac*** (p, p)] c-r.=As¥ (p, p’), 
[Ac¥**(p, p’)] m-m:—0. (13) 


From eqs. (9) and (13) we can conclude that in 
the usual static method we can obtain only the parts 
of the charge renormalization term, and especially 
as to the meson current contribution the static one 
coincides with the charge renormalization term 
exactly. It will be expected from our results that 
we will obtain a different result from Friedmans one, 
if we consider the charge renormalization. So we 
are now researching for the fourth order correction 
of A.M.M. in the cut-off meson theory with 
consideration of the charge renormalization*). 

The author wish to express his gratitude to Mr. 
Hamada for his valuable discussion. 
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Stripping Reactions and 
Nuclear Shell Model 


Sueji Okai and Mitsuo Sano 


Department of Physics, Kyoto University, Kyoto 


September 4, 1955 


It has been pointed out by many authors?) that 
the angular distributions from certain (d, p) and 
(d,n) reactions should give a sensitive measure of 
the accuracy of the nuclear structure in ascribing 
definite orbital angular momentum states to nucleons 
in a nucleus. This possibility is due to the facts 
that these reactions proceed mainly by means of a 
stripping process and that their angular distributions 
are characterized by the orbital angular momentum 
1 with which the captured particle can be accepted 
into the appropriate final state. The theoretical ex- 
pression of the differential cross section for the 
deuteron stripping reaction!) includes the summation 
over all values of [, allowed by the selection rules. 
Therefore, each allowed value of / produces a peak 
in the angular distribution without interfering one 
another, the peaks corresponding to different / being 
quite separated. The theoretical angular distribution 
shows a pronounced peak at small angles, and the 
maximum resulting from the smallest allowed / is 
of much larger magnitude than the others. The 
heights of the the peaks decrease rapidly and the 
peaks move progressively toward the large angles as 
1 increases. The investigations on the validity of 
the shell model by the deuteron stripping reaction 
are necessarily restricted to the lower / values. If 
the experimental angular distribution is characterized 
by two / values, it shows evidently the deviation 
from the pure shell model, ie., the admixture of 
orbital angular momentum states. 

Recently, the necessity®) of the mixing of the 
configurations in nuclei was pointed out in the studies 
on the first excited states in the even-even nuclei 
and on f-decay with anomalous ft-values. The 
mixing of the configurations was applied with much 
success to explain the deviations of the magnetic 
moments)5) from the Schmidt limit in odd-A nuclei, 
and quadrupole moments,’ and the f-decay and 
y-transition of the forbidden types. 

The purposes of this note are to show that the 
mixing of the configurations can be applied to the 
deuteron stripping reactions also with success when 


the angular distributions are characterized by two [ 
values, and that we can determine the percentage of 
the mixing of the configurations from the observed 
relative heights of the peaks reversely. 

We have derived the (d,p) differential cross 
section in the modified Born approximation. As the 
result, we have 


ds _ M,*Ma* kp 2jnt i 
dQ 2nbt kg 2jatl 


R2 Gils 3 af) -| AWA aes (1) 


We adopt the same notation as that used by Grant”). 


G(q) Pare ‘ 


K-factor in eq. (1), which has not appeared explicitly 
in his formula of the (d, p) cross section, is 
characteristic of (d, p) reaction including the nuclei 
with the mixing of the configurations. This factor 
is relating to the cf.p. overlapping and mixing 
parameters (These parameters are defined later on.)-. 
The explicit expression of this factor is given in the 
case of Cl*5(d, p) Cl’. 

According to the selection rules, the allowed 
The nuclear shell 


model, howeve, predicts only /,,=2, corresponding 


values of J, are 0, 2 and 4. 


to the ds/s-configuration of the captured neutron. 
But the observed angular distribution’) is charac- 
terized by two values of /,=0 and 2. This is 
due to the fact that the ground state of Cl® has 
not only the configuration determined by the shell 
model, but also another configuration which contri- 
butes to the peak corresponding to /,=0. In view 
of the property of the reaction operator, the mixed 
configuration in the target nucleus C55 must be 
(ds/2) p,{51/2, (ds/2)*}.v and the mixing of the con- 
figurations of the residual nucleus does not contribute 
to the reaction in this case. Hence, the configura- 
tion which we are interested in is expressed as 


| j.£j171 (0) j22 (0) } (0) fama? 
+ Slyacsl j, (jx717 ja) jo72*1 G2) CD) 5 jama?, (2) 


where J is restricted by the relation ji —jol|Z I Zits 
We have neglected the normalization of the wave 
function (2), because this normalization is independent 
of the values of [, so that it does not affect the 
relative height in the angular distribution. The 
wave function of the residual nucleus is 
iL i171 (0) jo™2*4 (ja) $ ia) jama?. Then, the reac- 
tion matrix element is given by 


<jnl\V |jaind 


= 2Zjo+l—ne “i boy et 
= [7 2 ¢ jal |jn2OF2In 
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= Dyer / MOV GED irs id 
yi 


Chl |jr2Os1in- (3) 


The first term and the second one in (3) contribute 
to the peaks corresponding to the /,=2 and 0, 
respectively. Thus, the ratio of the absolute squares 
of the two terms gives the relative height of the 
1,=0 peak to the /,=2 peak. ay, to which we 


‘ ’ 


refer as the “mixing parameter”, can be evaluated 
by the perturbation theory. If we put 4E,7 as the 
zero-th order energy difference between the second 


and the first configuration in (2), ay is given as 


i) 
oO 


= 
Nn 


10 


Differential Cross Section (arbitrary unit) 


20 40 60 80 
Cl*5(d, p)Cl"® E=6.90 Mev Q=6.30Mev R= 
5.5X10-em. 


Fig. 1 The angular distribution of the protons 
associated with the ground state for the reaction Cl%5 


(d, p) Cl*6, 


a y= — (7,4 ji" (0) 722 (0) } (0); jamal d] j, 
{1717 (jr) jo™2*! (jo) } (D3 jamad/4Ez, (4) 


Where » is the inter-nucleonic interaction. If we 
adopt the d-function type for this interaction as. its 
short-range limit, the calculation of the az is straight- 
forward. We take as the 4E, the energy difference 
0.84 Mev between the ground state dy, and first 
excited state 51/2 in 15,73, which is approximately 
equal to the energy difference between the single 
particle levels j; and jy. Calculated mixing parameters 


are the following : a; =0.061, a. =0.389. Comparison 
of the calculated angular distribution with the ex- 
perimental one is shown in Fig. 1. 

Besides the example above-mentioned, the follow- 
ing reactions have been calculated in terms of the 
mixing of the configurations: F1%(d, p)F*°, Mg? 
(d, p)Mg"6* Pid, p)P%, Tit? (d, p)Ti#* ete. 
Particularly, in the case of F!9(d, p) F®° the calculated 
angular distribution agrees quite well with the 
experimental one, and we can explain the unexpected 
small reduced width derived from the experimental 
(d,p) reaction data at least qualitatively. The 
detailed results of the investigation will appear soon 
in this journal. 

The authors wish to express their sincere thanks 
to Professors M. Kobayasi and S. Takagi, Mr. A. 
Arima and other members in the laboratory for their 
valuable discussion and continual encouragement. 
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On Quantum-Mechanical Nuclear 
Dipole Vibrations 


Jun-ichi Fujita 
Department of Physics, University of Tokyo, Tokyo 
September 5, 1955 


Since the giant resonance in nuclear photoeffect 
was first interpreted by M. Goldhaber and E. Teller) 
as the dipole vibration of the nucleus, the phenomenon 
has been studied by many authors?» 9)» 4), Especially 
the recent independent particle treatments”) seem to 
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be successful for interpreting the experimental facts 
of giant resonance in many details. It would be 
desirable to resurvey the other extreme models, that 
is the collective models of photo-reaction, which 
assume the existence of nuclear dipole vibration, 
since in most of these treatments the dipole vibra- 
tion was treated semi-classically and it is not clear 
how to get the knowledge about the detailed structure 
of giant resonance. Already M. Ferentz, M. Gell- 
Mann and D. Pines*) treated the dipole vibration 
quantum-mechanically, but it seems difficult to extend 
the theory to the problem with the more realistic 
boundary condition involving nuclear surface. 

Recently S. Tomonaga®) has given a raethod to 
formulate the collective motions. According to his 
general prescription we can also reformulate the 
classical dipole vibration as a quantum-mechanical 
one. First we define the collective coordinate & 
tentatively to be the distance between the centers 
of gravity of protons and neutrons. In this case the 
electric dipole interaction can be described only 
in terms of € and does not contain the internal 
coordinates ¢’s, though it remains to be investigated 
if exchange forces play an important role or not.® 
We can see that such a treatment corresponds to 
the well-known M. Goldhaber and E. Teller’s third 
model). 

The kinetic energy part of the Hamiltonian can 
be divided into the collective part z°/2M and the 
internal part which contains neither € nor x, where 
x satisfies the following commutation relation exactly, 


[z, §] =—ih. (1) 


The potential part of the Hamiltonian which com- 
mutes with € can be expanded into the power series 
of & according to Tomonaga’s prescription, while 
the other part, V’, which doesn’t commute with €, 
the part containing tz or ty, for example, must be 
remained without expansion. Thus the total Hamil- 


tonian can be written as 


H=Hpncieust radiation fela+Hraa.int., (2) 


where 


Pianctens =H '(G) HOC) E+ RH (6) oP 
+1/2M-n?+V" (3) 
and 


Hrad.int. =iew-NZ/A-&. (4) 


Since the resonance frequency of the dipole 
vibration is very large, we can reasonably assume 
that the wave function for the ground state of a 


nucleus, VY, is 


Po=do() Do(C). (5) 


The frequency of the dipole vibration should be 
determined by the expectation value of H™ with 
respect to Y (we will write it <H®))), for which 
we can prove that the semi-classical treatment can 
also give the proper estimate of (H')>. An attempt 
to estimate semi-classically the frequency directly from 
the two-body interaction has been carried out by S. 
Fujii and S. Takagi” and their results are in pretty 
good agreement with the experimental resonance 
frequencies and their A-dependence. 

The original Tomonaga’s theory states that, when 
the Hartree approximation is adopted, the expansion 
such as (3) is significant only if the frequency of 
the collective motion is very low compared with that 
of the internal motion. Since it is clear that this 
condition is not satisfied in our case, we have no 
theoretical guarantee to cut off the higher order 
terms of the power series in (3) only leaving first 
several terms, that is, there is no guarantee for 
Goldhaber and Teller’s model to be valid. Never- 
theless it seems to be convenient to study the expan- 
sion (3) in order to obtain the physical picture how 
the nuclear dipole vibration couples with the internal 
motions. 


Since it is impossible to obtain the exact solution 
of the Hamiltonian (3), we will consider three 
conventional ways to get over the difficulties: (I) 
If we use the Hartree approximation with respect to 
the internal coordinates’), we get the model of 
“movable wells for protons and neutrons’). In 
this direction we can obtain a unified model to 
amalgamate the collective aspect such as in Gold- 
haber and Teller’s model and the individual particle 
aspect as studied by D. H. Wilkinson et al.") (ID) 
Besides the dipole vibration we can separate also the 
collective coordinates corresponding to the surface 
vibrations from the internal parts of (3). Phenomeno- 
logically this model has been studied by M. Soga, 
S. lijima and M. Nogami® (III) Other types of 
correlations such as @-model, or d-model will be 
taken into account in our theory if the corresponding 
internal wave function can be written in the form 
O(C). 

The couplings between the dipole vibration and 
the internal coordinates come from the terms H‘ (¢)&, 
etc. and V’. Though the diagonal parts of H‘) 
should vanish as we expect from the classical analogy, 
the non-diagonal parts of H® lead to the internal 
excitations after cancelling the dipole vibration. V7 
that doesn’t commute with € will probably make 


402 Letters to the Editor 


the picture of the dipole vibration lose its proper 
sense, if the contribution from V/ is large. The 
study of the coupling terms is now being in progress. 

The wave function of a nucleus in the excited 
state corresponding to the giant resonance, rn is 
also to be paid attention to, which can be realized 
approximately only if the coupling terms with internal 
coordinates are small. Omitting the constant factor, 


V,~EV>. (6) 


This equation clarifies the relation to the idea of 
configuration mixing, such as previously discussed by 
D. C. Peaslee!). 
Full note will be published in the near future. 
The author wishes to express his sincere thanks 
to Professors S. Tomonaga, M. Nogami, T. Yamano- 
uchi and S. Nakamura for their valuable suggestions 


and discussions. 
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On the Nuclear Photo-Reaction, I 
Saburo Fujii* and Shuji Takagi** 
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September 8, 1955 


As is well known, excitation curves for the 
photo-disintegration of nuclei exhibit the behavior 
of “giant resonance”’ at about 20 Mev (18.1 Mev 
for Cu®). It is usually assumed that the electric dipole 
transition predominates in photo-reaction at such high 
energies. To calculate the matrix element for the 
dipole transition from the ground state to an excited 
state, we must know wave functions of the both 
states. Unfortunately, little is known of the wave 
functions for excited states of heavy nuclei at high 
energies, though the shell model has succeeded in 
explaining the nuclear structure at lower energies. 

Levinger and Kent!) modified Bethe-Levinger’s 
sum rule formula and got reasonable values for the 
harmonic mean energies of absorbed photons taking 
the independent particle model (IPM) for nuclei 
and antisymmetrizing the nuclear wave functions. 
Burkhardt?) applied IPM to the calculation of the 
electric dipole transition for neutrons in Cu‘, and 
found that the cross section of photon absorption 
has a sharp maximum. But the value of the resonance 
energy thus obtained was about 9 Mev which is 
much smaller than the observed one. Reifman? 
proposed a model of modified IPM to explain the 
general feature of the giant resonance, but did not 
find satisfactory results. 

On the other hand, Goldhaber and Teller? 
postulated a collective motion of nucleus for photo- 
effect. It was assumed that y-rays excite a motion 
in which the bulk of protons moves in one direction 
while the neutrons in the opposite direction. In spite 
of the semi-qualitative and rough treatment, the 
integrated cross sections predicted have reasonable 
values, and the absolute values of the resonance 
energies /w, show excellent fits to the experimental 
results for various nuclei. This may suggest that 
the postulated collective motion plays an essential 
role in photo-nuclear interactions. 

In this connection, we wish to re-examine Gold- 
haber and Teller’s (abbreviated as G-T’s) collective 
motion from a standpoint of different models, which 
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have succeeded in many fields of nuclear physics, 
and moreover, to make an assumption as to the 
manner in which the dipole vibration couples with 
other modes of nuclear motion. The success of G-T’s 
collective model suggests that the nuclear Hamiltonian 
will be reasonably transformed into 


Haip+Hni+Haipn, (1) 


where Haip is the Hamiltonian of the nuclear dipole 
vibration, Hn other nuclear modes, and Haip:n the 
coupling term between the dipole vibration and other 
modes. The interaction between electromagnetic 
field and the nucleus is given by 

ieb 


a Met (xp) grad Xp (2) 


Xp is the position vector of the average center of 
mass of protons and A is the electromagnetic vector 
potential. 

One of our main assumptions is that the nuclear 
photo-interaction proceeds through the first excited 
state of dipole vibration. 

We wish to construct this mode of nuclear dipole 
vibration from a standpoint of nuclear structure as 
follows : 

It will probably be not unreasonable to take the 
nuclear wave function of the ground state as 


i fone A 
Ea=vg eal Plbe, (4,54 U4)» (3) 


where ,, (1, s, v) is one nucleon wave function. Then 
the excited state, in which all protons in the nucleus 
are collectively and adiabatically displaced relative 
to neutrons by an infinitesimal quantity €, can be 
described by the wave function of type (3), where 
we have replaced g(r, 5,0) by ¢n(r+€/2, s, v) for 
t2¢n = +n assuming N= Z for the sake of simplicity. 
tr, is the zcomponent of the isotopic spin tr. We 
evaluate the variation of the expected value of the 
nuclear potential corresponding to this collective 
displacement and take it as the potential of nuclear 


dipole vibration. The variation AV (&) will be ex- 


pressed as 


AV (é) =4KE2 + (terms of higher order). 


Because K depends on the wave functions of the 
ground state, we adopt the following nuclear models 
for the ground state. (As regards nuclear potential, 
many body force and the tensor force are neglected 
and it is assumed for the two body force to have 


exchange character as follows : 


Viig=W (ri 5) [Ai t+ A:Pet AsPyt AsPu). 


(1) a uniform density model 

We shall neglect the effects due to the surface 
of the nucleus, and use the model of a uniformly 
dense nucleus of radius R, 


IPnl?=1/(4/3)aR8 |r |<R, 
== 0 Ir|>R. 


(In this case we obtain the same result even if N=Z 
is not assumed.) 
(2) nuclear lattice model 

In contrast to the former, let us next consider 
a nucleus made up of sub-units, such as alpha-particles. 
This nuclear lattice model is an extreme idealiza- 
tion and the nucleon wave function for the ground 
state can be approximated by 


: ; 
t= Gana etre a 
(2x). QUE De) <td 


where 
2= (41/3) kn?. 


The cut-off parameter k,, depends on the lattice 


resonance energy (Mev) 


50 100 150 Z0U 
mass number (A) 


Fig. 1 resonance energy. 


® : experimental data") 

@, @: uniform density model 
ry=1.35X10-em, rm=1.5X 10-#em 

(6)) : nuclear lattice model (square well) 
79 = 1.35 X10-¥em 

©) : ms (exponential) 
ro=1.2X 10-1%cm 
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spacing through the orthogonality of the function 
system [”),,], and one to one correspondence of the 
lattice point to four times the volume allotted to a 
single nucleon, therefore, demand k,,= */97/8-(1/ro). 

When we take for the Hamiltonian of the dipole 
vibration mode 


Haip= — (62/24) 72+ (1/2) KE’, (4) 


we get 6’ K/y for the resonance energy in nuclear 
photo-effect, where w= NZ/A:M. 

To compare our results with the experimental 
data, we use the square well potential as V;; in 
model (1) and both the square well and exponential 
(@)ae athe 


contained in these two body potentials are determined 


type potential in model parameters 


from the analysis of the nucleon-nucleon scattering 
and deuteron problem®), where Serber’s exchange 
character is taken. 


Exponential well (W(r) =e-”/2) 
a=0.7088 X 107-1%cm, 
A; = A3= —71.25 Mev, 
2 I 
Square well (W(r) =1 r< 6, W(r) =0 r >6) 


6=2.3X10-%cm, 
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A, =43= —11.75 Mev, 
Ay= A,= —2.75 Mev. 


The numerical results for these two different models, 
given in Fig. 1 and Table 1, exhibit almost the same 
behavior. Both of them have reasonable agreements 
with the experimental data®), even for light nuclei. 
The results obtained depend on the nuclear radii 
sensitively. The best fit is obtained for rp=1.35X 
10-l3em in the uniform density model and for 
ry) & 1.25~1.3 X10-!%cm in the nuclear lattice model. 

But we cannot get detailed information on the 
radial dependence of the inter-nucleon potential and 
on the choice of nuclear models for the ground state 
from these results, because the experimental data 


contain considerable errors. 


Also in Table 1, the amplitudes of the nuclear 
dipole vibration are given. They are smaller than 
one-sixth of the lattice spacing for 4 > 30. 

Thus it may be concluded that the experimental 
data support our assumption of dipole vibration, at 
least referring to the resonance energy in nuclear 
photo-effect. 

The breadth of the resonance will be discussed 


in a forthcoming letter. 


Table 1. Resonance energy fw, 
| resonance energy (Mev) | vibration amplitude 
- uniform density model nuclear lattice model nuclear lattice model 
mum square well potential exponential square well | T9= 1-35 X10 em 
ber || oe at ne* i || | on 
r= 1.35 ae i | x, 
%10-Bem, | 1:9 107M em | 1.2 10~em | 1.35 X 10-1cm | 1.35 X 10-1em|| ground state | excited state 
8 23.1 19.1 25.1 19.9 21.3. | 7.0X10-Mem| 12.0 10-4em 
27 20.0 16.3 21.6 16.9 17.9 4.1 2 
64 17.7; 14.4 19.2 15.0 15.7 29 4.9 
125 15.9 12:9 17.6 13.7 14.3 2a Sey; 
216 || 14.6 11.8 15.9 12.0 13.0 alee) 3.0 
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On the Nuclear Photo-Reaction, I 


Saburo Fujii* and Shuji Takagi** 
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Recent experiments on the cross section and the 
energy dependence of the nuclear photo-effect indicate 
the appearance of fine structures and anomalously 
narrow widths of the giant resonance for elements 
with neutron numbers in the vicinity of the magic 
number. 

In Goldhaber and Tellet’s collective model”, the 
width has only qualitatively been considered as due 
to the dissipation of energy of the ordered vibration 
by a process analogous to damping by friction. 
Though the collective model has succeeded in inter- 
preting the absorption process, it can not indicate 
anything for the decay process. The decaying process 
may proceed following statistical theory or proceed 
more rapidly by some other mechanism. Calculation 
of the transition probability demands knowledges of 
the coupling between the dipole vibration and other 
nuclear modes. 

In our preceding paper®) (denoted as I), it was 
shown how a mode of nuclear dipole vibration can 
be constructed from the nuclear Hamiltonian. If our 
fundamental assumption is justified to be a good 
approximation, the coupling scheme may be obtained 
as follows. The collective displacement of the protons 
in a nucleus relative to the neutrons by an infini- 
tesimal quantity € corresponds to the replacement of 
dn(r) to dn(r+é/2) for teGn=+dn respectively, 
where t, is the zcomponent of the isotopic spin T 
and q, is one nucleon wave function of the ground 
state. Thus the dipole vibration is accompanied by 
the variation of the wave functions of nucleons. In 
other words, it perturbs each nucleons of the nucleus, 
when we assume the independent particle model for a 
nucleus. Indeed this perturbation Haip:n corresponds 
to the desired coupling and is given by S-~H)S—Ho 
wheref)=P?2/2M+U(r) is the original Hamiltonian 
of the nucleon. S is a transformation operator 
defined so that $n (r) =Sdn (r+ §/2) for t2¢n=+Yn 


and can be written explicitly as 


S=1-*¢ gtad,.+ ++ % (1) 


When we take a square well potential U(r) of 
radius R with a finite depth W, we find in the first 


approximation 


Haip:n =| Hy, (—3% srd,.) 


=e era). 2) 
Thus we cannot separate perfectly the mode of the 
dipole vibration from other nuclear modes and thus 
we obtain a great number of nuclear levels each of 
which cotains to some extent the dipole vibration. 
If, however, the coupling is weak, only such levels 
will contain considerable contribution from the first 
excited state of the dipole vibration, whose energy 
does not differ appreciably from the energy of this 
first excited state. Thus a great number of nuclear 
levels actually contribute to the y-absorption, but they 
all cluster arround the first excited state of the 
dipole vibration. In the following we will separate 
a mode of the dipole vibration from other nuclear 
modes and treat the coupling between them as a 
perturbation of the first order. Following our as- 
sumption that the nuclear photo-interaction proceeds 
through the first excited state of the dipole vibration 
as an intermediate state, the photo-absorption cross 
section o,(Ex) becomes in the dipole approximation 


: bE (1/2) 
oa (Er) =2n(NZ/A) Free. (E, Ey)? + (2)? 


G3) 


where Ep is the level spacing of the nuclear dipole 
vibration system. I” corresponding to the half width 
of the first excited level depends on the transition 
probability for the process in which one nucleon in 
the nucleus is excited from the bound level to an 
excited level in connection with the damping of the 
dipole vibration. In this case the conservation of 
energy demands that the excitation energy of one 
nucleon is equal to the energy of the incident energy 
Ey and the half width I’, therefore, depends on Ey. 
At high excitation energy almost all of the nucleons 
in a nucleus contribute to such a process so long as 
Pauli’s principle does not prevent them to do so. 
We have calculated the transition probability for 
two elements (Co®9 and Nd!°°) to compare our 
results for the width of the resonance with the ex- 
perimental data. They are given in Table 1, where 
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T’exp is the experimental value and I, the contribu- 
tion to the half width from the excitation of neutrons. 
Similarly we can evaluate also the contribution from 
the protons J',, taking into consideration the 
penetration factor of protons. Thus we have for the 
total half width T=I,+T yp. 

[’'=2Mev for Co, = 2.2 Mev for Nd15. 
For Co®! the experimental value*) of the half width 
is about four times larger than the calculated one. 

The comparison suggests that we should have a 
model where the nucleons in a nucleus couple with 
the dipole vibration more strongly than discussed 
above. We can obtain better agreement with the 
experimental data by considering as a tentative model 
a nucleus made up of sub-units, such as alpha- 
particles. Also in such a medel, as is shown in I, the 


dipole vibration provides a reasonable value of the 
resonance energy in nuclear photo-effect. We assume 
that a nucleon in the quasi a@-particle is influenced 
by a local potential of radius R’= 3’ 47 with a finite 
depth 7’. Then the coupling between the nucleon 
and the dipole vibration is given by 


Haip:n = (¢ 2/2) (W7/R) (Er) 6 (r—R’). 


Neglecting effects of the nuclear surface and 
Coulomb barrier, we calculated the photo-absorption 
cross section for Cu®*, where the photo-absorption 
cross section means a sum of (7,n), (y,p) and 
(7, 7) cross sections. The comparison of our results 
with the experimental data?) for Cu®(7, n) Cu® is 
shown in Fig. 1. 


Application of the similar calculation for other 


Table 1. Half widths for Co? and Nd! 


nuclear radius neutron binding ener oS ate ene 
element (10-"cm) (Mev) sy Mev) "BY T,, (Mev) Texp (Mev) 
Co’? 49 10.0 17.65 1.04 8.4 
Nd!50 6.83 8.0 15.0 1.88 — 


0.10 


0.05 


photo-absorption cross section (10~-%4 cm?) 


Fig. 1 Tota! photo-absorption cross section for Cu® 
@, +: experimental data®) 

—— : theoretical cross section (rp=1.25X 

10-Mem W7=20.1 Mev) 


elements leads to the result that the half width of 
the giant resonance is broader for heavier elements. 
For the dependence of the width on the mass 
numbers, however, the experimental data*»®) seem 
to stand against such a behavior for heavy nuclei 
(neutron number > 20). It may suggest that nuclear 
structure changes appreciably for elements with 
neutron numbers in the vicinity of 20. 

After we had completed this calculation, a similar 
calculation was proposed by U. L. Businaro and S. 
Gallone®). But they used the average nuclear poten- 
tial acting on a nucleon in the nucleus to calculate 
the restoring force in the dipole vibration. Their 
results are consistent with ours. 
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An Exactiy Soluble Example in 
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There are numbers of quantized field theories 
whose consequences can be obtained without approxi- 
mation; neutral scalar theory with fixed sources, 
meson pair theory with fixed sources!), single electron 
theory interacting with the one-dimensional electro- 
magnetic field2), and Lee’s example”). _Lee’s example 
is very instructive for studying some features of field 
theories. 

We shall give in this note another exactly soluble 
example ; neutral pseudoscalar meson theory interact- 
ing with nucleon field via creation and annihilation 
of nucleon pair. Since all the known examples do 
not include vacuum polarization effects, this example 
may serve as prototype. 

Let us consider the interaction between a fermion 
(nucleon) field and a neutral pseudoscalar boson 
(pion) field. The Hamiltonian for the free fields is 


Hy =) 9" [—iap + 8m] ode 
il 
+5) e+irep+ well de 


2 
= Dy Ep lay O*ap® +by(t)*bp() —2} 


Pe 


+3 Or { ex*an— >} , (1) 


where 


2 
bp (x) = Q-1/°5) b>) [ap up (p)et?2 


p t=1 
+ by *vp i *e-tPa], 


$(x) =>) (20;,.2)71/? [ape + aXe tha] 4 
k 


E,= (m? +p?) 1/2; O,= (u2+k*) ste 


@ is the volume of the system, m and mw are 
« observed” masses of nucleon and pion, u‘#) and 
y(t) are spinors, and apt), by‘ and ay, are destruc- 
tion operators of nucleon, antinucleon and pion 
respectively. As the interaction Hamiltonian we 
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Pm 
Hi=igd} D>} (20,2)? [ay * 9 Ferg 
Dp ve 


i=l 
—bp Maz» ax*] + (1/2) tl gar, 


where dy? is used to cancel any change in mass of 
the pion due to pair creation and annihilation and 
Pm is the cut-off momentum. There being no coupling 
between different spin components (;=1 and 2) in 
Ho and Hj, we may consider hereafter only one 
spin component and suitably substitute g by 29 
without loss of generality. 

Upon examining the total Hamiltonian, one sees 


that this system possesses two simple conservation laws: 


Ny + M4 =const, 
and 3) 
No + M-=const, 
with M,, M-, Ny the total number of nucleon, 
antinucleon, and pion, respectively. The situation 
is very similar to that of Lee’s example, and our 
example is also soluble because of this special selec- 
tion rule. 

In the following, we denote the states of a “ bare” 
nucleon, antinucleon and pion with momentum p 
by |N,*>, |Np~> and |JI,), while the states of the 
corresponding “ physical” particles are indicated by 


|N+,), |N-p> and |I7,>. Using (3), one sees that 
|N,t>=|Np*), 
|[N,~)=|Np; 
and 
| o> = Zs1/? || To) + 92 f(P)| Np", N-» >], (| 


where Z;1/2 is a normalization constant and f(p) is 
proportional to the probability amplitude for finding 
a bare nucleon pair with momenta +p in a physical 
pion at rest. 

Applying the total Hamiltonian on | IIo) and 
requiring that the eigenvalue should be the “ observed” 
mass /, one finds 


du2= 2989S) (2Ep— a)“ () 
vp 
fp) =—i(2u9) PF QE,— 7, 6) 


* This interaction Hamiltonian identical with a part 
of the pair creation and annihilation term of the 
ordinary pseudoscalar coupling, apart from (p/m)? 
corrections. 
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and 


Pm 
Zst=1+9(2u2)"*S\(2Ep—w)-*. (7) 
Pp 


Remark that the eigenvalues of the Hamiltonian 
contain logarithmic divergence when p,, is infinity, 


even after the renormalization of mass and coupling 
constant. This is because our interaction Hamiltonian 
is similar to that of meson pair theory in this respect. 
Nucleon-antinucleon scattering can also be exactly 
solved, and the phase shift 6 for this process is 


No Jo"p [1 Ope Pm 
tand= SHOE.) oF yeh: 
d"q’(2E,—p) dh (8) 
2(E,—Ezgr) CE) 
where 90° =9'Zs, (9) 


and p is the momentum of incoming nucleon in the 
center of gravity system. 

Identical conclusions concerning renormalization 
of both the mass and coupling constant are also 
obtained by the power series method. One can also 
obtain the renormalized propagator for pion. 

We shall discuss the nature of the coupling 
constant renormalization briefly. As far as g is held 
to be real, consistent with the interpretation of the 
starting Hamiltonian, one sees from (7) and (9) 
that 


ORS Zeal (10) 
and 
0< 9.7 S ge*max, (11) 
where 
Pm. 
Jo*max = [2u2)-1s (2E,—p) 7] -1. (12) 


In reality (10) and (11) are equivalent to each 
other, since, using (12), one may write 


Z23=1—96"/Go%max- (13) 


Eq. (10) is consistent with the physical interpreta- 
tion that Z; be probability. Similar relation to C115 
as the effect of vaccuum polarization, has also been 
obtained approximately by Landau et al.!) and by 
Feynman”. We may eliminate g° from the entire 
theory using (9) and (13), and if we would regard 
the numerical value of Jo as arbitrarily chosen, 
difficulties would appear concerning negative probabili- 
ty (Z3<0) and “ ghost” states®), 

Since our interaction Hamiltonian, (2), coincides 


with the pair creation and annihilation part of the 
relativistic y;-coupling neglecting (p/m)* corrections, 
and inclusion of isotopic spin does not cause difficul- 
ties, we may use the above example as the unperturbed 
system for pion-nucleon system interacting via charge- 
independent y;-coupling. This treatment will be 


reported in a separate paper. 
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Meson Equation 
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In order to account for the multiple meson 
production in high energy nuclear events, the non- 
linear meson theory has been proposed by Heisenberg). 
In his theory, the Lagrangian is taken to be of the 
so-called Born type: 


L=P{1L+1° (06-064 292) J12, (1) 


in which ¢ is the scalar field quantity, « is the meson 
mass and, /~! is a small constant. Accordingly, the 
field equation is given by* 


louy +1 ((0,¢> O.p+ Kp") Ony —d,¢ : dy 6)] 0,0,¢ 
— LL +1* (206-44) +42¢?)] 26 =0. (2) 


The purpose of this note is to investigate the solutions 
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of the above equation, on the basis of the characteris 
tic theory of partial differential equation.2) In what 
follows we restrict ourselves to the case of one 
dimensional motion and the mass x is put equal to 
zero. 


The equation (2) then becomes 
(—F +0") uz+uv(u,—vz) — (P+?) v0, =0, (3-a) 
uz +v,=0, (3-b) 
in which u and v are given by the equations: 


u=0¢/0x 
maaca)|s 


v=—0¢/dt 
Ma(CADe 


It can easily be seen that (3-a) is automatically 
satisfied by the relation: 


v=mutV 1— ml, (5) 


in which m is an arbitrary constant. 
Substituting (5) into (3-b), the original equation 
reduces to 


uy muz=0. 

Therefore, we can obtain the solutions 
u=f(xFmt), (6) 
v= muxzV 1— re I, 

corresponding to the initial conditions : 


u=f (x), v=mf (x) +V1—m' I, 


at #=0. 


In the following, it can be shown that these 
solutions correspond to the simple wave) in the 
hydrodynamics. (In fact, the equation (3-a, b) are 
quite analogous to the equations of the isentropic 
irrotational steady plane flow.)* 

Following the procedure similar to that employed 
in the hydrodynamics, we have the characteristic 


equations : 
Gu: ly —ApxXa=9, (7-a) 
C-: ts—Axp=0, (7-b) 
Tt: we—Ave=0, (8-a) 
T-: ug—Ayve=0, (8-b) 


JE = [w4l(P+e—v?) 1] /(°—F), 


which are equivalent to (3:a, b). 
Instead of (8:a,b), we can also employ the 
following equations for the characteristics.*) 


& (du? —dv*) = (udu—vdv)?*, (9) 


in which € is given by €=(2+u2—v")1/2, 

It follows immediately that the general solution 
of (9) is given by the straight lines in the u—v 
plane: 


v=mutV 1— wl, (10) 


in which m is an arbitrary constant. 

The detailed calculations show that v=mu 
+V1—m? [ represents '*, corresponding to Vim 
-u—Im=0, respectively; and v=mu—WV1—m?l 
represents J"+, corresponding to ™1—m? utlm=0 
respectively. However, the C characteristics are not, 
in general, straight lines and their geometrical rela- 
tion to the J" characteristics can be given by the 
equation : 

tyv 


—Xyu,=0, 


B B 


which indicates that the angle between J‘ and u-axis 
and the angle between C+ and x-axis are comple- 
mentary to each other and the similar relation holds 
for T+ and C-. It is quite obvious from these 
results that the simple wave solution of (7) and 
(8), can be given by (6). In non-linear theories, 
it seems to be rather peculiar that the simple wave 
propagates keeping its shape constantly with the 
development of time. In this respect, the meson 
field under consideration is analogous to the Karman 
Zien’s gas in the hydrodynamics.** The author 
expresses his thanks to Prof. Y. Tanikawa for his kind 
interest and to Prof. Z. Koba for his discussions. 


* Our time coordinate x° is real, c=h=1, g°=—1, 
glag2=g=1. 

1) W. Heisenberg, Zeits. f. Phys. 133 (1952), 65. 

2) K. Husimi, Butsurigaku-Koensha, (4) (1944), 
(in Japanese.) 

T. Taniuti, Prog. Theor. Phys. 13 (1955), 505. 

3) R. Courant and K. O. Friedlichs, Supersonic flow 
and Shock waves, Chapt. II. 

4) ibid. Chapt. IV. B. 

5) ibid. Chapt. IL, 

** Ags was discussed by Imai on the basis of the 
hodograph method, the analogy between the 
Born’s electromagnetic field and the Karman: 
Zien’s gas is by far closer in the static case. 
I. Imai, Prog. Theor. Phys. 2 (1947), 97. 
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The Statistical Mechanical Aspect of H-Theorem 


Ei TERAMOTO and Chieko SUZUKI 


Department of Physics, Kyoto University, Kyoto 


(Received July 5, 1955) 


A simple model of diffusion is investigated without the assumption such as the “ Stosszahlansatz ”. 
We consider a one-dimensional box which is divided into two parts by a wall at its middle point. 
In the left of the box, at time ¢=0, there are N small particles which collide with each other 
elastically. If the wall is removed at t=O these particles diffuse into the right half of the box and 
the number of particles n(¢) in the left half of the box changes, decreases generally, as a function of 
time t. The behavior of functions n(¢) in this process, which have widely different properties according 
as the choice of initial conditions or mechanical trajectories in phase space, are examined and it is 
shown that if the number of particles is sufficiently large almost all the trajectories show the mean 
property of n(¢) which is characterized by the irreversibility. Further our results obtained here are 
compared with those calculated by the usual method in which the “ Stosszahlansatz” is used as a 
basic assumption. Finally a statistical mechanical interpretation of H-theorem which seems to be a 


generalization of our results is presented. 


§ 1. Introduction 


The statistical nature which is concealed in the irreversibility asserted by H-theorem 
has been investigated by many authors since the Ehrenfest’s conscientious criticism appeared.” 
The contradiction with the kinetic molecular theory which demands the essential reversibility 
of all processes seems to have been resolved, at first sight, by showing that the irreversibility 
has its origin in such a statistical assumption as the “ Stosszahlansatz”” or the process of 
“coarse graining”’ used in the derivation of H-theorem. In order to clarify the significance 
of this assertion, P. and T. Ehrenfest presented two simple examples, i.e., urn model and 
wind-tree model, which were afterward investigated over again in detail or reformed by 
several authors”. The above mentioned statistical assumptions used always in such problems 
may be a kind of qualitative expression of the incompleteness of the specification of states 
by macroscopic observations. However the physical significance of necessity of ‘‘ Stoss- 
zahlansatz”” or process of “ coarse graining ” is still obscure, because the incompleteness or 
uncertainty of the macroscopic observation at each instant does not seem to be so fundamental 
for the system whose mechanical behavior can be described by the classical mechanics. 
In other words, we can not directly accept the insistence that because of the incompleteness 
of macroscopic observations the observable properties of the system at given time ¢ are 
determined only by the coarse grained properties at time t—rt, where Tt is a suitably chosen 
small time interval. The applicability of such a Markoffian random process is not self- 
evident but to be proved. From this point of view the recorciliation of the phenomeno- 
logical irreversibility with the reversible character of the law of exact mechanics has not 
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still been achieved. In order to make this point clear as far as possible, we shall present 
in this paper an example which can be solved without usual assumption and investigate 
the irreversible character of a process rather mechanically. We consider a one-dimensional 
box of length 2/ which is divided into two equal rooms by a wall in the middle. As the 
initial condition we assume that N particles, which have equal mass and collide with each 
other elastically, are contained in the left room of the box. Remove the wall at time =0, 
then these particles diffuse into the right room and the number of the particles n(¢) 
contained in the left room changes, decreases generally, as a function of time ¢. The 
behavior of the function n(f) in this process undoubtedly depends upon the choice of the 
microscopic initial conditions or the mechanical trajectories in phase spac> which satisfy the 
macroscopic initial condition that all particles must be enclosed in the left room of the box 
at ¢=0. 

In the following two sections we investigate the mean properties of function n(t) by 
somewhat geometrical method. As for the initial conditions two cases are adopted, i.e., 
the uniform distribution assumed in § 2 and the Boltzmann distribution assumed in § 3. 
In § 4 the change of distribution for the directions of velocities as the function of time ¢, 
which has often been investigated using wind-tree model, is examined in just the same 
manner. In §5 we apply the usual method, in which the “ Stosszahlansatz” is assumed, 
to the present model and compare its results with those obtained in the preceding chapters. 
Lastly we shall give a statistical mechanical interpretation of H-theorem basing on our results, 


though its validity in general cases can not be proved at the present stage. 


§2. The uniform distribution for the initial state 


In the present model each particle collides elastically and only bimolecular collisions 
are considered neglecting the collisions of higher order. Then it is evident that any pair 
of particles just exchange their momentum when they collide with each other in our one- 
dimensional box. If we consider that these particles exchange not only their momentum 
but also their assigned numbers by which the particles are distinguished, the particle which 
has a given assigned number moves as if it passed clear through another particle without 
collision. Evidently this argument is approximately valid when the size of particles is 
sufficiently small compared with the dimension of the box. From this point of view, the 
motion of our system can be treated as a mechanical system of N free particles in one- 
dimensional box. Furthermore, it is to be remarked that if the collisions are not taken 
into consideration, the calculations in this paper can also be applied directly to the three- 
dimensional similar systems, because the number of particles in the left room of the box 
n(t) at time ¢ depends only upon the values of xcomponents of velocities v,'s and initial 
values of xcoordinates of all particles, if two rooms are connected in x-direction. Thus 
hereafter we shall restrict our attention only to the mechanical system of N independent 
free particles in one-dimensional box. 

In the beginning, we shall consider a free particle which has the coordinate x) (Ox, 


SS!) measured from the left end of the box and the velocity vy=py) (mass m=1) at time 
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t=0, and investigate the condition to be satisfied by x) and v, in order that this particle 
is just in the right room at time 4. Considering the fact that, at the boundaries, particles 
are reflected elastically without any change of the magnitude of velocity, this condition can 
readily be obtained and becomes 


(4m+1)l < vt+x% <(4m4+3)1, (1) 
moO) PT k Dyers 
This relation is indicated schematically in Fig. 1. If the representative point of particle 
which gives its initial state x, and v, is in the shaded bands of Fig. 1, then this particle 
satisfies the condition (1) and will be found in the right room of the box at time 4. Of 


course, the shape of these bands changes as time passes and uniformly they become narrower 


in width and slower in slope. 


sone me, 
Piseanc oes ? 1 
Vee TTT 22 pep, ‘ 
rene 7 Rt 
: ; ; 


/, 
LL 
TTT i (b) Another form of diagram, left half of Eee 


—8l/t : g of 
= ae a : / is the negative region of velocities. 
FP i a ap: er Ce 5 
/ pe ue ant Be 
PEL fs , gi spt Nake 
3 es si LiL GA 
rte 
= 
‘ . 
(a) Fig. 1 


Using this diagram we can obtain the knowledge about the statistical behavior of N 
independent free particles started from the left room of the box, making some fundamental 
assumption on their initial states. In this section, for mathematical convenience, we shall 
take the uniform distribution for the initial states, namely we assume that any one of 
these particles can take every point of diagram equally probably as the initial state so long 
as it lies in the square region in which the conditions O<x,</ and |u| <~2E are 
satished. Then, as is well known, the probability that, at time ¢, n particles are found 
in the left room of the box, is given by Bernoulli distribution function 

Py(n) = N!/n!(N—n)!-1*-"(1—1)", (2) 
where r is a function of time ¢ and gives the ratio of the area of shaded bands stretched 
over the above mentioned square region and is given by 
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2lm /S2Et 4ml \? 
— nee ee (oe ; 
ale wept 41 ( V2Et 
for 4ml/V2E<t<(4m+2)I/~2E, 
l MoE (4m+2)l\7 
Ae, emt ATER: 4l V2Et ( 


for (4m+2)I/V2E <t<4(m+1)I/V2E. 


Using the probability function (2), the everage number of particles in the left room 


of the box at time ¢ can readily be calculated and we have 


m fi m 2 
(n)y=NA—) =N{1-_—7(1- 2) }, 
for mT <m-+4, 
¥ 
a (ee , 
(ns 4T rs aT ) 


where the dimensionless time T=t“2E/4l is used. In Fig. 2 (n)y as a function of 
time T and in Fig. 3 the change of probability distribution with time are shown. This 
probability distribution has a sharp maximum at the most probable value of n, if the total 
number of particles is sufficiently large, and the behavior of this distribution function about 


its mean value is approximately represented by Gaussian distribution function 


Py(n) =[1/27N(1—r1) P?exp[— {n—N(1 —r)}?/2N(1—r) ]. (5) 


1/2 


Fig. 2 SV 2E tl 
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Namely, in practice, it is very unlikely 
for us to encounter such mechanical path 
that it has the value of n(t) appreciably 
deviated from its mean value (4). 
The relaxation time of this system, that 
is, the time which is required to establish 
the equilibrium value n(t)=1/2, is 
21/“2E and this result is also valid 
when we assume more generally that at 
t=0, n(0) and N—n(0) particles are 
contained respectively in the left and 


right rooms of the box. 


§ 3. The Maxwell-Boltzmann 
distribution for the 
initial state 


The assumption of the uniform 
distribution for the initial state used in 
the above argument may be unnatural 
for the physical system. In this section 
we shall adopt the Maxwell-Boltzmann 
distribution for the initial state, in which 
we assume that all initial states are 
equally probable under the condition 
that the total energy vf /2-+v;/2+"" 
+vy?/2 is constant E and all molecules 


are contained initially in the left room 


of the box. However it is somewhat 


0 5) 5 10 


» dificult to obtain a general expression 

Fig. 3 of (n(t))x or distribution function Px(n) 
to be used for any value of the total number of particles N and time ¢. Then we take 
only the cases N= 1, 2 and N>1, ard from their results we surmise the general properties 


of this system. . . 
(I) Case N=1. In this case the initial states of a particle are restricted on a line 


in our diagram corresponding to the initial velocity Vp>= V2E and 0x <l. Then for 
the probability that this particle can be found in the left room of the box at time f, we 


have 
P,(1) =1—(V 2Et—4ml) /21, 4ml/ V2E <t< (4m+2)1/2E, (6) 
P,(1) =1— {4(m+1)!— V2Et} /2l, (4m+2)l/V2E St <4(m+1)I/~2E, (7) 


or 
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P(1)=1—2(T—m), mT <m+1/2, (6’) 
P,(1) =1—2(m+1—T), m+1/25TSm+1, (7’) 


which is shown in Fig. 4 by the curve A. 
(Il) Case N=2. The sum of the energies of the two particles is constant : 


Vo /2tg/2=E= 2E. 


Under this condition we now wish to obtain the probabilities of finding 2, 1 and 0 particles 
in the left room at time ¢, but it is cumbersome to obtain their complete expressions which 
are applicable to any time interval. However, in order to see only the average properties 
of system going to the equilibrium state, we can be satisfied by the results only of the 
following interval of time. | 

CeO Fs 21), V2E. The probability that the particle 1 has a velocity in range Up), to 
Uy,+dv,, and exists in the right half of the box at time ¢, is simply vtdv,,/2l V2E. 
Then the particle 2 has a velocity “2E—v,,*, and the probability of finding this second 
particle in the right room is “2E—v,,"¢/2/. Thus for the probability of finding both 


particles in the right room and no particle in the left room at time #, we have 


V2zE 


P,(0) = (¢?/40? v2E) | Vor V2E— Vet" dv, 


0 


=2E#/12?=2E#/62 = +T, (8) 


T=tV2E /4l. 


In just the same manner, we can obtain the probabilities of finding only one particle and 
two particles in the left room of the box, respectively in the forms 
er OF 
P,(1) = (1/42 v2E)| (21—at) /2E—0, tdi, 
=(2+7)/V 2 -T— (16/3) -T?, (9) 
and V 


2E 
P,(2) = (1/40? V2E)| (21—v,t) (21— “2E—0, 8) dv, 


=1—(2+7)/V 2 -T+ (8/3) -T?. (10) 
Using these results we obtain the everage number of particles in the left room at time ¢: 
(n)o= OP, (0) +1P,(1) +2P,(2) =2—(2+2)/VW2-T, (11) 
and the average prabability of existing in the left room per particle, 
(nyo/2—=1— (2-4-2) /272..T. (12) 


These results are valid orly for the time interval O< T<1/2V 2, and equation (12) 
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gives the linear part of curve B in Fig. 4. 

Before entering into the next time interval we shall make a remark that in this time 
interval one can obtain the mean velue (n)y for any number of particles N, which can 
be written in the form (n)y=1—Cy “NT, where the coefficients Cy have the relations 
Cye-=7/4-Cy+1 and C,=2. Furthermore the probability distributions Py(n) in this 
time interval can be derived successively as follows, 


BA0) = 2/3*(" 3.1), 


P,(1) = (14432) /9-(VW3T)*—2(V 3 T)*, 


xe = : (13) 
P,(2) = (#2+27+8)/8-(Y 3 T) — (28+67)/9-(VW 3 T)?+2(¥ 3T)*, 


P,(3) =1— (2 +27 +8) /8-(Y 3 T) + (14432) /9-(Y 3 T)?—2/3- (¥3T)*, 
pede PO) = 4/15-(2T.)*, 
P,(1) = (56 +212) /72- (2T)*—16/15- Ql yrs; 
P,(2) = (972+ 427+ 184) /108- (2T)?— (56 +217) /24- (2T)°+8/5-(2T)*, 
P,(3) = (7° 4+27°4 82432) /32-(2T) 
— (972+ 427+ 184) /54-(2T)*+ (217+ 56) /24-(2T)’ 
Se —16/15-(2T)*, (14) 
P,(4) =1— (n° +20? + 87+ 32) /32-(2T) 
+ (97°+ 427+ 184) /108- (QT)?— Q1n+56)/72; (Zito) 
+4/15-(2T)*. 


Using these probability functions we can evaluate the mean v-lues <n), and (n), in the 
above mentioned forms. 
ayaet: 21/ Y2E In this time interval the calculation becomes more complicated because 
of the appearance of two or more shaded bands in the diagram, so we shall show only their 
results in the following. f- 7 , - 

For the time interval 2// V2E<St<4l/ S2E, or 1/2 oe (PS /V 2 where 
Tie 2F/ Al, 


=a wae Teo AN 


JZ Pe aaa ag BS = 
Cpl ang aCe BTaa) thas (i sin Se) (15) 
for Oe 2 BD 
payin J a 
{n),/2=2—— (34+ V8T?—1—4¥2T’—1) 
bie hint feaeieliiny seer “Sta aldo iA (16) 
2 Ng OT. OG: 
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and: for 3/297 2 lS 2 / a 
(n),/2= 142 (6+4V2T=1— V8T?—1—3V8T*—9) 
8 


S2 ( 7 atv 2) 1 eS vb | 1 Sle 
Se TE (f —  — ee es SIT a a Cry ec 
cs Dt Pepe Waar paras IV2T 


In Fig. 4 these values of (n),/2 are plotted by the curve B. 
(III) Case N>1. In this case, the probability that any one of the particles has 
the velocity in range v, to v,+dv, is given by the Maxwell-Boltzmann distribution function 


(8/27) e-Pedy, « (18) 


And the probability of finding this particle, whose velocity is v, in the right room at time 
tis given by (vt—4ml) /2I for 4ml/t<v, < (4m+2)l/t and {4(m+1)/—v,t} /2l for 
(4m+2)1/t Sv < 4(m+1)1/t as stated in the case (1). Thus we can obtain the 
expression of (n)x/N as a function of time ¢ by integrating the product of these two 
probabilities over the entire range of velocities. Then we have 


{n)y/N=1— (8/27)1? “mea prob (in right room) dv 


1 B 1/2 @ (dm+2)l/t Aas 
=~ SSE) [freee er antyae 


<—! 
m=(0 


d(m+ 1) e/t 
+| eP f4 (mt 1) vf} do| 


(Am+2)0/t 
aN he es) *(m+1/9)/7 ye m ?(m+1)/7 m 
=i — \ e "(x —™ \dx + e7*? MET Yerte dx 
J m/T a (m+1/a)/7 Ue 


9 
qil2m=0 


ao 
=1— Ss (em ger emensnzir 4 e-tt ney 
a5 


m=() 


+5} | (m-+1) {a(t Ly a(*2)) jg {o(mta)— a7) | , (19) 


where T= V 2¢/4lV B and P(x) is the error function. In this expression of (n),/N 
we can show that its value decreases linearly for small value of time T and approaches to 
the equilibrium value 1/2 for large value of T, by the use of the expansion formulas of 
the error function. 

Summing up the results obtained hitherto we can draw conclusions that the approach 
to the equilibrium value of n is the most probable feature of the mechanical trajectories, 
and if the number of particles is sufficiently large the probability of the realization of such 


a trajectory that its value of n appreciably deviates from the mean value <n) becomes very 
small, 
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1.5 


T= 2E ?/Al 


P3(n , 


0.5 0.5 0.5 0.5 


0 1 2 3 0 1 2 3 4 


(a) N=3 (b) N=4 
Fig. 5 


§4. The distribution function of directions of velocities 


419 


In just the same manner we can investigate the change of distribution of directions 


of velocities of particles in a similar system. Let us consider a one-dimensional box of 
length /, and assume that at time ¢=O0 all particles have positive direction of velocity and 


the initial distribution of the magnitudes of velocities is uniform just as in §2. Then 
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the number of particles which have positive velocities at time 4, f(t), can be determined 
by a diagram similar to that of Fig. 1 (b). However the square region of the diagram 
corresponding to the present problem in which the initial uniform distribution is to be 
assumed, is given only by positive part of velocity coordinate and the width of the bands 
is uniformly reduced to half. Thus it is easily understood that the present diagram is 
equivalent to the reduced one of Fig. 1 (b) by half, in which 2! is replaced by J, so 
the desired results can be obtained directly by the replacement of length 2/ in the equations 
in § 2 with length /. Of course the number distribution n(t) corresponds to the function 
f (4) in this case. 

Thus the mean value ¢ f(t)) decreases as time passes in the same way as Fig. 2 
except the change of time scale, and the relaxation time which is required to establish the 
equilibrium value ¢ f(t) )=1/2 is // V2E, contrary to the value 2//“2E for that of 
number distribution (n(t)). These values of the relaxation time do not change even if 
we assume that at time t=O there are n(O0) and N—n(0) particles respectively in left 
and right room of the box or f(0) and N—f(0) particles have the velocities respectively 
of posititive and negative directions. 

For these values of the relaxation time 2//“2E and |[/~“2E, we can give simple 
meanings as follows. The mean value of the velocities of N particles is V2E/2 in both 
cases and the mean positions of particles at time t=O are x=O in the former and x=//2 
in the latter, because the particles have equally positive and negative velocities in the former 
contrary to the latter in which only positive velocities are considered. The relaxation time 
is obtained by the time that a particle which has this average velocity and position reaches 
the boundary x=. 


§ 5. Discussion 


Here we shall apply the usual method to the present problem in which the assump- 
tion similar to the ‘‘ Stosszahlansatz’’ is used. Let us consider that, at time ¢, n and 
N—n perticles are respectively in the left and right rooms and their velocities are distributed 
uniformly from —%2E to “™2E. Then the number of particles which pass out of the 


left room during the time interval tT is given by 


n he rvV2E 


av ome 
21IV 2E Jo aig 4l 


n= 9th, 


where ndv/2lV2E is the number of particles in unit length whose velocities are in the 
range from v to v-+dv. Similarly the number of particles which come into the left room 
is yr(N—n). Consequently the change of the number of particles in the left room in 


this time interval becomes 
dn/de == {n(t-+t) —n(0)} /r= {gt (N—n) —gen} /e= —g (2n—N) 


and we obtain n(t)=Aexp(—2gt)+WN/2. If at the initial time n(0)=N, then the 
constant factor A=N/2 and the relaxation time is given by 1/2g=2!/“2E. which is 
quite in agreement with that obtained by our method. Similarly for the distribution of 
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directions of velocities the factor y is given by “2E/2I/, because the number of particles 
in unit length whose velocities are in the range from v to v-+dv and have positive 
(negative) direction is equal to fdu/l V2E ((N—f)dvo/lv 2E). Thus we obtain the 
relaxation time [/“2E which also coincides with our result. In these calculations we have 
assumed that the condition “2Ez <I is satisfied. This condition may be always possible 
if we choose the magnitude 7 suitably. 

However, this agreement seems to be rather accidental. If we start from the initial 
condition n(0)=WN, in our treatment no particle goes into the left from the right room 
during the relaxation process from t=O to t=21/V2E, and the number of particles in 
the left room n(t) decreases at constant rate. On the other hand, in the treatment adopted 
in this section, the rate of change |dn/dt| decreases as the time increases, due to the 
process of coarse graining at each instant; by the redistribution the number of particles 
which go out of the left room decreases and moreover the particles which come into the 
left from the right room appear. Actually the assumption of coarse graining can be applied 
approximately only in such a case that the redistribution seems to be realized sufficiently 
by some physical mechanism such as collisions of particles in this small time interval Tt, 
so that our model is not suitable for this assumption. Consequently the agreement of the 
both results does not mean the validity of the assumption of “‘ coarse graining ”. 

Furthermore we shall refer 
to the recurrence time of the 
initial state. The initial states of 
N particles are represented by N 
points distributed on the diagram 
Fig.’ 1, We shall define the 
recurrence time of initial state T, 
as such a time that at the time 
T, all points are not in the shaded 
bands, namely all particles appear 
in the left room again. The 
magnitude of this recurrence time 


in general increases as N increases. 


As an example, we shall consider 
Fig. 6 in which the representative 
points of initial state are distributed only on the velocities vj, Vg,°"s Un and uniformly in 
positions O<x</ quite densely. Then in order to realize the state in which all particles 
are in the left room, it is necessary that the differences of all pair of the initial velocities 


v;—v, must be commensurable with each other, just as seen in Fig. 6. The probability 


Fig. 6 


for such a restricted initial condition is zero. 

The results obtained in our treatment suggest the possibility of an explanation of the 
irreversibility in which the process of redistribution of states at each instant is not necessary. 
Namely, if we observe a kind of quantity of the system and it has not the equilibrium 
value at the initial time, then its value changes almost always in a way that is characterized 


422 E. Teramoto and C. Suzuki 


by the irreversibility, in other words almost all the trajectories have the average property 
which show the tendency toward the equilibrium state. However, such irreversible quantity 
is not arbitrary but restricted to a certain class of quantities, for example, those expressible 
as sum functions. Obviously if we complete the general statistical mechanical theory of 
irreversible processes on this line, it can include directly the usual statistical mechanics in 


itself. 
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Spins in an antiferromagnet subjected to an external field perpendicular to the preferred axis of 
antiferromagnetic magnetization are not exactly aligned parallel and antiparallel to this axis. It is shown 
that a better approximation to the spin wave theory can be worked out, if one takes the equilibrium 
directions of the spins as the axes of quantization. One obtains the field-dependent resonance frequency 
of a microwave, which the usual spin wave theory fails to give, and also a higher approximation to 
the perpendicular susceptibility. The value of the latter in the limit of vanishing field strength agrees 
with the one obtained by Kubo. 


§ 1. Introduction 


Since Anderson” has shown that the spin wave theory is a good approximate method 
for the ground state of antiferromagnetics, several authors” have applied this method to the 
calculation of thermodynamic properties of these substances. The perpendicular susceptibility 
7, calculated in the first approximation of the spin wave theory has the same value as 
that obtained on the basis of the molecular field theory, namely, it depends neither on 
temperature nor on field strength. However, Kubo” has shown, by calculating the con- 
tribution from terms neglected in the first approximation by the perturbation method, that 
7, deviates at absolute zero from its classical value and also depends on temperature. On 
the other hand, Ziman”, through a different approach, attained the result that y, in a 
higher approximation is still constant. Nakamura” discussed antiferromagnetic resonance 
absorption, and according to his results, for the case of perpendicular field, only one 
field-independent resonance frequency is obtained under the assumption of a uniaxial 
anisotropy. The classical theory developed by Nagamiya") and Keffer and Kittel” yielded, 
however, two resonance frequencies, of which one corresponds to the frequency given by 
the spin wave theory and the other is a frequency which is field-dependent. Nakamura 
attributed this discrepancy to an insufficient approximation made in his spin wave theory. 

We propose here another method of treating these problems. Kubo* suggests a similar 
method, but his statement is not so specific as ours. By this method the terms neglected 
in the usual spin wave theory can be taken into account to a certain extent and accordingly 
the discrepancy concerning the resonance frequency can be removed. We shall also derive 
7 and discuss the discrepancy between two conclusions attained by Kubo and Ziman. We 
are led to believe that Kubo’s result is more reasonable. We always confine ourselves to 
the case of two sublattices and to external field applied perpendicularly to the preferred axis. 
The spins on one sublattice are, in this case, not exactly antiparallel to the spins on the 
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other one, but they take new equilibrium directions which are inclined by certain angles 
+4 to the preferred axis, towards the direction of the external field. We will take these 
directions as the axis of quantization of the spins on each sublattice, instead of taking 
the preferred axis, as usual. In other words, we choose the axes of quantization in such 
a way that the terms of the Hamiltonian which are linear with respect to spin deviations 
vanish. This should be reasonable because the essential point of the spin wave theory lies 
in its analogy to the classical theory of vibrating system and thus in making the approxi- 
mation that the deviations of the spins measured from their equilibrium directions are small 
and only the quadratic terms of the deviation operators are retained in the Hamiltonian, 
the equilibrium directions themselves being determined by the condition of disappearance of 
the linear terms. In § 2 we shall calculate the frequencies of the spin waves and in § 3 
discuss the resonance frequencies for an oscillating external magnetic field; in § 4 we derive 
the perpendicular susceptibility and its dependence on temperature and field strength, and 


in the last section we discuss the relation between our treatment and the usual one. 


§2. Hamiltonian for the the spin waves and its eigenvalues. 


The Hamiltonian of an antiferromagnetic is written as 


H=H,, +H, + Haniss (1) 
where 

A. = 2J > S;°S, (exchange energy), (2) 

Ay=94,H 02 Sit DS Six) (Zeeman energy), (3) 

Anise= — oes Sj.+ > Sie) (anisotropy energy). (4) 


x S; is a spin on one sublattice and S, a 


spin on the other; S| means the sum- 
Ge 


mation over nearest-neighboring _ pairs. 
The x-axis is taken to the direction of 
the external field, g is the Landé factor 
and “4, the Bohr magneton. The aniso- 
tropy energy is taken to be uniaxial. 
We introduce new coordinate axes 
(5, 73, C3) for the j-sublattice and (€,, 
te» Cx) for the k-sublattice. They are 
obtained by rotating the coordinate axes 
(x, y, %) through an angle —@ and +4, 
respectively, about the y-axis (Fig. 1). 
Then we have the following relations : 


Fig. 1. 


Si,=S). cos 0—S,, sin 0, 
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S2=Syp sin 0-+S,_ cos 0; (5a) 
S78 cos Pa Sy pin 0, 

S=—Sp sin 84S,» cos 0. Ge 
Defining S# and S# by 


St =SptiSpy Sf Spe ti8 


gn? kn? 
ie : at : 6a), (6b 
5; = Sip iS jn 5 Si = Sie — iS py Se Eo 
we obtain 
St PS [1/2- (S/S, +5, 5,7} cos? 9—1/2- {S;*5,' +5;S,} sin’ 0 
GP 
== 1/2 1S; (Sz +5, ) <5," +S7)5,<} sin 20+S.Sy¢ cos 20), (7) 
H,=9 42H >) {1/2- (5; + S;) cos G—S,. sin 9} 
j 

+DII/2> Se +5; )e0s 6 +S, sin O |, (8) 


Haow= —K >1[1/4> Of +57)? sin’ 0+S;, cos’ 0+1/4: {(S;5 +85) Six 
fy) 
+Sj_ (5; +5;-)} sin 24] 
—K> [1/4: (S¢ +5,;-)? sin? O4-Si. cos’ 6—1/4: {(S,5 +87) See 
+ Sie (Sz +5,)} sin 26]. (9) 


To obtain the Hamiltonian of the spin waves, it is convenient to write the spin 
operators in terms of the operators introduced by Holstein and Primakoff and Kubo” : 


5 = (28)? (1 —a}‘a;/2S)""a;, Sit = (28) 1b * (1-5 *6,/25)"?, 
S$ = (28)? aj7* 1 —afta,/25)™, Si = (28)? (1 —5*b,/25) "b,, (10a), (10b) 
Sj,,-=S—aj*a,5 Si = —S+5*b,. 
a, and 6, satisfy the commutation relations : 
[4;, ah ]=Ojy, [bx b& |= Oxy. (11) 


The Hamiltonian of the spin waves is obtained by omitting the terms of higher orders 
than quadratic of these operators. We obtain from (7), (8), (9) and (10a), (10b) the 


following expressions : 


H..= —NJzS? cos 20— (2S) '?Jz sin 20 {3} (a;+4;*) + 3b. t be} 
j ks 
+-2JxS cos 26( >} afta, +>) bb.) +2Jzcos’ 7 Pulabet a;*b;*) 
j k Gj, 72 


—2Js sin’ 0 >i (ajrbet ap;*), (12) 
(j, 4? 
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Hy= — Ngpi,SH sin 0+ (25)'"/2-ttnHd cos 0{S\(a,+ 4;*) + >1(6,+52)} 
+9ttaH sin O{Stajia;+ 31 bitba}, (13) 
Hnie= — NKS? cos? 0— (25)"2/2+KS sin 20 (Mata) +DE+6} 


+2KS cos* O(S} aja; +S} b6*b,) —1/2-KS sin? 0 
j i 


sa eat (aj*a;+ a,ja;* “FP a; a a;**) +>) (bb, +6, ob +67 + b;**) } ’ (14) 
j 7 
where z is the number of nearest neighbors. Rearranging the terms, the Hamiltonian can 
be written 
H=H,+H,+4H,, (15) 
Ay= — NJzS° — NKS’ + 2NJzS° sin? 6 —Ngp2,SH sin 0+ NKS? sin? 6, (16) 


H, = (28)'"/2+ (nH cos 6—2JzS sin 29—KS sin 20) {>1(a;+4;*) +31. + b*)} : 
(17) 
H,= (2JzS cos 20+ 2KS cos’ +9 4,H sin 0) (S17 ap arr Ds b*b,) 
j 


+28 cos’ 9S} (ab, + 446 *) —2JS sin? 0 > (ab, +4p*) 
jr? Gum 


—1/2-KS sin? 6 {S)(ajfa;+ aja +7 + a**) +33 (bith, + bibs +b +b **)}, 
(18) 
Hy is the zeroth order Hamiltonian which does not contain the deviation operators. H, 
consists of linear term and H, of quadratic term. 
Now we determine the value of 6. This can be done in either way: H, must 
vanish at the equilibrium configuration, because it corresponds to torque, or H, must be 


minimum, beczuse it corresponds to the energy at a configuration specified by @. These 
two ways yield the same value for @. We obtain 


sin = 9,H/ (4Jz+2K)S. (19) 
In the molecular field theory y, is given by 
Lic=Ne/*px/ (4Jz+2K), (20) 
where the suffix c means ‘classical’. Therefore (19) can be written as 
sin I=Z .H/Nyt,8. (21) 


We see from this formula that the value of 7 is the same as that w 
H, now becomes 


hich follows classically, 


Hy= —NJzS?— NKS*—1/2-y,,H?. (22) 


In order to diagonalize H,, we introduce the Fourier transforms of 4; 4;* and 6,, b*: 
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a= (2/N)"" 3} ajexp(—'4 j), a= (2/N)'" S) ax exp (Aj), 
4 j 


3 
PNAS beets Ge PRS CINME SAE ep (IEDs 
k k 


Furthermore, we define new operators A,,, 4.,, By, By as follows : 


Ay = (a,t+a_)/V2, Aj= (a,—a_,)/ V2, 
Bo = 24 
B= (6, +6.,)/V2 ’ By, = (6,—6_,)/V2 : 


Here we limit 4 to half the wave vector space. For 4=0 we difine Ajy=a), Ay=0, 


B,»=6), By=0. Commutation relations for these operators are 
ee * SAN Sao 
[Aia, Ad \=9 yO xa [B; 5) BY 1 \=O 0 yy) (i= 1, 2)s (25) 


By transformation (24), the interactions between A and —A are eliminated and we 


obtain the transformed Hamiltonian as 
H=H,4+1/2-NKS sin® 0+ (2JzS cos 20+2KS cos? @—KS sin? 0+ 9 p4,H sin 0) 
x ss (Ap An t+ BY By) “te 2JeS[>3 {7a cos” ] (ApyBra+ A; Bi 
7,4 i, 
(1) pp sin? O(ARBy + AnnBA)} J4-1/2-KS sin? #3 (—1)4 
7 


x (Aj, + A+ Bit BR), (26) 
where 7 is defined by 7,=1/z-DJexp(id-), being a vector which points to one of 
the nearest neighbours. Next we Peete real operators Qi, Piss Ris Sia by the relations 

One ARPA 2) P= Anaya) = 
Ra= (Ba +BX)/V2, — Sia (Ba—Ba)/¥2:. 
Commutation relations for these operators are 
[Qi2 Pal=i, (Rar Snl=i (28) 
other commutators are all equal to zero. The Hamiltonian becomes 
H=H,+1/2-NKS sin? 0— N/2- (2Jz85 cos 24-+-2KS cos” 0— KS sin? 9-+-9 1H sin #7) 
4.1/2: (2JzS cos 20-+2KS cos’ 4—KS sin’ 0+-9p4,H sin ) SWQA+ Pa 4 R24 S2) 


+2)e5[ > {r, cos” 6 (QiRia = Pu Sia) + (—1) ‘7, sin? (Qi Rea + PraSir) \] 
+1/2+KS sin’ @ a 1)*(O3 + Ra— Pin—Saa)- (29) 
Finally we introduce gias Pry Tas $i defined by 
ga= (Qa tRa)/V2, a= (Qu—Ra)/V2, 


“ ie (30) 
Pia (Pav Sa) /Y2 > 5. CP, Sy / 2 : 
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(dias Pia) and (r;, 5;,) are pairs of canonically conjugate variables. Through this trans- 


formation we obtain the Hamiltonian in the diagonalized form : 
H=H,+1/2-NKS sin? 0—N/2- (2]zS cos 20-+2KS cos? 6—KS sin’ 6-+91,H sin 4) 
+31[1/2+ {2JzS cos 2+ 2KS cos’ O— KS sin? 6-+9 2H sin 0+ (—1)*KS sin® 6 
i: + 2J]z7y (cos? @-+ (—1)* sin? 4)} «43, 

+1/2+ {2JzS cos 20+2KS cos” 6—KS sin? 0+ 9p,H sin 6— (—1) ‘KS sin’ 0 
— 2Jez (cos* @— (—1)* sin® 4)} - pi 

+1/2- {2JzS cos 20+2KS cos’ 6— KS sin® 04-9 p0,H sin 0+ (—1)'KS sin? 0 
— 2Jzy, (cos 0+ (=1)* sin? @)} «rg, 

+1/2- {2]zS cos 20+ 2KS cos’ 6—KS sin? 0+-94,H sin6 — (—1)*KS sin? 6 
+ 2]z(cos* @— (—1)' sin’ 4)} +53]. (31) 


The frequency w,, of the oscillator (q,,, p:a) is the same as that of the oscillator (ro), 5,)), 
and the frequency w,., of the oscillator (q,,, po,) the same as that of the oscillator (r,,, 5,)). 
Substituting the value of sin @ and carrying out some calculations, we obtain the eigenvalues 
of the Hamiltonian as 


Hy= —Njz(1+a@)S(S+1) —1/2+¥,-H?+1/4S8-a/(1+a/2)-¥,,H 
Fiat 1/2) (ba,,) PD et 1/2) (bw), (32) 
where a=K/Jz, m, and n,, are positive integers, S} means the cummation over the whole 
space of a, and 
bo,= (2Jz8)[ {1 +a—yy} {lL t+a+7,— (27, +4) sin? } }”, (33) 
bw. = (2Jz8)| {1 t+a+yy} {1+a—7,+ (27,—@) sin 70} ]'?, (34) 


§ 3. Resonance frequency for microwave absorption 


A microwave can excite only those spin waves which correspond to an in-phase motion 
of all the spins. So the frequencies of the spin waves which belong to 42=0 give rise to 


resonance frequencies. We have two frequencies, wy and Wo, which are given by 
boyy= (2Jz) {(2 +a) a} cos OX (22S) (2a), (35) 
bey = (2Jz8)[ {2+} {a+ (2—a@) sin? 0} }?~ (2JzS) (2a +4 sin’), (36) 


To compare these results with the classical ones, we put 4]z/Ng?u;=A and NKS?= =K,, 
then (35) and (36) become 


bay ~9 tn (2AK,)"", bad) ~G ftp (2AK, +H?) "2, 35)... Gey 
These agree exactly with the classical ones derived by Nagamiya” and Keffer-Kittel.” 
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The selection rule can be obtained easily. Writing the microwave Hamiltonian in 
terms of the deviation operators and transforming it, we find that (35’) and (36’) are 
resonance frequencies for the microwave fields applied along the x-axis and the y-axis res- 
pectively. Nakamura”) obtained only the frequency (35’). This corresponds to an oscil- 
lation of the total magnetization along the applied static field, so that this frequency is 
little affected by the field strength. However, the mode of oscillation with frequency (36’) 
is such that the total magnetization oscillates perpendicularly to the static field, so that this 
frequency will not be obtained, if one does not take account of the magnetization induced 


by the static field. This point will be odiscussed further in § 5. 


§4. The perpendicular susceptibility 
The free energy can easily be obtained as 
F=—WNJz(1+a@)S(S+1) —1/2-y4,-H?+1/45S-a/(1+a/2) 7; 1H’ 
+N/4> {(ba,) ay +b.) ap} +N/28> {Clog {1 —exp (— fbo,,)} av 
+ (log {1 —exp(—fho)} Dar} » (37) 


where B=1/kT and ¢---)4y means the average over all oscillators, that is, 


(dar aise [ff 


D is the dimension of the system. From the free energy y, is calculated as 


t= tata) 28-a/ (1+a/2) —N/2| Sate Ga ar} 


0 (ba,)) | 1 O (busy) | 1 (38) 
-N{ 0(H’) exp (fba,,) — spas 5 0(H*) exp (Sba,.)) Sra 


Using (33) and (34), we have 


Abo) _ _ N-y,,/28(1+a@/2)- Gat 2) (1+a—y,)"” 
SG aes 


X {1+aty,— (27, +e) sin’ -™, (39) 
20) 1/N-y,,/28(1 4.4/2) Gx 4/2) 4atn)"” 
0 (H”) 
x {1 +a—yy+ (27,—@) sin? } -™”. (40) 
We can calculate from these expressions the dependence of 7; on termperature and field 


lati i i at the 
strength. Also we can calculate the deviation of y, from its classical value 


absolute zero of temperature. 
First, we put @=O and calculate y, at H=0. From (38), (39) and (40) we 


obtain 


] 
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pe 1 
nf as Af fs 2 EAE ae /S-{ ‘x : ) 4 
11 = 10 L10/28*C7x/ 1-70) Dav = Le/ G7 “Cap (Gar 7/6) —1)/ ar 
(41) 
Here @ is defined, after Kubo,” as 
A=kT/2Jz8. (42) 
(41) agrees completely with the result obtained by Kubo by the perturbation method. The 


second term in the right-hand side of (41) is due to the zero-point-motion of the spins. 


In the case of the lattice of CsCl-type we have 


Cif 7a)" pap = 0-192," (43) 


(seis eee 1 Nar igne 

\G=)™ CpG) 7/8} aay” a Lime SP 

It would be worth noting that we arrived at these results by considering no higher terms 
than quadratic, while Kubo derived them by calculating the effect of the third and fourth 
order terms. 

In the second place, we see that the temperature dependence of y, is much influenced 
by the anisotropy energy near the absolute zero of temperature, as was already pointed out 
by Kubo” and Hisele-Keffer."” The latter authors, in particular, discussed this point in 
detail. We can directly apply their method to the calculation of y, and find the following 


expression for the simple cubic lattice : 
%1=A1|r-0- ate YX 10/S* PF { (6/7?) (Tar/T) > 1/n-K,(nT4x/T)} 


= |r-0— V3 /2 *X1e/S+ 9 (T/T 4x). 
kT 4x is defined by Keffer as 


(45) 


RT x= (228) (2a) "?, 


K, is the real Hankel function of degree one. The functional form of ¢(T/T 4) is the 
same as that of M(T/T4,-) given in Keffer’s paper, which represents the tem perature- 
dependent part of the magnitude of the magnetization of each sublattice. 

The magnetizations of the two sublattices, inclined with angles +4 to the preferred axis, 
decrease in magnitude as temperature rises, and this in turn gives rise to a decrease in Oe 
Considering the same functional form of ¢(T/T4,x) and M (T/T 4x), it can be shown that 
(45) gives just such decrease in y,. Actually, however, the magnetization vectors averaged 
over the thermal and zero-point motions of the spins will have different inclinations from 
+ 4 to the preferred axis, and this difference will result in a smaller temperature dependence 
of 7, than that given by (45). This effect should, in principle, be calculable by going 
to a higher approximation, namely by considering the neglected terms in (44) (higher 


order terms in T) and the higher order terms than quadratic in the Hamiltonian (higher 
order terms in 1/S). 


* This value was obtained from the table in Kubo’s paper.®) 
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In the third place, y, depends on the field strength. The field dependence of the 


frequencies of spin waves is exactly given by our calculation, provided one neglects other 
terms than the first term of the 


expansion of the Hamiltonian in fisin 8) 
inverse powers of 5, as we have oS 
done in the present treatment. 

We shall omit here the temper- 

ature dependent part of the 
susceptibility, since this part can 

give only a small contribution to 

the field-dependent part y,;. The 0.05 
field dependence of the zero-point 

energy, which thus remains, can 

be calculated from (39) and (40). 
However, we cannot obtain the 

field dependence of y, in the 

form of a power series of H, as 2 ae 


one sees easily from (39) and o 1.0 sin® 


(40). Therefore we computed i Sa cei ee ROE ND) 
7%, numerically for the lattice of the CsCl type, putting a=0. At absolute zero 7, is 


expressible as 


Y10o=V10— X 10/5 *f (sin @), (46) 


where the function f(sin 7) is plotted in Fig. 2. This result shows that 7), increases with 
increasing field strength. 

For ordinary antiferromagnetic crystals under a magnetic field of the magnitude obtainable 
in ordinary laboratory experiments, sin 9 remains so smzIl that the change in 7, with field 
strength would hardly be observable. For particular antiferromagnetic crystals with a very 
low Curie point, such as MnCl,-4H,O'” whose Curie point is at 1.6°K, sin @ may attain 
a considerable value, say 0.2 or 0.3, under a moderately high field, so thet one expects an 


observable increase in y,, say of a few percent. 


§ 5. Discussion 


In the preceding sections we have shown that our treatment gives reasonable results 
for the field-dependent and -independent resonance frequencies, the value of Yi at 
absolute zero, its field dependence, and its temperature dependence. We obtained these 
results in the first step of the approximation of the spin-wave theory, whereas in the usual 
theory they appear only in the higher approximation. We shall now make clear the relation 
between the usual theory and ours. In order to do this, we shall drop the anisotropy 


term for the sake of simplicity. 
Putting 0=0 in (16), (17) and (18), we obtain the spin wave Hamiltonian of the 
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usual treatment. Its linear term is 


| 
(25) *"9u,°H {31 (4;+ 4f) + Sint be) “ (47) 


which, after transformations, becomes 
(NS) 9 2H Qo. (48) 
If we shift g,. by a further transformation 
qio= Got (NS)? p2H/4Jz8, (49) 


the linear terms will become eliminated from the Hamiltonian and the field-dependent part 


of the Hamiltonian will become involved in H, in the form 


—1/2+7,,H’. (50) 
The unitary transformation S which causes this shift of 9, is given by 
S=exp {i(SN) 1? -gpgH/4JzS - pyo} - (51) 
If we go back to the original variables, S will be 
S=exp [ (5/2) 9 4,H/4Jz8- {3 (a,;—a*) +i (bn—5)} I. (52) 


This formula means that S causes a uniform shifc of the operators a; a*, and 6,, b,* of 
an amount 


E= (S/2)?op,H/4Jz8. (53) 


Now, we attach a prime to the operators for the case in which €; and ¢, are taken 


as the axes of quantization. Then, we obtain the following relations between the primed 
and unprimed operators : 


aj =exp (i08,,) -a;-exp (—iS,,), 
(54) 
b, =exp (—i0S,,,) -b,-exp (i08,,) , 
with 
Sjy= (28) ?/2i+ (fpay—a% fy), ty= (28) "?/2i+ (bE f, — bef, - (55) 


Here f;= (1—afa,/25)"" and f,= (1—b*6,/2S)"*. If we replace f; and f, by unity, 
(54) reduces to 


aj =exp {(S/2)""0 (a;—a*)} + a;-exp {— (S/2)'"0 (a;—a*)}, 
6, =exp {(S/2)'0 (6, —b*)} -b,-exp {— (S/2) "0 (6,—5b*)}. 56) 
Assuming 0=(9/1,H/4JzS, we see that our operators a,j’ and 6,’ are the operators a, and b, 
shifted by (52). 
By applying the transformation S to the usual total Hamiltonian of the form of a 


= . * * . . . . 
power series of a,, aj‘, b,, b* and then retaining linear and quadratic terms of the primed 


operators, we obtain as a part of these linear and quadratic terms the contributions from 
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the higher order terms than quadratic in the original usual Hamiltonian. Such linear 
terms are of the order of H*® and quadratic terms of the order of H*. Kubo’s second 
approximation corresponds to taking these quadratic terms into account. In our treatment, 
these terms are automatically included in the spin wave Hamiltonian, so that we obtain the 
same result as Kubo’s in the first approximation. Strictly speaking, however, the relations 
between the spin deviation operators in the present paper and those used ay kubo are not 
expressible by a mere shift transformation caused by S as (51), since f, and f;, are not 
approximated by unity in the transformation given by (54). It is due to this non-linearity 
of the transformation that our spin wave Hamiltonian, written in terms of the deviation 
operators, does not contain terms of the higher powers of H than H *. Therefore our 
method can be applied to the case of a high field as well as to the case of a low field, 
and it gives the correct field-dependence of the thermodynamic properties. The only errors 
in our treatment come from our limitation to the first term of expansion of the Hamiltonian 
in powers of 1 /S. To go over to the next approximation, it is neccessary to carry out the 
second order perturbation calculation, not merely the first order one, since the 1/S° term 
contains both the terms of the third and fourth orders of the spin deviation operators. 


This can be seen clearly if we write the total Hamiltonian in terms of the deviation 


operators : 
H=H,+ 2J8 (3) af ay+D) bitbs) + Kees 20 SM fast aif) (bitfit fbx) 
+S fies ai'f0 ( fiba—bitfx) +] (28)'" sin 20 >\haja, (bikfertfibs) 
+ bitb, (feast ajtf,)} —2J cos 20 Siaj*a,bitbe (57) 


Here we used the relation (19) between H and sin 0. 

Through a different approach, Ziman’) has come to a conclusion that 7, 1s equal to 
Y1¢ even in the higher approximation. His method is based on the assumption that the 
operators f; and f;, can be replaced by their average values calculated in ‘a spin wave state’. 
However, even if we leave the justification of this assumption out of our consideration, we 
still must be careful enough to notice that the average value of fy and fr depends on the 
field strength, since the average must be taken for the given field strength instead of taking 
it for vanishing field, as Ziman did, and this will affect y, by an amount of the order 
of 7,./S. This does not seem to have been taken into account in his calculation. Moreover, 
the replacement of f; and f, by their average values may cause an etfor of the order of 
7/5 in the calculation of 7, owing to the non commutability of aja,/S with a; and apr 
These errors ate just of the same order of magnitude as the deviation of v7, from 716 
calculated by Kubo and in the present paper. Therefore we are led to believe that Kubo’s 
and our result is more reasonable. 

The authors would like to express their sincere thanks to Prof. Nagamiya for suggesting 
this problem and for many valuable discussions. The present work has been supported in 


part by Grant in Aid from Education Ministry. 
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The self-energy of the scalar nucleon, with the omission of the effects of the closed loops, interact- 
ing with the neutral scalar meson (with vanishing rest mass) field for arbitrary strength of the coupl- 
ing is computed by the Feynman’s variational method extended to the path integrals. It is found 
that there is no lower limit of the energy eigenvalue even after the logarithmic divergence involved is 
cut off. However, there does exist a metastable state provided that y’, a measure of the coupling, 
is less than about 0.34. 


§1. Introduction 


In the meson theory which has been constructed as an extension of quantum electro- 
dynamics the perturbation approximation has also been adopted in the theory. However, the 
strength of the coupling inferred from experiments does not seem to be weak enough to 
justify the use of this method. In view of this the strong coupling approximation has 
then been introduced. This approximation is not quite satisfactory clthough some of the 
experimental findings seem to be accounted for by this method. Recently there has been 
developed a method which is aimed at treating the case of the intermediate coupling strength. 
It has also been applied to some problems outside the realm of the meson theory. In 
most of these approximation methods the recoil of the source is neglected unwillingly. Also 
in the higher approximations of these methods the calculations involved are practically im- 
possible to perform and we may have infinities and singularities of higher order at the same 
time. 

It seems to be a great disadvantage that we must employ different method according 
to the strength of the coupling. The most desirable is to invent a method which gives 
answers for any value of the coupling constant. And it is not impossible to achieve this 
end when we select particularly simple problem for investigation. In fact, Feynman” treated 
-erecently the problem of the slow electron in a polar crystal (polaron) by a variational 
technique extended to path integrals over trajectories for the arbitrary strength of the phonon- 
He obtained the lowest energy of the system which is as accurate as 


electron coupling. 
The method of Feynman has, besides the feature of giving answers 


is known previously. 


for arbitrary magnitude of the coupling constant, another advantage in that it avoids the 
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objectionable approximation of “ neglecting the recoil’? of the source particle. 

In the present work the self-energy of the scalar nucleon interacting with the neutral 
scalar meson field is calculated for arbitrary magnitude of the coupling constant by the same 
variational technique mentioned above. It includes all the effects of the self-action with the 
exception of those of the closed loops. For the sake of simplicity the rest mass of the meson 
was assumed to be zero. Although it is necessary to treat nucleons as Dirac particles and to 
consider, for example, the pseudoscalar symmetric meson theory, such a realistic problem 
accompanies a greater complexity indicating the necessity of more detailed study of this 
technique. For this reason the case of the scalar theory is investigated here, in which no 
further complications pertaining to the operators such as Dirac matrices 7, spin operator 
6, and isotopic spin operator Tt will occur. This work is meant as a preliminary test of 
the method to see whether the work needed to extend it to the real problem is justified. 

In order to make use of the variational technique it is essential to replace it (t is the 
physical time) by another variable tr, say. The purpose of this is to arrange that the 
kernel K will have the asymptotic form exp(—ET) (for a very large interval T of 7). 
In this case it is the easiest to determine the lowest energy of the system E. Therefore 
in Section 2 the scalar nucleon in an external field is treated starting from the equation 
—02/dct=H2 instead of the ordinary one —9.2/idt=H2. 

The Klein-Gordon equation satisfied by the scalar nucleon is not, unfortunately, one 
of those which permit the direct application of the Lagrangian formulation. Because of 
this we will introduce a new function of five variables and a first order differential equation 
satisfied by this function. Then the kernel associated with Klein-Gordon equation can be 
given in a simple way in terms of that associated with this new function. 

In the Lagrangian formalism, instead of the trial wave function in the Hamiltonian 
scheme, a trial action will be chosen. The kernel associated with the first order equation 


“ce 


\ has the asymptotic form exp(—E,>!) where E, is the lowest “energy” corresponding to 
the “ Hamiltonian” of the equation and }} is a very large interval of the fifth variable. 
We will estimate the best value of this energy by the variational method. The expression 
iT for the energy to be minimized, E, contains a logarithmically divergent integral and it is 
il cut off by the direct analogy to quantum electrodynamics”. The self-energy of the scalar 
( nucleon can be given in terms of E. 

| It has often been noted that a scalar coupling of third power in the field (such as 
the ¢*y¢ in this theory) gives no lowest eigenstate due to the fact that the Hamiltonian 
is not positive definite. This difficulty has nothing to do with cut-off or renormalization 
Ml procedures. It is found that the present case of the direct coupling scalar meson theory 
has no solution and no sense because there is no lowest energy corresponding to the Hamil- « 


tonian. This is true not only in the case here but also if the meson has a mass or if 
the nucleons are Dirac particles*. 


The author thanks Professor R. P. Feynman for this information (private communication.) 
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§ 2. Scalar nucleon in an external field 


It is well known that the amplitude for some process in the quantum mechanical field 
can be obtained using the answer for the same problem in an external field. For this 
reason we will study in this section the scalar nucleon in a given field in a manner similar 
to the case of the Dirac electron” adopting a new fourth variable < instead of ¢ (tT=1t). 
The answer, for example, the equation of motion and the transition matrix element, etc., 
is in most cases simply what would result from the conventional expression by replacing ¢ 
by —iz, as one expects. Nevertheless it was thought worth while to make sure, at least 
once, that such a prescription would give the correct result by following necessary steps in 
detail. 

The Hamiltonian for a charged nucleon in an external field is given by (6=c=1) 


H(t) =§ {x* (x!) 2 (x) +79* (x") P(e’) + (m*+ Var g(x’, t)) P* (x’) p(x’) } dx’ 
with the commutation relations 
[x(x 1), (x, \]=[a*(, 9, o*(x!, )]=—i8(x—#’). 


Here ¢, 7, and m are the operator wave function, its canonically conjugate momentum, and 
the rest mass of the scalar nucleon, respectively, and y is the given potential. The case 
of the neutral nucleon is obvious. 


The equation we will be interested in is 
—02/de7=H2 


instead of the Schrodinger equation for the state vector 2 describing the motion of the 
system. It will prove convenient to state at this stage some relations between corresponding 
quantities in both formalisms in which ¢ or t is the independent variable (¢ or t- formalism, 
respectively). If a function of x and ¢ is of the form f(x, t)=F(x, it) we write this 


~ 


f(x, t). In the following the tilde will often be omitted wherever it is apparent that 
there will be no confusion by doing so. Similarly f* (x, t) =F*(x,—it) =f* (x, —7) and 
we shall call this f'(x, ¢). 


For the time derivatives we have 
Af (x, t) /At=i f(x, t)/z, (2-1) 
af*(x, t) /dt=i Of (x, +) /Ar. (2-2) 


The theory of scalar particles was developed by Pauli and Weisskopf”, who showed 
that the oppositely charged particles in this theory can be interpreted as corresponding to 
the electron and the positron of Dirac’s hole theory. Let us call arbitrarily the negatively 


tee « . ” : 
charged particle “ the electron” and the positively charged one the positron,” respectively. 
lement of a process in which there is only one 


We attempt to calculate the transition e 
if there was only one “ electron” with wave 


< electron”? with wave function g(x) at T= 
function f(x) at 7=0. If the wave functionals representing the initial and the final states 


are 2, and 2, the transition element is given by 
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yi (2 exp(— (7 Hdr) 2,) = (2 GSF' 2); (2-3) 


where 2,=FtQ, and 2,=G'2, in terms of the state vector 2) of the vacuum and S= 
exp i (7 Hdr). To evaluate r we need F' and G. In finding the expression for F* 
we refer to the work of Pauli and Weisskopf who give the creation operator a,* of afi 


“electron” as 
a,*= (V)—{ (2a,) 2? {a (x) + iwph* (x) } exp (ikx) dx, 
where w,=~m'+k®. Since the wave function f(x) of a free “electron” with energy 


w, varies as cxp(—iw,t) we may regard the coefhcient of *(x), iw, as coming from 
—df(x)/dt. Thus making use of the Fourier expansion of a,* given above we obtain 


F*= | {z(x,)f(*,) —$* (x) Of (x1) /9t;} dx; 
leaving the factor (2w,)~'” which can be taken care of as the normalization constant (Cf. 


footnote of this section). G is given by taking the complex conjugate of G*. 
In t-formalism the use of (2-1) and (2-2) gives 


=f {x (x,) f(x) —$" (x) 9f (x) /Ot,} dx, (2-4) 
and 
=f {x" (x) 9" (x2) — 9 (x9) 199" (x—) /Oz4} dx,. (2:5) 
From (2-4) we hzve 
exp(—|7 Hdz) Flexp (+ \7Hdz) = { {x (x,) f(x, 7) —if' (x) h(x, 7)}dx,, (2-6) 
which defines f(x, 7) and h(x, 7). Equation (2-6) in turn gives 
Fi={ {z(x,, ct) f(x, 7) —ibt (x), 7) h(x, T)} dx, (2-7) 
where 
A(x, tT) =exp(+ \GHdr) A(x)exp(— |7Hdz) for A=¢" and z. 
The first derivative gives 
Og" (x, 7) /Or= —in (x, c); O2(x, ct) /Or=il (x, ct) P*(apr) (2-8) 
with 
P(x, tT) =—p?t+m'+ V4 gy(x, 7), 


while the second gives, when the expression for /" is used explicitly, 


{Ov —m'— Vaz gy(x, 7)} A(x, 7) =0 (2-9) 
for A=¢t and 7. Ecuition (2-9) differs from the conventional Klein-Gordon equation 
in that [_}’-operator is repliced by an operator (],°=?+0°/d7? which can formally be 
obicined from [_]’ by the direct substitution t= —iz 


Since F' given by (2-4) is independent of < this must also be the case for (2-7). 
The differentiation of the latter and the use of (2-8) yields 


h(x, 7) =df(x, 7)/dz; dh(x, ct) /dce= I(x, tr) f(s. 2). (2-10 a,b) 
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Combining these two we see that f(x, tT) also satisfies the equation (2-9). Substituting 
(2-10a) into (2-6) and letting -=T we have 
SF SP", (2-11) 
where 
F%= J {x(x,) f(x, T) —ift (x) Of (x,, T) /OT} dx,. 
From (2-5) (with t,=T) and this expression for F’t we obtain 
[G, F*]=—J {o" (x, T)Of(¥, T) /AT—99"(xy, T) /AT -f lt, TY} dey 
and the use of (2-11) reduces r to 


r= —J {9' (2) Of(2) /At,—9" (2) /At,-f(2)} dxy-C,+ (QIF"GSQ,), (2-12) 


where C,= (2[S.2,) is the amplitude for having a vacuum at t=t,=T if we had one at 
t=0. That the second term of this expression may be dropped can be seen from the 
discussion in Reference 3. 

In the following we will be concerned only with the factor by which C, is multiplied 
to give r when the particle is in an external potential.* Consequently the self-energy of 
the nucleon that will be obtained in the remainder of this work does not include the self- 
action effects coming from the closed loops. 

It is interesting to see the contribution to r of various orders in the perturbation 
method though we are not going to use it in the following. When the nucleon is in a 


given potential the wave function at point 2 is given by 


fla) =—|{P2 EE Deca) 2002, 1) EY hae, 
4 | {PF @ Dea) B02, eed dx, (2-13) 


in terms of the kernel &™ associated with the equation of motion : f this particle. Here 


ee ? 


t,<T)<t, and the first and the second terms represent the contributions from the “ electron’ 


and the “ positron”? components, respectively. The solution of the ec ution 
{He—m?— V4 gy(2)} = (2, 1) =d"( . 1) 
may be expressed as 
BO (2,1) =2£(2, 1) +f 2 (2, 3) VW 42gy7(3) 5% (3, 1) d'o, 
+ §§2(2, 4) V 4m gy (4) 2 (4, 3) 740 973) £3, 1) dtod'a, +; 


where 5 is the kernel associated with the free particle. 


* In this case the normalization integral becomes 
—J{ft 0f/0c—Oft/Oc-f} dx. 
If the amplitude of the wave function is normalized to 1 so that f=exp(ixk—w,t) then the integral above 
becomes 2, (when it is normalized to unit volume). This is the reason why we have to divide the 


transition probability per second by 2w,.° 
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The transition matrix element from the initial state characterized by f(1) and 9f(1)/dr, 
of an “elzciron” to the final state with g(2) and 4g(2)/Ar, of another “electron” is 
given by the first term of (2-12). Substituting f(2) and of(2)/dz, obtained from the 
first term of (2-13) r is expanded in powers of 7: 


peep se AT Ag ge ia . 
r® is given by 
Oe —|9' (3) Vv 4r gy (3) f(3)d'‘a, 
and similarly for r® : 
Ts fa) van gy (4) 5 (4,3) ¥ 47 97 (3) f3)dod'o,. 


Each term r© permits a simple interpretation which is exactly analogous to the case of a 


Dirac particle. That is, the scattering amplitude is V An gz and the particle travels free 
between the scattering potentials with the propagator 5. That there appears the func- 
tion =°” in r shows that the propagator in the momentum representation is, in the ¢ 


formalism, given by (ky —k°—m’*)~. 


§ 3. Elimination of the field operator in the quantum mechanical czse 


The Lagrangian form of the scalar particle in a given external field y will first be 
discussed in a manner similar to that treated by Feynman". To this end we write (2-9) 


in the following form : 


{j2— “4r gx (x, t)}.b (x, 7), = md (x, 7). (3-1) 
In order to cast this, though indirectly, into the Lagrangian form we consider the space- 


time coordinates x,=(xj=T, x) =x as functions of a Parameter o and introduce a first 
order differential equation 


—dd(x, o) /do=—1/2- {]2— V Ar 97} b(x, ©) (3-2) 


for a new function d(x, 7). This equation is chosen in such a way that it allows us to 
use the variational technique at the same time. Equation (3-2) has the form of the Schré- 
dinger equation in which it is replaced by o and the spatial variables extended to the four- 
dimensional variables x,. It will be shown in Section 6 that if d(x, o) is any solution 


of (3-2) then the solution of (3-1) can be given in terms of it by 
d(x) =| exp (—m'o/2) 6x, 0) do. (3-3) 


This expression may be made convergent by taking o’=0 in the kernel K(x, o; x’, o’) of 


(3-2) and choosing K to vanish for o <0 by definition. However, as far as we confine 
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ourselves to the study of the kernel K associated with d we can assume any value for o/ 
and o. Only in Section 6 where the relation between g and ¢ comes into play need 
we be careful about the finiteness of ¢. 

The kernel of (3-2) is given by” 


K® (x, 3 x, 0) =|exp (S) Dx, (c) (3-4) 
with 
eile {1/2- (de, /do)?—1/2-V4n gi} do. (3-5) 
We now proceed to find the kernel corresponding to the transition in which there are 
no mesons present in the initial and the final states when the nucleon is in quantum me- 


chanical interaction with the meson field. This means that we have to integrate out the 


meson field operator 7 in the coupling term of (3-5). Writing 
exp (—1/2- 47g 7 (a4(0) do) =exp (— Ji xd) » 
where 
j(1) =1/2- V4 G9". (1) — m4 (0) do, 
the direct analogy to quantum electrodynamics” gives the desired matrix element as 
Ky (% 03 5 0’) =|expl— 1/2-(x2(o)do 


+ 9/87 (§ xy (0!) —x, (0) } dodo! Dx, (2). (3-6) 
The evaluation of this kernel (or at least its asymptotic form) represents the central 
part of our problem. Such a path integral is ordinarily very difficult to evaluate. However, 
in the next section we will do it by an <pproximation method whose validity does not re- 


quire that g° be particularly small or particularly large. 


$4, Evaluation of path integrals 


In this section the variational technique will be applied on the path integral obtained 
in the preceding section. This part of the work keeps a very close parallelism with the 


G 1 
three-dimensional case of the polaron problem.” 
In this technique an appropriate trial action S, is chosen to imitate the true action 


S. In case S—S, is a local function 
esa5.5 =|(6-S) exp (S,) Dx, (c) /\exp apres 


is proportional to S, a very large interval of o, and we shall define s by 


= 5, ae sae 
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In terms of s and the lowest energy E, corresponding to S, the best estimate of the lowest 


energy of the system is found by minimizing 
E=E/—5. (4-1) 


It is to be noted that the present technique is not restricted to S of the form {Ldz 
(L: the Lagrangian) but is of much wider generality. For the case of a particle in a potential 
the new method can be shown to be equivalent to the conventional one (Cf. Appendix 
A). For more complicated situations, however, the relation between these two methods is not 
known. Thus, it is not clear for a given trial action S, what trial function, if any, in the 
conventional method leads to the relation given by (4-1). 

To save writing we omit the subscripts 00 of (3-6) in the following. Thus 


ROP, aye [exp (S) Dx, (c) , 
where 
$= —1/2- [ide +9°/8m- [[ tye) —%e("}* dalda!". (4-2) 


As to the trial action we borrow it from the polaron problem with the direct extension to 


the four dimensions : 
§;=—1/2 |i’ (@)do— c|| {x, (o’) —x, (o”’)} *exp(—alo’—o""|)do’ do”, (4-3) 


where @ and C are parameters. The apparent lack of resem>lance of the second terms of 
S and S, may not be objected to seriously. In fact for the polaron problem the <pproxi- 
mation of |x(o’) —x(o”)|~* exp(—|o’—o"’|) by C{x(o’) —x(o’)}? exp(—alo’—o"|) 
gave a very satisfactory result. That S, be quadratic in x, is a very convenient choice 
because for such a functional S, the path integrals can most easily be worked out.” More- 
over this form of the second term of S, gives a good approximation to the corresponding 
term of 5. For first we note in the second term of S that only small values of x, (o’) 
—x,(o") are important. When — {x,(0)’—x,(o/’)}~* is cut off near the origin it can 
pel be approximated, for small x,(o’) —x, (0), by C {x,(o’) —x,(o’)}? exp (— ala’ — 
o”"|) provided that the parameters a and C are suitably chosen. The factor exp(—alo’ 
—o’"|) assures that x,(o)’s corresponding to o’s distant apart to each other do not con- 
tribute to the integral. We further observe that a constant added to S, does not give 
any improvement because it will be included in both E, and s so that it disappears from 
E. The range of o will conveniently be taken from —3'/2 to +3/2. Since, however 
we eventually consider the limit when ¥ tends to infinity the limits of the fePbocions 
over o can be approximated by —co and +o. 


We begin with s which is given from (4-2) and (4-3) by 
s= <S-—S,>/2 
= 9/87 + (dol < {x,(o") —x,(0)} > 
+ Cfo” < {x (0!) —x, 00”) }?>exp(—alo’—o"|). (44) 
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We want to evaluate s for the boundary conditions 
M2 / 20, Xt / 2) =X 


corresponding to the actual motion of the particle in space-time. To study the first term 


of (4-4) we write {x,(o’) —x,(o/’)}~* as a Fourier integral : 
Xp (o’) Sols (ayy == (27) ~*(d'k (k,”) i exp[th, {xy (o") ie Gye: 
By doing this we see that we only need to evaluate 


exp ie) —%e (0) > 


= fexpLity {xu (o!) —xu(0””)} Jexp (5,) Dx, (0) /Jexp (5,) Dx, (0). (4-5) 
The result is found to be 
exp{ F(a), fikjoe} (4:6) 
Here 
F(o) = (2°) “'[e’o + (8°—a*) /8+ (1—exp(—fo))], (Ae?) 
P?=a?+ 8C/a, 
and 
Vi Ky] 2: 
The evaluation of the second term of (4:4) gives 
(f?—a’) {8-*+0,?/2a°}. (4-8) 
Finally E, is given by 
E,=2(P—a) + (v,!/2) (1+8C/a"). (4-9) 


From (4:6), (4-8), and (4-9) we obtain 
E= (8—a)?/B+0,2/2— (97/167) (fdo [d'k(k,”) *{—F(o) ky +ik,vypo}. (4-10) 


§5. Removal of divergence by cut-off 


The integral involved in (4-10) is logarithmically divergent. We will remove the 
divergence by the analogue of a procedure applied to quantum electrodynamics”. In other 
words we replace 1/k,” in (4-10) by 1/ky?—1/ (ky? +A’), where A, the cut-off, is taken 
to be very large as compared to unity and C(k,*) =1"/ (k,°+ A”) may be called the con- 
vergence factor. 

Using the representation 1 /k,?=\Pexp(—7k,”) dy the integral is written as 


ao | "ay [at exp[ — (7+ F(c) ky? +itky vy]. 
0 i) 


First performing the integration over k and then over 7 we have 


° 


(do dy (a8/ + F(o))*)exp {—0y'0°/4 G+ F())} 


= 4n'| “de {1 —exp(—v,°0°/4F (c))} (v,7o") ~. (5+1) 
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When v,2*<0 it can be seen that the divergence comes from o=0. Since 
Cbg!) /hy?= (“dy 1 exp (— 74") exp (—7hy") 
the replacement of 1/ky? by C(k,2)/k,? in the integral of (4-10) gives 
n*("do | “dy (1 —exp(—rA)) (7+ F(a) exp {0404/47 + F(2))} 


which we shall call 
=) 
Thus we have (v’=v,", F=F(c)) 
E= (B—a)*/8+0°/2—9'J/167. (5-2) 
In order to evaluate E the integral J must now be performed. We will do this in the 


following for the limiting case where A?>1. Noticing that when o->0 (where the diver- 


gence in J comes) 


F(o) = (2°) "Lata + (8 — a") /8- (1—exp(—Bo))J>o/2 (5-3) 


we write J in the following form : 
Jade dil G+) exp (—0%0"/4 7+ F)) — 7+. 0/2)* exp (—v'o"/4 +0/2))] 
x (1 exp (—r")) 
+ | dody (-+0/2)* exp (7°) exp(—v'0'/47+0/2)) =tle (+4) 


This is still exact. The first term J, is now convergent even without the factor (1— 


exp(—7/")) in view of (5-3) so that we can drop this factor, whereas in J, we have to 
still keep it. 
After integrating over 7 J, gives 


I= |" 4do[exp (—v%o/2) —exp(—1'a!/4F)](v%o") “7 


By changing the variable by 
vast 
and calling 
a=av, B=bv* 
J, results in 


Ji =|" 4ds[exp (—5/2) —exp {— (5%6?/2) /[a’S + (b°—a") /b- (1 exp (—6€))} V2. (5-5) 


It is to be noted that this expression for J, is independent of v. The limiting value of 
J, for very large A’ will be shown (Appendix B) to be just 


Jo= 2ln(Ae/v*) (5-6) 
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and hence 


E (a, 6, v*) = (6—a)*v?/b+0°/2— (9?/167) {J, (4,6) +2ln(Ae/v*)}. (5-7) 
In (5-6) and (5-7) e stands for the base of the natural logarithm. In the next section 


we will consider the self-energy of the scalar nucleon resulting from this expression. 


§ 6. Self-energy of the scalar nucleon 


The self-energy of the scalar nucleon can be obtained from the asymptotic form of its 
kernel A corresponding to the transition in which there are no mesons present in the 
initial and the final states. In the following we will show that the kernel 7( is so closely 
related to K that the self-energy of the scalar nucleon can be given in terms of E given 
by (57). 

To see the connection between x and K let us consider the case of a nuclecn in an 
external potential. Throughout this section the range of o will conveniently be taken from 
0 to+oo. The kernel K™ of (3-2) satisfies then 


d(x, 7) = (x, 0; x, 0) d(x, 0)d‘a,,. (6-1) 


Now consider a function ¢(x) defined by 


(x) =| "exp(—m'o/2)6(s odo. 
From this we obtain 
(VF 9) $@) = [exp (nt 0/2) (A — V4 9) 8G 0) da 
= —24(x, 0) + mf (x). 
Hence # obeys the following differential equation : 
{FP —m?— Var gy} d(x) = —26(% 0). (o72) 
On the other hand, the kernel 5 satisfies 
{((]2—m?— V 47 gy} 5 (x, x1) =0"(x—x'). (6-3) 
From (6-2) and (6-3) it is seen that EB (x, x’) is given by 
BO (x, x) = | "exp (— o/2) (x, «)do (6-4) 


in which 
= 250) = 0 (4%). (6-5) 


Substituting (6°5) into (6-1) we have (6-4) as 


nee (x; x) = |"exp(—mio/2)K™ (x, 0; x, 0)do, (6-6) 
0 
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where we put 
—28 (x, x) =K™ (x; x). 
When we calculate the kernel Ge corresponding to the 0-0 transition we again 


encounter the problem of eliminating the meson field operator as was done in obtaining 
(3-6) from (3:4). From (3-4) and (3-5), (6-6) is given by 


K® (x; x’) =|"exp (—mta/2)do |exp [—1/2°§x,2(a)do 
—1/2- V¥rq § 1G (0))do] Dx, (2). 
lente we thave 
Koo(x 5 x’) =|"exp (mcs) do |expl — 172: (qt Code 
+9°/87-§f {xu (o’) —x(0")}~? do! do!’ Dx, (0). 


= |"exp(—mor/2) K(x a; x, 0)de. 


Omitting the subscripts 00 following the convention in the foregoing sections and consider- 
ing the case where x/(0)=0 and x(+’) =X we have 


x (x; 0) =|" (—m 3/2) K(X, >»; 0, 0) dS. (6-7) 


For a free particle K(X, *; 0,0) has the asymptotic form exp(—E 2) where E= 
vy’ /2=X,"/2S" so that the main contribution to the integral comes from the vicinity of 
S'=X/m (X°=X,"). It is seen, therefore, that in evaluating the asymptotic form of 
K(X ; 0), where X,=T is sufficiently large, only the contribution from a large value of 
*' is important. In dealing with a particle which is not free the trajectory in the five- 
dimensional world may be approximated by that of a free particle having the same end 
points in this world. Therefore it will also be expected that the contribution comes mainly 
from a large value of +’. This implies that in evaluating the asymptotic form of K(X 0) 
only the asymptotic, and not the exact, form of K(X, ¥; 0, 0) is required. 

We will now show in general how the best value of the self-energy can be found from 
(6-7). First we recall that what has been done in the previous sections is to calculate 
-exp(—E) which is to be minimized to give the best estimate of K~exp(—E,2’). “Con- 
sequently the best value M of the self-energy G, of X~exp(—G, T) can be found by 
minimizing E with respect to the parameters available and then having |yexp(—m?3'/2) 
exp(—E+)d* in the form exp(—MT). In general E is a function of v’=v,? and, 
therefore, it has a dependence on + through X,=v, *. For simplicity let us assume 
that only one parameter a is contained in E and consider 


| expl = (n'/2+E (a v)) Sd = | exp (m?+W(a, v2))¥/2MdS, (6-8) 
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where W=2E. We are interested in the exponent of (6-8) 

[m?+W (a, v*)]3'/2. (6-9) 
By varying a we have 

AA CESD 6H OADB 10) (6-10) 
determining the optimum value of a in terms of X°/2”: 

dae X ye): 
Substituton of this in (6-9) yields 
[m? + W (a,(X°/5”), XP) 3?) |S /2=[ nt 4 ¥ (X*/5") 12/2, (6-11) 

where Y is defined by 

Y@)=—WG,); 0). (6-12) 


We then calculate (6-8), with its exponent now considered given by (6-11), by the 
method of steepest descent. Thus by varying »' in (6-11) we have 


moe VO, HZ Us Ue, (6-13) 


where 5, and v, is related through ¥,= X/v. Substituting 3, in (6-11) and by choos- 
ing X, such that X=0 and X,=T it gives 


[m? + Y(v,°) ]T/2v. 


Then, since we now have 
|" expl— (m? + Wa, 0°) 3/28 ~exp[ — (m?-+ ¥w%)) T/200) 
0 


we can identify M as 
M=([m*+ Y(v,") ]/200- (6-14) 
Noting that (6-12) gives 
Y! (v?) =a (0°) Wa (ay 0"), 0°) + Wealaor*), %*), 
in which the first term vanishes by (6-10), (6-13) and (6-10) may be incorporated to 
state (6°14) as 
M=Minimum of G (a, v”) 
with respect to V and a, where 


SG (a, vw) =[n?+W (a, v) |/2v. (6-15) 


The procedure for the case of several parameters is obvious. 
Applying this general argument to the present problem let us consider (6-8) using 
the expression for E given by (5-7). Calling 


m2 =m — 92/47 -In(A’e/v") (6-16) 
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and 
p= /8rm"” (6-17) 


we have 
[expl—m'2(a — pJ,) 3/2 ]exp[ — {2(6—a)?/b+1} X?/25 dz. (6-18) 


We notice that the prescription for finding M given in the preceding paragraph is based 
on the assumption that the integral (6-18) is convergent. In case m*(1—pJ,) <0, 


however, our integral does not converge. To examine when this is the case we first observe 


that J, is a small positive number for b~a whereas it diverges as 2V 276 for b>a (Cf. 
Appendix C). Hence for very large g° we see that m?(1—yJ,) <0. On the other hand 
for reasonably small values of g°, though m?(1—ypJ,) <0 for b>a and b>1, we may 
have m*(1—p J,) >0 for b~a yielding a finite result for (6-18). That is, (6-18) gives 
divergent results either for small g’ when 6>a (and b>1) or for large g® but may give 
a finite answer for small gy’ when b~a. The former corresponds to the scalar nucleon’s 
having negative self-energy (and in fact it can be made —oo by letting b-—>co keeping 
6 >a) for any value of g’, and the latter gives the self-energy of the metastable state which 
can exist when the coupling is reasonably weak. We see, therefore, that the scalar theory 
gives no solution for the self-energy of the scalar nucleon. In the following we will compute 
the self-energy of the metastable state. It is given as the minimum of 


GS (a, b, v*) =[m? +0 {2(b—a)*/b +1} —g? J/8r]/2v. 


Since A’ is assumed to be very large and v® is anticipated to be of reasonable size 
2In (A’e/v*) may not be very sensitive to v. Then, because J, is independent of v, J 
may be regarded as a constant in the first approximation. 


By writing v) for the optimum value of v we have 
(S (4, 6, %») /m')*= (1p, {2(6—a)*/b+ 1}. 
In minimizing G* we consider only the case 
b=a(1+€) 


where € is assumed to be very small as compared to unity. J, 


is then expanded in powers 
of €: 


h=¢F (a) —X (a) + Ronee : 


in which the constant term vanishes as can be seen from (5:5) by taking b=a. (a), 
and X (a), are found to be 


J (a) =4[-14 (1+1/2a) In (1 +2a) ] 
and X (a) =2[-—1—(9+4+ 19/2a+2/a*)In(1+2a) + (1+ 2a) (1+ 4a) /a’-In(1+44a)], 


respectively. The approximate expression for (G/m’)? becomes then 
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(G/m')?= {1—p(eF—EX)} (2ae?+1). (6-19) 
Introducing 


n=V2a¢, A=Af/V 2a, and B= X/2a (6-20) 
and by varying a and 7 (and using (6-20)) we obtain 


c— (2a — F)/2 (aX’'—X); pot (6ae?+ 1) #/4a€— (4ae°+1) X/2a. 


The substitution of € and p thus found into (6-19) gives (M/m’)’. 

In Figure 1 the results for (M/m')* and some other quantities of interest are given 
as functions of a. (M/m')? has a minimum at a maximum of 1~0.30 and no solution 
exists beyond that value of pw. It is to be noted that in the entire range where a_ local 
minimum of (M/m’)? is found the size of € remains small. At least exX/eF is less 
than 5% so that we can say that the expansion we have made of J; is a very good approxi- 
mation. 

In Figure 2, though it is not drawn to accurate quantitative scale, we plot le /m’)? 
for various values of » which is a measure of the coupling strength g?. The square of 
the mass M (in units of m’) is the minimum of (G/m')* asa function of €. From the 


——+>(M/m’)? and (y,/m’)?” 


—ra 


Fig. 1 


fioure it is seen that no true minimum exists for any value of —the scalar meson theory 
2 For small p (weak coupling), however, a local minimum 
etastable state of the nucleon. This ts the state found 


his state does not exist for “> 0.30. 


has no actual lowest energy. 
does exist representing a kind of m 
by the perturbation theory. Even t 
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1.00 ge The value of the local mini- 
mum of (G/m’)? (Cf. Figure 
Fi 2) as a function of y is given 


in Figure 3. As was mentioned 
a above no solution exists above 
p2=0.30. Below it the equation 
gives a second spurious solution 
indicated by the upper branch of 
the curve, corresponding to the 
maxima in Figure 2. 


For more practical point of 
0.88 


~~" pp = 0.2949 


view it is desirable to have a 
: : pa 
p= v.2992 direct relation among M”*, m’, 


and g°. To do this we define p’ 


w=9/87M* (6-21) 


1.0 and consider (M/m')? as a func- 


tion of pu: 
(M/m')?=G(). 


Then (6-21) may be written as 


In view of (6-22) we can regard 
D(pu)=p'+2 In(M*e/v,2) as 
a function of y’ and by calling 
D(p) =F (nu!) (6-16) becomes 
0 0.1 02 03 82m?/g° = F (p') + 2In(A°/M?). 


Sas (6-23) 
Fig. 3. 


: 
. = 4/ , 
Wo w= p/G(n). (6-22) 


The curve giving F(y’) is shown in Figure 4. From this the interrelation among M’, 
m’, and y/* can easily be found. Suppose that the experimental mass, which is to be 
identified as M, and g° are given. We first compute «’ from (6:21). Then by reading 
Figure 4 find F(y’). Finally the theoretical mass m can be obtained from (6-23) provid- 
ed that the cut-off / is assumed to have a definite value. As an example consider the 
case A=2m. From (6+21) and (6-23) we have 


(m/M)*= pw! {F(p’) +2 In4-+2 In(m?/M?)} 
and solve this for (m/M)°* for a given value of f’. The solutions for several values of 
the coupling constant are given in Table 1. There is no metastable state above p= 0.34. 


Our conclusion is that the present case of the scalar theory has no solution for the 


self-energy of the scalar nucleon although metastable states can be found in case the coupling 
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Table 1 
Ww (m/M)* 
20 0 1 

0.066 1.36 

0.21 2.48 

0.30 3.44 

ae 0.34 4.11 

S Se eee 

hy 

| is reasonably weak. However, the following 
a should also be noted. 

The dependence of the self-energy on 
the cut-off A is completely determined in 
our case. Therefore it should be easy to 

5 renormalize this theory. For other theories, 
however, the /-dependence may not be so 
simple as the present one. 

The effect of non-vanishing meson mass 

0 


a 6D a2 an ¥ will first show up in (4-10) replacing re 
by k,°-+m”. In this case the evaluation of 


Fig. 4. J becomes much more complicated and even 
the limiting value of J, for large /* may not be obtained in a closed form. And we will 


probably be forced to resort to the numerical calculation of J. 

As to the accuracy of the theory it can not easily be judged because there is no way 
of comparing our result with experiments. 

An attempt to apply the present technique to the realistic problems encounters a great 
difficulty because of the appearance of the operators 7,, 9, and t. Then the amplitude 
corresponding to (3-6) will contain these as ordered operators. Therefore the simple path 
integral treatment will fail for such a problem. However, when a method to work out this 
kind of problem is found it will be of some importance to note that the Fock’s method 
of parametrizing the Dirac equation” permits the Lagrangian formulation which is, at least 
in its form, very similar to the present treatment of the Klein-Gordon equation. 

We also note that this method can be extended, though the accuracy of the result may 
not be very high, to another problem such as the scattering of the meson by the nucleon 
by using the best estimate of the real action. 

The author would like to express his sincere thanks to Professor R. P. Feynman for 
his kind guidance and encouragement throughout the course of this work. He is also very 


grateful to Professor G. Araki for his continuous encouragement. 


Appendix A 


The equivalence of the new variational method to the conventional one for the case of a 
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potential V can be shown as follows. For this case the action is given by 
S=(Lde=—1/2- (me (cr) de —|V(x_) dr. 
Let us suppose that the trial action is taken as 
S,=§L,de= —1/2+ (me (t)dr—V, (xq) dr. 
Then we have 
sT= <S—S, > =— <| V—V,) de >=—-T<V-V,>. 
In calculating s consider the numerator of 
<V—V,> =| (V—V,) exp (S,) Dx(z) /Sexp (S,) Bx(r). 
Corresponding to T>t>0O we write 
ee (jh (2!) de!) exp ({’ L,(c')dr’). 
Hence 


| Y= Vyexp(S) Dx(=) ={ {exp |’ 16") Dx") WO) Vie) de 
X exp ({' L, de’) Dx(z’) 
=|KG:, Tes en th (V(2,) Se idee RO eee 


Since both t and T—r are very large we have 
K(x, T 3 Xo» 0) =S'bn (x) On™ (%) exp (—E,, t) ~ Go (xx) g.* (x) exp (—E, t) 
and 


Kg kes 2) ~ dy (xr) bo* (x,)exp(—E,(T—7)), 


where ¢, is the eigenfunction of the lowest state with energy E, (this corresponds to E, in 
(4-1)). Therefore we have 


J (V—V,) exp (Si) Dx(z) ~$y (xr) bo (%) exp (—E,T) § b,* (xe) (V (ax) — Vi (x2) de by (xe) 
= 0 (xr) bo* (%) exp (—E, T) (V—V,) oo. 
Similarly for the denominator of <V—V,> we have 
Jexp (S,) Dx(z) ~¢y (xp) o* (x) exp (—E,T). 
Hence 
<V—V,>=—s=(V—V,) . (A-1) 


From 
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E,= (p°/2m) w+ (V1) 0 
and (A-1) we have 


ES (p’/2m) oot (V) 0 


which is expressing the content of the conventional variational method. 
Ji should be noted that in case C=O the energy obtained by our method agrees 
with that given by the first order perturbation approximation. 


Appendix B 


The limiting value of J, for large A’ given by (5-6) will be worked out here. We 
first note that for a very rough estimate we may approximate the factor 1—exp(—7J”) by 
0 for 7<7, and by 1 for 7>7, where 7, is of order A~*. A better estimate can be ob- 
tained by choosing a number c such that c>1 yet the condition 


Vea) Tie 1 
is still fulfilled. We split J, defined by (5-4) as follows: 


Because of our choice of 7,, the factor 1—exp(—y/’) in B may be replaced by 1. 
We consider A first. Let us again choose 6>1 such that 


ad pg Sal 


Accordingly we split the o-integration into two: 
A= \""do\ dy ee whe +; do | dy =/f/+ A", 
oT m 0 
In A’ o>7 so that neglecting 7 as compared to o we have 


Aix" do" 4dy exp (—v’o/2)-(1 —exp(—7d’)) /o* 
idifiee 


0 
= 7 Wig ers (0/2) 4. erp eae) / A} [07- 
Dias 
Noting that exp ( —y,,/A°) =exp(—c) +0 an integration by parts gives 
mw [4exp (—0? b7'm/2) [bi m— 20| do exp(—v°a /2)/o] (7m —A™) 


me §4 (by m) 7 +20? In (1.7810° 7/2) } m0 (A-2) 


in which use has been made of an approximation 


[exp (— 2s) /x= —In (1.78124) Dip te (A-3) 
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In A’, since o, <1, we put exp(—v’a"/4(7+o0/2)) ~1. Hence 


do\ "dy (1 —exp(—74")) / (7+.0/2)* 


| oT m 
A ~| 


=|" 2dy {yt — (7 +b7m/2) 7 (1—exp(—7#)) 


~2| \; "dy (1 —exp (—7")) /7— (2/bim) 1 Fexp(—7 4) /4) a (A-4) 


In the first term the integrand tends to zero when 7->0, so we replace the lower limit by 


a small number €. Then 
‘ m Tm Tm 9 
I. dy (1—exp(—y)) /r= i dr/1—\" dy exp (—7A’) /y. 


Noticing that in the second integral exp(—7d’) =exp(—c) ~0 when y=7,, we may extend 
the upper limit to +00 and by doing so we make use of (A-+3). Hence 


| ™ dy (1 —exp (—y2)) /yavln (1.781 fn). 
The second term of (A-4) becomes 
(2/b7m) {m+ (exp (—7'm A?) —1) / A} ~2/b—2/by,, 0° ~0. 
Therefore 
A ~2 In(1.781 7,4’). (A-5) 


Now let us proceed to the study of B. Replacing the factor 1—exp(—7/*) by 1 we 
have 


B=\"dol dy exp (—v"o"/4(7+0/2))/(7+0/2)? 


= |. do {1—exp (—v"°o"/4 (7,, +0/2))} /v°’o?. 

Let o,,=67,, with o,,<1 as before. By splitting the integration into two 
B=\""do Prete ake be BPS eosin — B+ B" 

we consider B’ first. Since o<1 in B’ we expand the exponential. Then 


B= \""4do {1—1+0°0?/4(7,,+ o/2) —+++} /vo? 


=2 In(7"+o/2) |,""™-~2 In(6/2). (A -6) 


In the denominator of the exponent of BY” we neglect 7,, as compared to 0/2. Then 
we have 


Bl" =~ (4/v*) (1 —exp (—v°%b7n/2)) /bym—2 In (1.78167,,/2). 
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Expanding the exponential we obtain 
BY’ x2 —2 In(1.7810® by»/2). (A 7) 
Collecting (A-2), (A-5), (A-6), and (A-7) gives 
J 08 ed CTE 


Appendix C 


We will find here the behavior of J, for the case b>a and 6>1. We choose c>1 
such that c/b<1. Then we have 


n~\ 4dé[exp (—€/2) —exp {—§€b/2 (1—exp (—b5) )} ]/$* 


+|" 4dé[exp (—&/2) —exp (—6%/2) V2. 
By changing the variable by 
c= 


in the first term and by integrating by parts in the second term this becomes 
=o" 4dx[exp (—x/2b) —exp {— (x2/26) / (1—exp (—2)) } /# 
0 


+ (4/€) [exp (—&/2) —exp (— 66/2] t — |" 4d8[1/2-exp (—€/2) —&b exp (—§€°b/2) |/é. 
(A-8) 
In the first term of this expression we expand the exponential and obtain 
o|. 4dx{ — (x/2b) {1—x/(1—exp (—x) ) } + (92/86?) {1—x/ (1 exp (—x)) }?+-J/%. 
J0 
Neglecting the second term this gives 
= 2)" de/x-+2\ dx/ (1 —exp(—2)) =2e—2 Ine (A-9) 
The third term of (A-8) becomes 
fe) oo c/b A 
—2| EIN 4b| fap Gein — 46)" dé exp (—6%/2) 
clb 0 
m2 In(1.781¢/2b) +2bV 27/6 —4c. (A-10) 
Then using (A-9) and (A-10) we find 
Jyp=2¥ 206 —2 In(1.781/26) —2. 
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Several methods to improve the degree of approximation for the stationary character in variational 
methods, are discussed. By selecting a set of trial functions as prescribed in the present paper, it is 
shown that we can construct quite generally a super-stationary expression for the quantity we wish to 
find. By “super-stationary” we mean that, the first, second and third variations of that expression 
vanish for any infinitesimal variations of trial functions. The examples to which this method is applied 
are: I). To find the eigenvalue in the eigenvalue-problems with discrete spectra only, (for example, 
to find the potential depth in the deuteron problem). II). To find the discrete eigenvalues for the 
problems with both discrete and continuous spectra, (for example, to find the energy level of the 
deuteron). III). To solve problems for continuous spectra by integral equations. IV). To solve pro- 
blems for continuous spectra by differential equations. Also a method is mentioned for improving 
approximation of the stationary character in successive manner in each case and it is shown that a 
simple method for this improvement exists in the cases I) and II). 


§ 1. Introduction 


The variational methods have been applied extensively to many problems of physics, 
since W. Ritz applied this method successfully in solving an eigenvalue-problem concerning 
the vibration of a plate” _ The merits of the variational methods lie, among others, in the 
following three points. The first is : If we take a rough trial function with errors of O(4), 
the extremal property guarantees errors of O(4?) only for the quantity to be solved. We call 
it the stationary character of variational methods. In the second place, for the eigenvalue 
problems, in which the fundamental equation contains an unknown eignvalue and an unknown 
function, we must find these two simultaneously. In the usual elementary procedure, we 
must first choose an approximate value as the eigenvalue and proceed by a trial-and-error 
method. The variational method, on the contrary, works out this trouble automatically. 
The third merit of variational method is extensiveness of its range of applicability. We 
can apply the variational technique to all problems where the fundamental equations can be 
derived from extremal principle. Indeed some of these problems permit of no other ap- 
proach other than the variational. 

It is the purpose of this seri 
as to develop the above mentioned merits to greater extent. 


with the first point, that is to give a general method of constructing the super-stationary 
quent papers will contain extensions of 


es of papers to try to extend the variational methods so 
The present paper is concerned 


expression in stationary-value problems. The subse 
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variational treatments concerning the second point. 

The problems which have been considered as the applications in this paper are: 
I). To obtain any eigenvalue in the eigenvalue-problems having only the discrete spectra. 
One example is to find the potential depth in the deuteron problem, (§2). II). To 
obtain any discrete eigenvalues in the eigenvalue-problems which contain continuous spectra, 
for example to find the energy level of the deuteron, (§ 3). III). To solve problems for 
continuous spectra by integral equation. (§5). IV). To solve problems for continuous 
spectra by differential equation. (§6). In § 4 we will discuss several methods for the 
successive improvement of the degree of approximation. 


§2. Eigenvalue problem with discrete spectra only 


As already be shown in the preceding paper”, we can construct the super-stationary 
expression of an eigenvalue, which, by several examples, is shown to be sufficiently accurate 
to calculate the eigenvalue”. In the present section we will develop a formulation which 
is suitable for discussions of the subsequent sections. 

a) Non-degenerate case 
Consider the eigenvalue-problem with real and discrete eigenvalues 


Ad 1 Bos (1) 


where A and B are hermitian operators for the eigenfunctions ¢/,. We assume that there is 
no eigenfunction for which (¢/,,, By’,,) =0. Let ¢f, be normalized as 


(Pins By,,,) pee (—) ae = (2) 
Though, without any loss of generality ¢/,, can be assumed real, here we will define the 
scalar product as (¢/, By)== | ¢*- Bide. If any eigenvalue is non-degenerate, ¢/,, is 


determined uniquely by (2) except a constant phase. The symbol (—) in the right- 
hand side of (2) means +1 or —1 according to whether the sign of (¥,,, B¢,,) is 
(+) or (—). Let us consider any infinitesimal variations of ¢,,, with the following two 
restrictions that 


(Pn + Ooms BUPr+ bm) ) =(—)™, (3) 
and %¢,, leaves A and B hermitian. Any variations which satisfy the condition (3) and 
the hermitian requirement, can generally be expressed in the following form, if ¢,, constitutes 
a complete set ; 


OY, ae Odynn Pn > (4) 


where 0a,,,, can be regarded as any infinitesimal variations of independent variational para- 
meters. Now we will consider infinitesimal variations of the quantity (Pn (A—AMB) b,) 

OD nr “nf 9 
where AM==(¢,,, Ad,) /(H,, By,). Although 4? is actually equal to 2,, we may regard 


ste ' 
4. as a functional of ¢,, so that OA®=0 as is well-known. Then we get 


0 (Pn (A—APB) Yn) — (Pino (A—AS)B) OY,) — i) id ey aan) Daim . (5) 
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Substituting (5) into (4), we have 
Om me NOH ae BIG) hn Ae} Pee (6) 
Let trial functions close to ¢,, be ¢,,3 


Im=Pm + OP mn: (7) 
Using (1), we observe 


O (Pn, (A—ADB) Pn) = (buy (A—ADB) bm) — (Pns (A— AB) bm) = Gn (A= Ap B) Om) « 
(7a) 


In the approximation correct to first order of variations, (6) is written as 


OY m= >) Gj wy { (dns (A—AYB) Om) ih QP =A) } Bn: 


n—=m 
So we have from (7) 


n= Bn ary OP», 7 On apa a ) ie { ns C1 AB) i) / Ce a AS) } By, (8) 


This formula has a form similar” to the ordinary perturbation formula, so that we may 
call it “ Variation-perturbation”” formula. Thus we have obtained the following result : 


Let a set of trial function ¢,, close to #,, be given. We calculate 
Arm= Ons 48m)».  Brm== Pur Bb) » (9-a) 
Onn = (AnnmBrnm— AmmBnm) | (AnnBrm— AmmBnn) » (9 -b) 
and construct ¢,, according to (8) 


Pmr=Om 2 Amn ne (9 - c) 


For any variations of ¢,, it follows that 
Gn=Ymt0(8), namely — 1, = 94m. (10 -a) 


Thus the procedure (9) gives a general means to construct the approximate functions with 


stationary character from a set of trial functions. If we take ¢,, as a new trial function, 


the eigenvalue /,, is calculated as 


A= (Pms AP mn) / (Gms Bom) » (10 -b) 


with an error of O(0'). In other words, as a functional of ¢,, first, second and third 
variations of A vanish. We call this property the super-stationary character of ASS ale 
should be remarked that the formula (9) are valid even when the normalization of trial 
functions ¢,, is not specified. Several examples were given in reference 2 to show the 
accuracy of the expression of (10-b). But here enother example will be given as it is of 
some interest to compare the example with the ordinary Rayleigh-Ritz method. 

(Example) Problem: A neutron and a proton constitute a deuteron in the ground 
state with zero binding energy by the Yukawa potential. Find the depth of this potential. 


In this case A and B are 
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A=—d/dr, B=e"/1, 


with the conditions ¢,,(0)=0; ¢,,(r)—> const for r->co. As the set of trial functions 
we take the correct eigenfunctions for the Hulthen potential; B=e7 /(1—e7”): 

bm= (—x/m!) d™/dx™ -[x"—! (1 —x) "|, s=1-e", m= 1. (11) 
) 


The correct eigenvalue corresponding to the ground state is * 
}, = 1.67980. 
From the usual variational method we obtain 
AO = (g,, 44,) / (bj, Bb;) =1.73804,  AAf/A,=0.0347= (19%). 


So we infer that the trial functions (11) may have errors of about 20%. Calculating 


Pinas oncg OC. ag (WE OEE 
Ang m/ 2p °Ag=0 pmseny —Bgeln(4f3), By=—in (4/3) + 3ln(9/8), ee 
dy= —0.15879,  ay,=0.01221, ete. (12) 


Since we should neglect the quantities of order 0°, in this example it is justified to set, 
comparing the order of 4,;/a,. with apo, 


Thus 
¢,= 6, +0.1588¢,. 
Putting it into (10-b) we obtain 
Ai? =1.68005,  daf/A,=0.00015 = (0.012)”. (13-a) 


This result is better than the accuracy estimated by order consideration: (20% )'=0.0016. 
If we take both a, and a,,, we get 


Ai? = 1.68026. (13-b) 


Thus even if higher components are included, the result is not always improved, because 
4,, have errors of O(0") and in this case the value of a,, has scarcely any meaning. Next 
we will compare (12), (13) with the calculations of Hulthén and Laurikainen.”) They 
took a linear combination of ¢, of (11) as a trial function and obtained the following 


results for combinations of the first two, three and four terms respectively ; 
be 0553575 A? = 1.67993, 
b,=0.5781, h=—0.0516, A{° = 1.67985, 
h,=0.6208, h=—0.1770, h,=0.0982, AO= 1.67982, 


where 4, are adjustable parameters in the form 


OU) = (Fen eared (14) 


n=() 
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Values of (12) correspond to 
h,=0.5663; if ajy=—0.15879, ay,=0; 223. 


h,=0.6925, hy=—0.1473; if a,=—0.15879, 4,,=0.01221, dm=O;n=4. 


From these figures we learn the accuracies and limitations of the present treatment. In the 
present example simple trial functions (14) give good results, but this may be somewhat 
accidental. However an important point in our theory is that it makes possible to estimate 
the error of results and that the accuracy is guaranteed to be O(0"). 
b) Degenerate case 

If the system has some degenerate eigenvalues, the formula (6) is no longer valid. 
We will distinguish the eigenfunctions corresponding to the same eigenvalue 7, by another 


indices p as Ppp. These pn» can be chosen to be orthogonal to each other, that is, 


(Pac, Ad =0, (aor Blin) =9 PRG. (15) 
In taking the variations of Pay and yg we will always preserve the orthogonal relation 
(15): 

(Bony Aas) = (Duyn AB ng) = (Bp BLuq) = Pn BOGun) =O, peg (16) 
Thea the left hand side of (5) will be 
3 (Yup (A—APB) Png) =0- 
Let us consider the meaning of (16). OWnp is expressed as 


nN IN i 
OP np = » pa Ode seo Odnp np =0 ? 
m @q 


and (16) is put in the form: 
(OPaps Ang) = if (Pro Afng) =0, (OP rps Bong) am Oonna (Pro Bing) = 0. (7) 
Then we have the relation 


Odnpng= 0, PRG: (18) 


Both A —19) and Iany.ng of the right hand side of (5) vanish. Eqs. (4) and C7) 


ng 


(8) are modified by (18) as 
OP mp = oh CL — oo a ) oo {0 Cae (i— AB) mp) i Os re A) } Png 
n=m 
q 


nn 


— pa c=) o { (Bros (A— yb Wy bmp) Z Oe ai a } Bnge (19) 


ntm 
q 


; ‘ ; t) *)@ i 
(19) is also valid even when the degeneracy is approximate A®==19,, In order to impose 


the condition (16) on the trial function, we must have 
(bor Abnn) = (npr Bbng) =0  P=F4: (20) 


(20) is not only necessary but sufficient, because 
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(Bnp» Ab) = Oana Piss AY ny) + Dang np (Paps Ann) =0, 
(bps Bony») = up Dashes Os , BY ng) ate Baio (Pup» Bony) =0. 
Hence (20) implies that 


Odnpiagt=Os (p+ q)- 


§ 3. Eigenvalue problem including continuous spectra 


In the last section we discussed the case where there are point spectra only. Eigenvalue 
problems which have been widely investigated in physics, however, often contain continuous 
spectra, so unless the theory is developed to include the continuous spectra, we can not 
apply it extensively to practical problems. Let indices k, / indicate the continuous spectra 
and m, n the discrete spectra respectively. First we will specify the normalizations. Taking 


a parameter which suitably indicates continuous levels, we impose 
(PCR) BE) ) =(—) PBR—D, “CPs BEY = (—J Ons (21a) 
where 0(x) is the Dirac delta function. Furthermore we have 


($(k), Bon) =0, (my BY (1)) =0. (21b) 


Any infinitesimal variations which satisfy the normalizations of (21) are written as 


ob, See [ 8a,, (l) ¢ (I) dl, (22a) 
ntm A 
3b (k) = 8a(b) rut (8a (k, Db (Dal, (22b) 


where we may consider 0a as arbitrary independent variations. The orthogonal conditions of 
(21) may be violated. Next consider variations of the expressions: (¢/(k),(4—A4 (1) B) (J) ), 
(f (k) , (A—AYB) Y,), etc, where A (1), A® are defined by 


MO=HOs APO) GO, BOO), A= ny Arn) / Ping By) - 


The former definition is a form of co/oc, and has no meaning, because its numerator ard denominator 
are normalized by (21). We must take a suitable limiting process, for example, if the scalar product is 


defined as 
(HD, AG(D) = lim | gl, 1) AGL Ndr, 
rr Ol Cost 
A‘ (I) can be specified by the following limiting procedure 


HOD = him ([ OU AG dr! ("GU BOUL, Dar ). 


vie J 
Generally speaking, such limiting process should be taken so that XK) (D) accords with A(/) actually. 
As 0A (1) =0 and 04 =0 hold, it follows that 


IH(R), (A-2 DB) IO) = (H(k), (A—2 (I) B) OH (D) 


Extensions of Variational Methods, I 463 


= {y cb), | da U") AOL) 28 1) BYE) dl’) 


= (=) oaG, I’) GOW) —29 (DY) 0(R-L) dl’ 


= (—) 4 (k) —A© (D) da, b). (23 +a) 
Similarly we get 

O (p(k), (A—APB) f,) = (—) © A (B) —AD) Baty (R) 5 (23 -b) 

D (Pm (A—2® (1) B) bE) ) = (—) © Ane —A ©) ) 8a) ms (23 -c) 

B(%my (A—2B) yn) = (—) On? AP) Pains (23 -d) 


which are the generalizations of (5). Let the trial functions which are close to ¢,, and 


(k) be ¢, and $(k), 
bn=Pmn+ my O(k) = F(R) +99 (8). (24) 
Neglecting higher orders of dy, and dy(k) we have, from (22) and (23), 
Bn = S{(—) 8 Gy (A M2B) $n) UP AOI} 


- \ {(=) (GL), (A—12B) Pn) / A? D Ae) OO AL. (25) 
Using (7a) and (26), 
B(b(D), (A—2LB) Pm) = (GD), (A=APB) bm) 5 (26) 
(25) is reduced to 
df == S1{(—) © (Agm— AO Bam) / A Ae) On 
n=m 


$f) AD a WBO w) / QOD =I} IO Al (27-a) 
where A(l) m=(6(L), Adm)» etc. Observing (24) and (27-a) we can construct b,, as 
On=$m— OPO =P, +O (0). (28-a) 


Then we get L9== (Bm, Ahm) / Gmr Bbm) = Am +0 (61). 


For the solutions of continuous levels it follows similarly that 
6 (k) = (&) — 06 (&) =H (&) +O), (28-b) 
db (k) =S1{(—) © (An (R) —2 (8) Bn (R)) / AP —2 (B))} bn 
+| {(—) (AG, b) —2 (&) BG &))/ (DL) —2 (&))}b@)dl.  (27-b) 
where A(l, b=, 46(&)), 4.4) = (bn, Ad (Rk) )- 


In quantum mechanics the ground state of the system is often of special interest. If 


as 


SE 2 
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there are many excited discrete levels, the main contribution to Oy in (27-a) may come 
from the first term of (27a), so the second term containing the effect of continuous 
levels may not seriously affect to the results, if we take suitable trial functions. In such 
case we presume that the situation is somewhat similar to one which has been met in the 
last section. On the contrary in case there is only one bound state, continuous levels have 
important roles. For illustration we will take the deuteron state as an example. 

(Example). Problem: A neutron and a proton constitute a bound state by the ex- 
ponential potential with given depth. Find the binding energy of the ground state. 

In this case A and B are 


A=— (d*/dr+Ve"), B=1, 


with the conditions ¢,(r=0) =0, (rc) —0, where ¢, is the ground state function. 
Taking V=2 which corresponds to the well-depth parameter” S=1.3833, this value is 
near the value obtained from the experiments and hence there is no excited state. We will 


choose the trial functions as 


$y (r) = “27 (F+1) (2741) (1—e")e™”, (29 +a) 
o(k, r) = (2/7) *?sin kr. (29 -b) 


(29-a) and (29-b) has been normalized according to (21). The correct biniding energy 
|E| is calculated from reference 4, Table V, 


—),=|E|=0.019978. 


(29-a) involves one variational parameter 7. Adjusting 7 according to the Rayleigh-Ritz 
metdod we have 


7=0.09189. 
This leads to 
—A==~2=0,015114, ,= 0.12294. 


We also have 2 (k) =k. It can be seen from the example in reference 2, § 2 that ¢,(r) 
has errors of about 20%. The trial function (29-b) is roughly approximate pesstite it 
is the free-state solution obtained by ignoring the effect V=2. Calculating (23-b), we 
have / 


Bay(k) = (47 7 +1) (27 +1) /z) {A+R (re +1)? +R) -4 


—V GEE CGE DE+R) A (742) +E) 
and from (27) and (28), 


bo= ¥ 27 (F411) (27-41) VEC er) / {7 41) 2-7 
— ee Ppt’ {(7+2)?—7/3 it 
For simplicity if the adjustable 7 involved in (29+a) is taken to be 71> this gives 
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| E,|==— A? =0.019650. 


Thus we have obtained a considerably better value for the binding energy. Incidentally it 
will be remarked that we can not apply the perturbation method assuming V as perturbation, 
because theae is no eigenfunction close to ¢, in the unperturbed system. 


§4. Higher approximations 


In this section two methods for the successive improvement of the stationary cearacter 
are discussed. Although the higher order approximations involve more laborious calculations 
in general, it is to some extent worthwhile to point out that we can improve the approxi- 
mations in several ways. 

a) Simple iterative method 

First we will consider a general method which allows one to improve the approximations 
successively. This method is applicable not only to eigenvalue problems such as in § 2- 
§ 3, but to all other cases for which the present super-stationary method is applicable, for 
example, to scattering problems which will be discussed in § 5—S 6. 

Let ¢,, be constructed from the first trial functions ¢, which have errors of O(0). 
@,, involves errors of O(0?). Taking ¢,, as a new set of trial functions, then we can con- 
struct the approximate functions ¢,, having errors of O(0') only in the same way. This 
process can be performed endlessly as O(0°), O(6"), etc. The following is an example 
of this successive approximation. 

(Example). A neutron and a proton constitute a bound state (=deuteron state) with 
zero binding energy by an exponential potential. Find the depth of this potential. This 
problem is the same as the example of § 3, but the presentation of the problem is different. 


A and B are 
A=—d’/dr?, B=e”. 


with the conditions ¢,,(0) =0; #,(r) > const. for roo. As the set of first trial functions 
we choose the solution for the Hulthen potential ; Bares) (le... 


b,= (—x/2!) d?/dx™=[x"— (1 —«)"|, exe=direT, n=1, (30-a) 
gax=l—e*, by 2x—3x, 


The correct eigenvalue corresponding to the ground state is): 2,=1.44580. An, and 


Bryn are readily calculated ; 
Agen) 2, Ajn=0 > m=En, Baan (4n?— 1); Bt = Brave S59 1/ (8n+4) > 
Brn = 0 > |m—n|= 2. 


We have A9=A,,/Bi=1-5, M1 [1,~ 0.04 = (20%)*. Then it may be inferred that the 


trial functions (30-a) have errors of about 20%. Constructing the second trial functions 


as described above, we get 


b,=6,— (5/32) b  fe= 5/16) b+ Ha (7/16) $s, 
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$,= (21/32) b.+4,— (45/64), $= (15/16) d,+9,— (77/80) 95. (30-b) 
From (30-b) we find 
I= ($,, Ady) /(b1 Bb») =1611/1114=1.44614, — da/4,~0.0002, 


which is better than (20%)?=0.0016. Using (30-b), we have the third trial function 
for f, 
d,/ =, + 0.000868¢, + 0.0055709, + 0.0019679,, (30-c) 

and from this ¢,/ 

A= (b,’, Ad) / (by, Boy’) =1.44585, 4a’ /Ay~3X10°~(27%)*. (31) 
The first trial functions (30-a) have larger errors for higher eignenvalues as can be seen 
from (30-b). Hence the result of (31) is reasonable. 
b) Improved approximation in eigenvalue problem 


In eigenvalue problems there is a simpler method of approximation. Let us consider 


the simplest 22 matrix case : 


Aa tu0 1 0 
A= B= f= P.= (32) 
0, 4, J, 0,30 0 |, 1 |. 


Let the trial fundtions be 


From these trial functions we have 

Ay=A,+ (As—4,) sin’, Aij= (A, —4,) cos sin 6, Bj =0,, (i= 1, j=2 or i=2, j=1). 
Using the method explained in § 2, we have 

cos #+-tan (20) sin 0/2, | eae 


—sin #-+ tan (20) cos 0/2 


; tc + 14, 2»/ (Ay — Ay») } ‘| 
O(0") 


Thus 9, and 9, have errors of only O(") except normalization. Is it possible, then, to 
construct the accurate approximate function with errors of O(0*) in general cases, too ? 
Expanding trial functions ¢, in terms of ¢/,, we consider the expression (¢,, (4—A,,B)¢,,), 
assuming discrete spectra only, 


bn = i m =. oF 1 ines (33) 


nan =m 


(Ps (A— 1,,B) bn) = Anm (An— A.) (om ) sig a > Any ek dye) ( A ) eS m == G3 4) 


pin 


+m 


We have had 4a,,=@,,,+O(6") in § 2. Inserting a,,, to the second term at the right 
hand side of (34), it follows that 
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nin =a = { a Gripdng Oey =) (7 ) sa / { (Ch rer a) ( ca ) ea =Anm a O (0°) 2 
p+n 
+m 


Then inverting (33) and considering the order of the magnitude of various quantities, we 
have 


n =b,— > (aa5 ee Aegon) bp =const X ¢/,, + O (0°), 
p+n n 


+p 
and A= (brs Abn) / bn» Bon) =A, +0 (0%). 


We can not however proceed to higher degree of approximation so long as 4, is replaced 
by A. As an example the same problem as in a) will be treated by this method. The 


quantity which are necessary to find the lowest eigenvalue are calculated readily as follows : 
ee ey 92 Ae 21/32 ag — 52 (2) / (2) 
Then it follows that 
,/ =22x+15x°+ (40/147) (3x—12x+ 102’), 
and A,’ =1.44588, Ja,’/2,~ 0.00005. 
This shows the correctness of our prediction: 4A,’/A,~ (20%) °~0.00006. 


The extentions to degenerate cases or to continuous spectra can be carried out in similar 


ways. 


$5. Solution of continuous states by integral equation 


In the preceeding sections we have discussed the evaluation of discrete eigenvalues. 
We also constructed a wave function (27-b) (28-b) of continuous spectra with stationary 
character. The quantity to be solved in continuous spectra is not eigenvalues but, for 
example, phase shifts or scattering amplitudes. However, the discussions are the same as 
in § 2 and § 3 in some cases, for example, a case is to determine the depth of a potential 
from given phase shift at certain energy. In the present and next sections we will discuss 
the super-stationary method for the phase shift. The variational method for the phase shift 
based on differential equation was found earlier than that based on integral equation, but 
we will start from the latter, for this has a nature similar to the eigenvalue problem. For 


S-scattering by a central force, the equation to be solved is 
oh (r) =sin kr+A Kec r)Vr)o@)dr', (35) 
G(r, r’) =k" sin (kr <) cos (hry), +-==smaller one of (r, 7’), r>=Iarger one of (7% 7) 


For sufficiently large r, (7) tends asymptotically to 


oh (r) sin kr + tan 0 coskr= sin (kr -+ 0) /cos 0, (36) 


where 
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Find =A sin br’ Vir) iP) dr’. (37) 
0 
If k tan 0=0, (35) is written in the form 


g(r) =A | sin kr sin kr’ / (k tan 0) + G(r, Y)}VY)¢(’) dr,’ 


or P(r) — |‘, AV (1') fh (r')dr' =k cot 0 je sin kr.) (k7 sin kr AV (1) (1) de’. 
0 (38) 


(38) is abbreviated in 
Ap=k cot 0- By, (39) 


where A=V(r) —V(r) P, N=V(r)Q, P, Q; the integral operators defined by (38), (39). 
Then & cot 0 turns out to be an eiger.vluz in the eigenvalue problem (39). The expression 
for kcon d: (¢, At’) /(y, By’) is well-known to be stationary for any variations of 4, for 
which the scalar product can be defined. This method was applied by Schwinger to nuclear 
scattering and led to the excellent effective range theory” of nuclear forces. The formulation 
based on the integral equation (35) has been reduced to the form similar to the ordinary 
eigenvalue-problem, but there is a difficulty for applying our variation-perturbation method. 
Because the eigenvalue of Eq. (39) is only one, and the eigenfunction corresponding to it 
does not constitute a complete set. We can not use the expansion technique as done in 
the preceeding sections. 

a) First method 

We must start from some different point of view. To do this (38) is changed as 


oh (r) = (4/k) {sin kr - (cos kr, +cot 0 sin kr, ) V(r’) f(r’) dr’ (40) 


If 0 is a given quantity, (40) is an eigenvalue equation, whose eigenvalues are /,(n=1, 
2, --+) and corresponding eigenfunctions are ¢/,(r). These ¢/,(r) constitute a complete set 
for weight function V(r). Now in our case 0 is unknown, while one of 7, is a given 
quantity which we put /;. (4,==4.) The procedure of applying the super-stationary method 
is as follows: Let a trial function corresponding to /, be ¢,(r). Using a stationary ex- 
pression for 0, we get an approximate value of 0, for which we may take any expression, 
for example, the Schwinger expression for k cot 0. Let the value thus obtained be 0. 


k cot 3 = 6, B,) / Oy BS) = Vr" |" VO) 62 dr— | dr) 4,00. 


JOG. 2) 7) bdr / °°) 6, sin bdr (41) 


Substituting this 0 to (40) instead of 0, there are the eigenvalues /,, and corresponding 
eigenfunctions Y",,, 


W(r) = (Ag/k) jin kr.< (cos kry +cot 8% sin kr.) V(r’) ©, (r’) dr’. (42) 
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Let the order of errors of ¢,(r) be 4, then 


6, (r) —¢,(r) =O(4), cot 0 —cot dO=O (2), 
hence Age Ana Oi (As) eit (1) =o), (7) = O(a") 3 (43) 
We cull apply the method in §2 to (42). Let trial functions close to ¥,,(r) be M,(r). 
Assuming 9, (r) —¥,(r) =O(4), approximate values of A, are calculated, for example, 


from the following stationary expression of A, : 
AM = {\ a () V(r) dr} | | | 0, (1) V(r). 


[ie sin kr (cos kr, +cot 0™ sin kr.) V(r’) @, (1’) ar, 
and then AM —A,=O(4*). Constructing @,,(r) as in § 3, we get 


Leds (7) a ,, (7) - (4°) ? ?,, (7) == pc Dy nm? (44) 


mm ™?> 


men 


where a,,, is the same as (9). To avoid misunderstanding, we write out A,,, and Bry 


appeared in (9) explicitly, 


ae \"9, (VG) Oats) dr, 


fa 


Byu= | drk-" (0) VP) {sin bre(cos kr, tcot 8% sin kr) V(r’) qn (1) dr’. 
0 0 


Seeing (43) and (44) we have 
®,(r) —$,(7) =0(4). 
Then we finally get the following result. 
k cot 0°=(®,, AD,) /(,, BD,), kk cot 0 =k cot 0+ O(4'). (45) 


We should notice that the estimations of errors done in this section refer to the weight 
function V(r), so in outside region of V(r), the error of trial function does not affect the 
results. In order to extend the degree of approximation further, we can iterate this pro- 


cedure as in a) of § 4. 
(Example) Consider the same example discussed in §4. The problem is: When 


depth of exponential potential is 3/2, find the scattering length a(=1/a@), which is the 
reciprocal value of ( —kcot 0) when k approaches to zero: A= A=3/2 and V(r) =e". 
The asymptotic form of trial function is not important as mentioned above, so we can 


take the same function in § 4. 
0,= (—x/utydr/der- Px), ele", 
and also can take ¢,=@,. Then from the Schwinger variational method (41) we get 


a —=1/81=0.01235. 
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The correct value is @=0.0144. Computing Any Brn, we get aj.=0,1410. Then from 
(44) and (45), a=(G,, AD,) /(%,, BP,) =0.01413. 


b) Second method : 
The fundamental differential equation (46) can be changed into an alternative form of integral equation 


(47). 
(-#/d?— VO) =KEO, $(0)=0, 46) 
WO =F | GO Ear, 


(—d?/dr?— WV (r)) G(r, r1) =d(r—-1’), G(0,r)=0, Gil, r’)=0, (47) 
where [= (nz—d)/k, and n is the smallest integer for which V(r>[)==0. This is an eigenvalue equation 


with eigenvalues &,,” and a set of ~, which is complete in the region O<r</. Then we can proceed in a 


o 


similar way as above by replacing 6 as 6). But this procedure is useless for G(r, r’) is in general difficult 
to express in analytical form. 
ce) Third method 

We can take @(k) of (28-b) as trial function, and use the formula (45). ¢m and ¢(k) which are used 
to construct (k), have errors of O(4), the error of 8‘) obtainable from (45) is O(4#). 


§6. Solution of continuous states by differential equation 


In this section let us consider the scattering problem by differential equation. The 
radial equation for S-wave scattering by a central potential 2V(r) is 


(—d*/dr’—k*) J (r) =AV (7) G(r), (0) =0. (48) 
Defining operators A and B as 
A= —d*/dr—F’, B=V(r), ¢(0)=0, 


and scalar products as 


(¥, Ay) = {y* ty) Ay (r) } dr, etc, 
v0 
and normalizing the correct function ¢/ and a trial function ¢ as 
f(r) cos kr+ cot 0 sin kr, 


(ro) 49 
d(r) —>cos kr+cot 0 sin kr, a 


we get’) 
k cot 0=k cot 3° + (g, (A—7B) 6) — (4d, (A—AB) 4), (50) 
where 6" is the phase shift of the trial function ¢, so in general 
4=4—¢=O0(4), k cot 0 =k cot 0+0(4). 
Therefore defining 0 as 
k cot 0% =k cot 0 + (4, (A—1B) 4), (51) 


(1) ie ae . . 
0’ hes stationary character for any variations of ¢, that is, 
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k cot OM =k cot 0+0(2), (52) 


This is the Hulthén variational method.” We will extend the variation-perturbation 
method to this type of variational method. The first method is: We determine / by 
[= (nt—0™) /k, where n is the smallest integer for which V(r>l) =0. Instead of (48), 
we notice the following eigenvalue equation which is defined in the region 0 <r<l. 


(—d?/dr’—AV (r)) P= KP a Pa) =F £0 =. (53) 


k in (48) is near to one of K,”, which we put K,’. The procedures to be followed 
hereafter are similar to §5. A and B are —d*/dr—A/V(r) and unity with conditions 
$(0)=¢(l) =0. Starting from trial functions Y, which are close to Y,, (P,—V,=O(4)), 
®, which satisfy ®,—¥,=O(2), can be constructed. As %,—¢=O(4*) holds, we get 
@,—=O(4’). Though in the variational method of Schwinger’s type such prescription 
as b) in §5 is not good, because of the complicated Green function G (ry) a ite the 
formulation of Hulthén’s type, this method (53) serves for practical use. 

The second method corresponds to a) in the Schwinger-type-formulation of § 5. This has 
been given in reference 2), which we describe here briefly in order to compare with the 


formulation of Schwinger’s type. Consider the following eigenvalue problem : 
(—d2/d2°—R)¥,=AV(r) Fn, Fn(0)=0, ¥,—>c0s kr+ cot Oo” sin kr, (roo) 
(54) 


where 0” is defined in (51). Starting from the trial functions @, close to v5 we 
can construct @, for which 9,—¥,=O(4") holds, so @,—$=O(). In this case A and B 
are (—d°/dr—k) and V(r) with conditions P,,—>cos kr+-cot 0 sin kr, (r—00). Then 


considering @, as the trial function, we get 
kcot 0? =k cot 0 + (P,, (A—/B) 9,) =k cot 0+ O(4'). (55) 


The calculation in (55) is simpler than that of formulation of Schwinger’s type (45), 
because the Green function does not appear in calculation, but (55) has some trouble that 
the aymptotic form of trial functions @, must be specified as (54). We will treat the 


same example as in § 5, in order to compare with Hulthén’s and Schwinger’s formulations. 
P= (—x/n b) d&/datul vori(l =a) 8] (==) far, gee" nee te G6) 


From a Hulthén’s variational method: (%,, (A—/B) 9) =0, we get 


a = (91—6— V 364+ 36A—152’) / (244). 


If we put 4=3/2, it follows that aY=0, a=0.1563, then a®=0.01461. This a® 


has a comparable accuracy as in Schwinger’s formulation, though the accuracy of a” of 
Hulthén’s method is inferior to that of Schwinger’s method in this example. 

The third formulation is quite similar to that of §5. Taking 6(k) (28-b) as trial 
function, we may use the formula (55). 


An extension to the scattering problem including tensor forces has been given in re- 


ference 2). 
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We have discussed various applications of our variation-perturbation method. Further 


extensions to wider problems will be performed in similar way. 
The author wants to express his sincere thanks to Prof. T. Yamanouchi for his sug- 
gestions and kind interests in this work. He is also indebted to the Yukawa Yomiuri 


Fellowship for the financial aid. 
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In order to take into account the angular correlation between two mesons emitted successively 
in the calculation of recoil effects of a nuclecr, we assume an admixture of S and P states for a 
trial function of each meson in the center of mass system. An application of our method to the 
polaron problem is done to estimate the correlation effect numerically, and it is shown that the effect 
is not so strong in the region of the usual polaron problem. Several approximation methods proposed 
by Gurari, Lee et al. and Landau concerning the polaron self-energy are discussed in a general point 


of view. 
§ 1. Introduction 


Since the conventional perturbation method which has been refined into the covariant 
formalism was found not applicable directly to the meson theory, many modifications or 
new approximation methods have been proposed. One of them is Wentzel’s strong coupling 
theory presented before the covariant formalism and the existence of isobar states of a 
nucleon seems to be favourable to it. As is well known, however, it is very difficult to 
take account of recoil effects in the strong coupling theory. 

Recently Wantzel extended his method to derive the recoil effect in the pseudo-scalar 
theory.” However, it must be noticed that in his treatment the recoil effect was estimated 
by using the conventional perturbation method and the validity of the method is retained 
only if the cut-off energy tends to infinity, as pointed by himself in the paper. 

On the other hand it has recently become very interesting to treat motion of electrons 
in the lattice using field-theoretical methods. As Frdhlich pointed out, the coupling constants 
between an electron end the lattice vibration fields are not weak and the validity of the 
usual perturbation method seems to break down.” Formally the case of the interaction 
between an electron and lattice vibration field corresponds to the so-called neutral scalar 
coupling theory, so that it seems much simpler than the case of the pion theory. 
However we can not fix the coordinate of the electron, but its motion plays very essential 
role in the theory of superconductivity. Therefore it is quite necessary to find the improved 
treatment where we can take into account the recoil effects in the non-weak coupling case. 


After Frohlich several authors proposed some approximation methods.” Most of them 


are based on the variational method, in which some kinds of Hartree approximation have 


been used as trial functions. 
The present author developed Tomonaga’s intermediate coupling theory to take into 


o 


= 
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account the relativistic effect in the scalar coupling of the charged scalar meson field, and 
concluded that the effective coupling constant is the more weakened the stronger coupling 
due to the recoil effect." Hereafter the paper will be referred to as I. However, since 
only the S-wave function is used for trial function in I, the correlation effects between two 
successive mesons are automatically dropped out. Therefore in this paper we assume an 
admixture of S and P state wave functions for each meson, and examine the relation between 
non-correlated terms and correlated terms in the case of the ground state energy of a nucleon. 
As an analytical expression of the correction by the correlation can not be obtained, some 
numerical calculations have been performed in the case of the self-energy problem of the 
polaron. Although our method may be applied to the meson theory, we are content to 
give some methodological illustration with respect to the behaviour of a particle in the 
strong coupled field. 

The same kind of approach has been done in the case of the neutral scalar field by 
Lee and Pines, who developed a method assuming a product of S and P state wave func- 


7) 


tions as a trial function.” However, as will be shown, since the neutral scalar coupling 


has accidentally very simple property, it seems to us that their method strongly depends 
on the special property of the neutral scalar coupling.*°” 

It is well known that the Hartree approximation is not adequate when the relative 
motion of each two particles in the system may become important.) Unfortunately, how- 
ever, we have no other approximation than the variational method when the coupling is 


strong. Tentatively several authors’ 


and we modify the Hartree approximation introducing 
some correlation parameters into the trial function. In this paper the relation among such 


kinds of approximation is discussed and Frdhlich’s proposal” is investigated. 


§ 2. Mathematical formulation 


In order to take into account angular correlation effects between mesons emitted, let 
us assume a modified wave function for the system in a ground state in the center of mass 


system as follows : 
$= Cull {Yo fb) +( FEY Vien HanY ot 2% + Ys abd} 


(1) 
where Y, and Y,,, are normalized spherical harmonics and f(k) and g(k) are normalized 


radial wave functions for ‘S’ and ‘P’ configuration respectively. Since we normalize 
parameters a, as follows 


asta taltas=1, (2) 


C,, represents the probability amplitude for finding m mesons around the nucleon. In the 
evaluation of the total energy it is necessary to calculate the expectation value of the 
kinetic energy of the nucleon p?/2 in each Fock space : 
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gem <(S)-ky) =n kee =U Chk, c08 55) 3) 
l 2 


where «w,, is the angle between two momenta k, and ky. It is seen that the correlation 
effect appears as the second term and has a factor n(n—1). We shall later derive the 
same formula from the original hamiltonian by means of a canonical transformation assuming 
the center of mass system at rest. 

It is important to notice that the effect of the second term in (3) may play an 
essential role in the recoil effect and be strong when the coupling constant is very large, 
because the number of mesons around a nucleon appears in a quadratic form. Lee, Low 
and Pines estimated the effect of this term using the perturbational technique.” As Frohlich 
pointed out, however, such treatment is not valid when the coupling constant is very large, 
een > 10 for the polaron problem. 

rie ttecd we shall treat this term in Tomonaga’s intermediate coupling formalism, 
where we take account of all number of mesons even in the ground state. After a simple 


calculation we obtain 
Chik, Cos Wy) = a3 (a? +a,’+a,") (| kf (k) g (hk) dh} ®. (4) 


Putting a, =a and 


a’ for k, 
{| Ff ® 92 dl =e) = (5) 
b’ for k_, 
we have to add the following terms to (7) of I due to this effect : 
SADR fo(o—1) HGR (ot Dad tnO—DHebiah- 
n=0 By 


On the other hand the P wave parts do not contribute to the direct scalar coupling, so 
that we replace (9) of I to the follonwing expressions : 


1) =4) 


Saf VIET Ene Cwraan|P — {oa 4k) +28 FO ne—1) 
cs 2 


Ze) (7) 
— | 2a(1—@) 
Be fe Sn] Cet,neintt,n |y- (ee (Get key) ese (n+1)n 


/ 


x (i +6)| \ ore dk, i 


where 
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(k,2)=| k(af.t+ (1a) a.) dk 
and 


(k*y=| B(af*+ Q—a)g_*)dk 


If a=1 in the above expressions, they correspond to the case of no correlation. Hereafter 
we can follow the same treatment to solve the algebraic equations which are derived by 
minimizing the expectation value of the total energy as in I. However, since the charged 
scalar meson theory has nothing but a methodological meaning, we should like to apply 


our method to a more realistic problem in order to estimate the correlation effect. 


§ 3. The polaron self-energy 


As many authors have pointed out, the interaction between an electron in polar crystal 
and an optical mode of the lattice vibration is not weak but seems to be a good example 
for intermediate or strong coupling interactions. Fortunately in this case we need only a 
neutral scalar field and non-relativistic interaction since the energy of phonon, which is 
almost constant in polar crystals, is negligibly small compared with the electron rest energy. 


Let us start from the following hamiltonian : 


H=p*/2m+} waka, +1 S} (Vyage®? + Vikate*) , (8) 
E E 


where p, m and r are momentum, rest mass and coordinate of the electron respectively, 
w is energy of the phonon, and Vj, is given as follows, 


V;,.= — wi/k (87°/mw) "4. (9) 


Here both 4 and the system volume are taken as units. 


Transformation to the center of mass can be done by the well-known Jost transforma- 


) 


. 9 . . - 
tion,” i.e., the canonical transformation 


SSexp {—i(S)} kag‘a,) -r}. (10) 
Then we obtain the transformed hamiltonian 
ST hS= 1/2m * (P—5} kaj*a;,.)?>+S)} waa +l SOV rant Viaje) ’ (1 1) 


where P is the momentum of the total system and we can take it arbitrarily. For simplicity 
, 


we assume P=0. Then the recoil effect appears through 1/2m: (>) kaj*a;,)? which can 
be rewritten as follows : 


Sh) Raxco be ry ag P 7 37%. 
(> ka; dy.) a 23 ps kek ay; Ap Ay 
\ c iv 


= \ ° ~ 
“ah 2) Ke klajs (0 (ky kh’) +apkay) ape 


— W7e2 ak = 
— Ik ay ant 2 aS k . kas aR ayages 3 (12) 
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If we use the Hartree approximation (1) in Fock space, the expectation value of 
1/2m: (>) kaj‘a,)? is given, es in (3), by : 


1 1 wi 2 9 oe = 
Sy § CE haifa) *) = $3 nk Ea + t=) S n(n—1) Cb yfer? 


n=0 


For the sake of brevity we introduce the following notations : 


(w)=a, 1/2m-(k)=6, 


2a (1—a) /3m-¢k) =a’, (13) 


Sal \ (Vit V8) RF (K) dk= 2b. 
Then the expectation value of the total energy at the state is written as follows: 
OR er Gt be Le cP 2h wb Levens (14) 

Minimizing (H) we obtain the simultaneous equations for ¢, , 

bY 0 cpt {n(atb+ (n—1) a’) —E} ce, thv¥ nt leqy1=0. (15) 
Using dimensionless parameters 

h/a=V, b6/a=P, a'/a=y and E/a=W, 

we rewrite (15) into 

VV nent inl t+B+ (2-17) —W hog tVV nt lepii=0- (16) 


If we neglect the angular correlation term, i.e., if y=0, the recoil effect simply shifts 
the phonon energy. It is well known that the neutral scalar field with scalar coupling 
without recoil term can be solved exactly, because it is an ensemble of simple harmonic 
oscillators. However, since the term involving n(n—1)7 may be interpreted as a fourth 
order differential operator, it is not easy to get an exact solution. Therefore we solve (16) 
numerically to estimate the magnitude of the correlation effect. 

In our calculation V, a, 8, and 7 appear as parameters, and last three of which should 
be determined to minimize the total energy. However, since we are interested in the effect 
of angular correlation especially, we perform numerical calculation assuming adequate values 
for the parameters. For simplicity let us assume a normalized gaussian function for f(k) 


and 7(k) : 
FCB) =9 (b) = 20 thy en, ok) 


Then we obtain 
B=b/a=CR)/2mw)= (1/2mw) 3k,"/2, 


_ a 2a(i—a){ky_(_1_\4¢(1—2) p2 (18) 
lo a 7 3m w) a 37 Bt 


= 


eee 


eo = 
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poll. Val uh y" Van )= Va l( 1 ya, 


a 2mw 2mw 


where k, is the cut-off wave number and is the usual Debye limit. For a typical polar 
crystal, NaCl, ?=5.2 and (2mw)?~1.55 X107~*cm. Therefore it may be plausible to 


give the following values for the above parameters : 
p= 7=0l  —4 andeeo (19) 


The result of the calculation is shown in Figs. 1 and 2. The dotted curves and the chain 
curves show the non-correlation cases and non-recoil cases respectively. It can be seen that 
the angular correlation effect is not so large even if we take into account all effects from 
many virtual phonons. Although this agrees with the result by Lee and Pines” in the 
region of the coupling constant under consideration our method does not depend on the 


magnitude of the constant, whereas their method can not be extended beyond P~10.” 


0.7 
0.6 
0.5 
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0.1 


=> 


Fig. 1. Probability amplitude for finding n phonons 
around an electron in the case of V2=4: 
——— recoil effect with correlation 
settee ans recoil effect without correlation 
a teteees no recoil effect 
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Fig. 2. The case of V?=6. Notations are the same as in Fig. 1. 


§ 4. Discussion 


In the non-relativistic approximation the recoil effects appear mainly through the term 
1/2m- (Stkajta,)? which consists of non-correlation term 1/2m-S}k aja, and correlation 
term 1/2m- Shh kl ajtapiayas- Lee and Pines tried to explain the ‘surprising’ result 
that the exact solution in the strong coupling limit looks like the second order term with- 
out the recoil effect in the usual weak coupling perturbation theory.” However it should 
be noticed that the case of the neutral scalar coupling can be solved exactly if we neglect 


the correlation term whenever the coupling is weak or strong. Let us rewrite(11) as 


follows : 


SHS = S\(w+k?/2m) axa,tlS) Vian t+ Vide) = 1/2m- >| ps kB! ajajiragar - 


H; H’ 
Using the canonical transformation 
[Vie 
a+ g 
thaeih + k?/2m 
(20) 
tog 


aw 
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we can diagonalize H, as follows : 


V,\? 
H,=> a4,—73) ae 
Dots singe —) aia —wotk/2m 
Therefore, as long as we neglect H’ 
jpeetiay e Ais ieee (21) 


wo+k/2m 


is an exact solution for the ground state, whenever the coupling constant is large or small. 
Since eq. (21) looks like the usual second order perturbation term which should be valid 
only in the weak coupling case, Lee and Pines tried to explain the reason in their method. 
However, it is quite evident in our method. This is due to neglecting of the correlation 
term H’. In fact, if we transform H’ by the same canonical transformation (20), we 


obtain the following complicated terms : 


A= Sik-k| at Gf apap — aparra eee Bere 
ak He Tic Ayes — Af, Aye Af = 
2m w+k?/2m 
PV EVE 
+ aka ak kt 
BOE y+ E/ 2m) (w-+K2/ 2m) ae 
* PV,|Vin|? 
=a kIT k 9.3 22 
i (w+k/2m) (w+k?/2m)* 
Wala 
(w+k/2m)*(w+k?/2m)?* 


Clearly these are small in the case of weak coupling. Although it is not easy to diagonalize 
H’, we find that (22) resembles an expansion of the fourth order perturbation term. On 
the other hand, in the conventional perturbation theory the angular correlation between two 
quanta emitted successively in virtual states appears first in the fourth order term in the 
self-energy problem. Therefore, it is evident that the second order term in a perturbation 
method" coincides with the calculation by Gurari’ and others*” who applied Tomonaga’s 
variational method assuming that the angular correlation is small. 

The above method is also applicable to the case where the total momentum of the 
system P=p-+ S }kafa;,740 if we neglect the correlation effect. In the evaluation of the 


effective mass of the electron Lee, Low and Pines) made an assumption corresponding to 


Y i | / 
> > k- Hair aiedir ti = 33> k’ Agidyr) * kat a;, 


es pP «Kaa, . (23) 


The same kind of approximation was used in Gurari’s calculation. He modified the 
Hartree approximation introducing a parameter 


<= (s k'af,ap) *k/|Shk'afays| k 
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into ezch phonon wave function. By this modification he takes into account the angular 
correlation effect. ~ 

Finally we should like to touch on the limit of variational principle using a Hartree 
trial function. The straightforward application of this method to the polaron problem 
was done by Landau’, who reached a different result from those mentioned above. His 
result depends on the form of the electron density function, and does not contain the 
recoil effect. Although he treated the phonon field classically and considered the retardation 
effect due to the electron motion, the recoil by the field was neglected. Therefore, if we 
want to take the recoil effect correctly into the variational method, we have to modify the 
Hartree approximation as Gurari or others did. It should be noticed that in our calculation 
each phonon momentum is measured in the center of mass system, so that we can take 
into account the recoil effect in our formalism. 

Although it seems rather difficult to extend our method to more practical problems, 
e.g., meson-nucleon scattering, we may expect that the recoil effect can be taken into 
account by adding some corrections to the nucleon mass or the coupling constant. 
The author is grateful to Drs. M. Nogami, M. Toda, J. Yamashita for their useful 


discussions and to Mr. K. Inoue for his assistance in the numerical calculation. 
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On the Angular Distribution of Double Pion Production 


in Pion-Nucleon Collisions at 1.4 Bev 
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An angular distribution of doubly produced pions in pion-nucleon collisions in 1.4 Bev is 
analyzed by the aid of phase space consideration, making some simple assumption on the transition 
matrix elements of the processes. 


$1. Introduction and summary 


In this paper we intend to perform an analysis of the angular distribution for 7—2z7 
process from the kinematical point of view. In the energy range attained by cosmotron, it 
will be impossible to apply the methods established in the analysis of low energy phenomena.” 
In spite of such difficult circumstances, it will be noticed that, compering the results 
of Eisberg et al.” with those of Walker et al.®, the common character for anguler distri- 
bution will be understood by some simple kinematical consideration. A striking feature 
observed in their experiments is the small deflection of a nucleon in the course of a collision. 
This leads us to set the following two postulates on the transition matrices of this process : 

Postulate I. The matrix element has conspicuously large value, if and only if the 
nucleon does not change its direction considerably. Then one may put the direction of the 
final nucleon momentum p, which appears, for example, in the expression of phase volume, 
equal to that of the incident momentum p,. 

Postulate Il. The transition matrix element does not depend strongly upon the 
direction of the emitted pions. 

With these two assumptions, we have examined whether or not the angular distributions 
of the emitted pions can be explained in terms of phase volume. It is found thet the 
experimental data of Eisberg et al. can be understood fairly well as shown in § 3. 

Since the above two postulates are able to explain the important characters of this 
problem phenomenologically (Postulate I is based directly upon the experimental fact), we 
take this up as a criterion of existing theories and examine roughly whether or not the 
postulates are satisfied by the transition matrices calculated from them. The summary of 


the result is as follows : 


(1) In the case of neutral Ps(Ps) theory, the postulate I is not satisfied by the 
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matrix element obtained by means of perturbation theory. 

(2) Adopting the charge independent Ps (Pv) theory, Kobayashi and Yamanouchi” 
are examining the 7—27 process by means of perturbation. On the way of their calcu- 
lation, they have assumed the postulate I and obtained rather flat angular distribution 
contradicting to the experiments. This tells us the fact that the postulate II is not 


fulfilled by this model. 


(3) If we assume that pion-pion interaction plays a more important role as is done 


by Kovacs,” both postulates I and II are fulfilled. 


§ 2. Experimental evidences 


The characteristic features of the double pion production observed by Eisberg et al. and 
by Walker et al. may be summarized as follows : 

(1) In the center of mass system a nucleon does little change its direction through 
the collision. From the angular distribution of protons for the process 7~ + p77 +7°-+ p, 
the half angle 0). of the recoil direction of the protons against the direction of the incident 


pions is found to be 150° according to Eisberg et al., while approximately 140° according 
to Walker et al. 


Dy 1) ete ed Be a SS Se incident pion 


(ky, € BY € (kK=— Po €0) 


emitted pion 


(kg, € 2) 


Fig 1. 


(2) Fast pions have a tendency to be emitted in the forward direction, while slow 
pions in the backward, as has been pointed out by Walker et al., while Eisberg et al. 
have obtained a similar but less certain evidence for it. Here the words “ fast ” and 
“ slow” are used to discriminate the pions having larger and smaller momentum than 350 


Mev/c respectively. 


§3. Angular distribution and phase volume 


By means of the invariant matrix I introduced by Miller and of the covariant phase 


volume dj’, the differential cross section for the process is expressed as 
do = (4n°/v,) |¢ f{Lip "J", (Em) 
dJ'=dp/E-dk,/€, -dk,/€,:0 (p+ k,+ hy) O(E+ €,+ €2-Ey— €o)5 (382) 


where p, k,, k, and E, €,, €» denote respectively the momenta and energies of the nucleon 
? 19 2 
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and the emitted pions in the final state, and E, and €, indicate the energies of the nucleon 
and the pion in the initial state respectively. (c. f. Fig. 1) 
After the integration over k, and k,, dJ’ is reduced to 


dj=<P nde, (3-3) 
E (W,—E) + (€/k:) p cos 9; 
where W,=E,+ €,, d2, is the element of solid angle for the direction of k, and 4, is the 


angle between p and k,. 
By the aid of the conservation of energy 


vie WB) (ghgl gig ions 9 
k, is expressed by p and 6,. Thus (3+3) is written as 

dJ=dp/E-%(p, 6,)d2,. pee we id 
If the matrix element satisfies both postulates, mentioned in § 1, 


(Pp, a—@) (3°5) 


gives the angular distribution of emitted pions in the collision where the amount of energy 
transfer is equal to [W,—E(p) ]. 

Since Eisberg et al. observed the momenta of the final protons for the process of 
m+ pm +7"+p to be concentrated about p=4u=560 Mev/c (c. f. Fig. 2), let us 
examine the angular distribution at p=3 and p=4y. The angular distribution obtained 
from the consideration of phase space is found to egree fairly well with that of experi- 


mentale ta Figass). 


C. M.S. momentum 


- §=27-8, 


Fig. 2. Bigus., 
Eisberg et al’s result of angular and mo- 
mentum distribution of proton from p+ 2- 


—palten. 


Angular distribution of pions taken after the Eisberg 
ee ier : 

et al’s experiment. Solid curves represent the phase 
volume predictions. 
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sails Here, we have to bear in mind the fact 
that the angular distribution obtained by Walker 
et al. shows the presence of too large backward 
scattering to be explained by the phase volume 
argument alone. If their result is confirmed, it 
will not be due to the effect of phase volume, 
but to the character of the matrix element, such 
as “final state interaction.” In any way, the 
present experiments are not precise enough to be 
discussed in such details. 


Next problem to be examined is the cor- 
relation of the angular distribution with the 
momentum distribution. As k, is a function of 


piandyd, (cof. 2(3>4))),, 


0 30 60 90 120 8150 180 


> 6=7-8, 
Fig. 4. 


Correlation of angular and momentum distri- 


bution of z- and 7° emitted from the reaction =k, (p; 6,) ‘ (3-4)’ 
ptr—ptr +7. Solid curves show the : 

plots of (3-4)/ for the values of momentum Fig. 4 shows this relation for the case of 
of the final proton p=3y, 4 and 5y respect- p=3y, 4 and 54. From these results it mzy 
ively. be said that the correlation -of the angular 


distribution with the momentum distribution can be explained to some extent by the simple 


kinematical investigation. 


§ 4. Discussions for transition matrix 


We have seen in the previous section that the angular distribution of pions can be 
interpreted in terms of phase volume provided that the two postulates are Selah Since 
the postulate I is the one deduced from the experimental data, we may think that p plays 
a part of a criterion for selecting the dynamical model to be adopted. To sa ae the 
dynamical model is not the object of this paper, but as an example we will criticize a few 
simple models from the above point of view. 

(1) Perturbation theory with Ps (Ps) theory 

In this case, the main term of the matrix elements has the following form ; 


[tet — 4 Gah) — 4 EB (eon) |x rr BO). AD 
(Poko) (pk:) (Poko) (Phe) Cok) Cho) 
This is in contradiction to our postulates as shown in what follows : 

(i) Owing to the factor | (u(p) 7s" (po)) ?~ (P— Po)? /M’, Ss ate element has 
large value when p is antiparallel to pp. This contradicts directly with the postulate I. 
This is because the spread of the pion cloud surrounding a nucleon is of pe order Ws M 
for the sake of the 7; interaction, and, even when the momentum of the incident Bee is 
in cosmotron region (~M), only the partial waves of small angular eearors eo urleD 
to the process concerned and consequently the nucleon changes its direction considerably 


in this process. 
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(ii) The factor S}(kikj) / { (poke) (pkj)} has a tendency to emit pions in the direction 
tj 


of propagation of the nucleon. This circumstance is due to the fact that the self-field 
around a nuleon with high velocity suffers Lorentz contraction to its direction of propagation 
and pions are easily emitted in the direction of the nucleon. This makes it difficult to 
understand the experimental data. 

(2) Perturbation theory with Ps(Pv) theory 

Adopting this model and assuming the postulate I on the way of calculation, Kobayashi 
and Yamanouchi” have obtained the isotropic angular distribution of the emitted pions. 
This is attributed to the circumstance that the effect of phase volume is masked by that 
of matrix element as in the case of (ii) in (1). 

(3) On pion-pion interaction 


Kovacs” has studied this process in terms of ken 


pion-pion interaction of /d'-type (c. f. Fig. 5). Set Boy’ 
In this case, ie RE 
ke “te ; 
' 
' 
' 
‘ 
' 
H 


I ALD? ~LCpo—p)/e)/L (po P)*/e +1) - 
(4-2) 


It is remarkable that this expression does not i ——— 
contain any pion variables. The angular distribution Fig. 5 


of recoil nucleon is approximately given as follows : 
f (A) d (cos 3) wsin® a d (cos ?) /[4 sin? 2. + (4/pop) P- (4-3) 


From this, the half angle 01). becomes nearly equal to 140°. These results do not con- 
tradict with the experimental data. 


The authors should like to express their gratitude to Prof. S. Hayakawa and Dr. 
H. Hasegawa for their valuable discussions. 
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The nucleon isobar which has played the most 
important role in some meson reactions at about 200 
Mev has been treated in the framework of meson 
theory by the strong”), intermediate coupling”) and 
Tamm-Dancoff approximation.) On the other hand, 
it has been treated as if it had phenomenologically 
the properties of the Rarita-Schwinger particle.) 

In a sense, the Tamm-Dancoff method is superior 
to the phenomenological treatment containing the 
strange model, so called “ pseudospinor isobar”. 
But these two models give the similar results in the 
problem of meson nucleon scattering, and the latter 
is conveniently used to deal with the problem in 
relativistically covariant way and to treat the problems 
of electromagnetic interaction, such as meson produc- 
tion by y-ray, without any trouble concerning the 
gauge invariance. 

The R.S. method, however, gives results consider: 
ably different from those obtained by the T.D. 
method in the problems of nuclear forces and 
anomalous magnetic moment of nucleon.5)6)7) This 
fact shows that on one hand the R.S. particle describes 
fairly well the isobar deduced from T.D. approxima- 
tion, but on the other hand it fails to be its good 
model. 

It is the purpose of this note to examine under 
what kind of condition R.S. particle can take the 
place of the isobar deduced from T.D. approximation, 
and to find out a relation between their coupling 
constants. For this purpose, let us compare in detail 
the propagation characters of nucleon isobars in these 


two methods. (c.f. Fig. 1 and 2.) 


Fig. 1 


Figuez 


According to Tamm-Dancoff approximation, the 
transition matrix (k|¢T-D- (3/2, 3/2) |ko) corresponding 
to Fig. 1 is given by 


(kl et-D. (3/2, 3/2) |ko) = : _ —(4 i 
‘ (27)8 V 26; VY 2€5 M 


% € ,, (47/3) kkoEs/2($*$) Fa/o (Ko) 


Eo imss 


2 4 
| eek Bod) 
ee en 4 Ag BM? 


Fnax hidk 
’ E3/o F 3/9 
3 2 -~ 

0 €4°(€x—€o) 
represent the projection operators on to states of 
isotopic spin 3/2 and of angular momentum 3/2 re- 
spectively, and €o, €% denote the energies of mesons 
in the initial and final states respectively. 

The corresponding transition matrix (k\e®S-|Ko> 
calculated with the interaction Hamiltonian of RS. 

field V,(x), meson ¢(x), and nucleon ~(x) ; 


Ge = ie) 1 
——— yo M — amt 
Hy) ee as = Mu (x) 15 zMlim>n 


x 96m (x) Trad (x) +c. 
Oxy, 


may be written in the similar form : 


1 1 (G* 7,E+M,42 
B.S. = a4 2 
(k\t \ko> (27)3 Ae (= ) E?—M,2 3 


E—M,! 
(BAM thkoFyia (Ro) 


MS [ HaPoia (hh) = aT 


+3eeoF} |Eus(#"8). 


Nt 
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where Fsjo, Fj/) and F, are projection operators for 
p3/2, pi/z and s1/. states respectively. 

For the near resonance energies, that is €)~€é,. 
in T.D. method and E=M+e9~M+e,=M,. in 


R.S. method, transition matrices are written as 


Lumicl fae 32 


¢k|eT-D. (3/2, 3/2) ko~ Oe “4eo \M 


. (47/3) kkoEs/o(b*¢) Fj (kek) 


coc 


LS oe 
(ke 8.(3/2, 3/2) Ike) 5 4eo Cr) 


<A (41/3) kkoEs/o(6*) Fo/2 (ko) 


eo— Cy 


When we set the following relations between f and 
G besides M, and e,, the results obtained by T.D. 
method turn out to be equal to those by R.S. method 
so far as the phenomena in the neighbourhood «£ 
resonance is concerned, 


G?/42= (f?/47z) (u/M)?, 
M,.=M+e,. 


From this relation, in the case of f2/4m=15 the 
corresponding G?/4z amounts to 0.335. 

It should be noted that, if the energy is far 
apart from resonance, the propagator of RS. particle 
contains pj/9- and s-waves as well as p3/o-wave. Thus 
in these energy region, R.S. particle can no longer 
be a substitute for the isobar deduced from T.D. 
method. We cannot help saying that it will be a 
matter of course to reach the different results by 
these two methods in the problems of nuclear forces 


and of anomalous magnetic moment of nucleons. 
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Variation Principle in Relativistic 
Hydrodynamics 
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Recently Halatnikov)* has given a variation 
principle to derive the equations of the relativistic 
hydrodynamics. His procedure is based on the 
analogy to the relativistic particle dynamics. In this 
note it will be shown that an alternative variation 
method, which closely resembles that of field dynamics, 
can describe the behaviour of an ideal compressible 
fluid if one restricts oneself to the two limiting cases 
of extremely high and of extremely low temperatures. 

The law of energy-momentum conservation for 
the compressible fluid is expressed by?) 


0T,,/0x,=0 (1) 
with 
Tay=(E+p) uauy+gavpP, (2) 


where g,,’s and u's are the components of the 
metric tensor and those of the four-velocity of the 
fluid respectively. € is the internal energy (including 
rest energy) density per unit volume in the local rest 
system and p is the pressure. Further we introduce 
thermodynamical quantities*: the temperature @, 
the entropy density s, the chemical potential per 
particle 4 and the number of particles per unit 
volume p. These are connected with the formula 


E+p=Os+ up. (3) 
For a reversible process we have 

de=Ods+ dp, (4) 
which, when combined with (3), gives 

dp =sd9+ pdp. (5) 


We can easily derive from these equations 


“ The international system of transliteration of 
cyrillic characters has been used throughout this note. 
Cf. Nuovo Cimento, 10 (1953), Supplemento, 539. 
** The densities s and p are referred to the rest 
coordinate of the small part of the fluid considered. 
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9° (su) nm po (oun) bs 


Oxy Ox, (6) 


The relation (6) indicates that at a sufficiently 
low temperature, 9~0 (4540), one has the so-called 
continuity equation (conservation of the particle 
number) 


0(pu,)/Ox,=0, (7) 


while at an extremely high temperature, where 
particles and antiparticles can be created or annihilated 
almost freely, one may put pO (0540), thus 
obtaining 


0 (su) /Ox,=0. (8) 


These two cases can therefore be treated completely 
in parallel to each other, as was already pointed 
out by Halatnikov.) In the following I shall write 
down, for definiteness, the case of high temperature 
fluid, but all the relations are valid also at very low 
temperatures, only if the substitution 9p, so 
is made. 

The set of equations (1), (2) and (3), (4), (5) 
with ~=0 (which implies (8)) can be obtained by 
a variation principle: 


al Ld*x=0, (9) 


where we define L, by slightly modifying the non- 
relativistic case®, as follows: 


0g 


u 
WN Oxy 


(C) op ) 
Toe ae a ea +p. (10) 


In (9) uy, ¢, a, B and @ should be varied with 
the boundary values being fixed. According to the 
assumption =O, p and s can be regarded as func- 
tions of @ only. Thus one can put for example, 


p=F(9), s=F’(8), (11) 
the latter relation is due to (5), dp=sd® (u=0). 
First, the variation of u, yields, assuming 540, 
Ou, =04/0xY + a+ 0B/Ox”. (12) 
This is a generalization of Clebsch’s expression for 
the velocity field*)* . 
Since u, represents the four-velocity, (12) is 
consistent only when 
(0¢6/Oxy +a -OB/Ox,) (06/Ox¥ +a-0B/dxY) =— 6". 
(13) 
But this is certainly the case, because the variation 


of @ results in 


F’(9)—OF”(O) (( 06 | AB\( 96 | OB), o> 
62 (Gee) tea) 


=0, (14) 


if (11) and (12) are taken into account. We may 
impose the condition that F’(@)=s shall not be a 
linear function**, which implies F/—@F”40, and 
then (14) is equivalent to (13). 

Next we get, varying ¢, the entropy conservation 
law 


8(suy) [Oxy =0. (15) 


Further, variations of a and give respectively 


dB/dce=0 (16) 
and 

da/dr=0, (17) 
where 

d/dt=un,0/Ox, (18) 


means the so-called substantial derivative, or derivative 
with respect to “ proper time” t=(—x,x¥)¥/?. In 
deriving (16) and (17) we have made use of (15) 
and also assumed s340. These equations indicate 
that a=const. and B=const. represent a generalized 
vortex line. 

The equations (12), (13), (15), (16) and (17) 
just represent the relativistic motion of fluid with 
u=0. Indeed the behaviour of the fluid in this 
case is described by the entropy conservation law 
(15) and the following equation”: 

d 00 


—_ Ou, a 


& ax¥ =0. (19) 


But we have, after some calculation using (12) and 
(13), 


* The case with a=0 was called quasi-potential 
motion by Halatnikov.! It is well-known that, for 
a specified vector field Ou,, $, @ and B cannot be 
determined uniquely.) For example, a simple “ gauge 


transformation ” 
0) =o ¢/= 0) — Bk, 
a—>a’=atk, 
B ar p’= B, 
k=const. 


leaves Ou, unchanged. But such an invariance does 
not lead to any other physical consequence than 
those obtained by variation. 

+k This is satisfied by ordinary fluids. 
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Cay 00 da OB _ dp 0a 

dt vba dr Ox» dr Oxv* 
and this expression vanishes owing to (16) and (17). 
The Lagrange density function (10) can also be 


expressed as 


F’(0) / 0¢ wh ales: ot) _ OF’) 
re axv t 


ee os) 2 


+F(@). (20) 


Here one has to take variation with respect to ¢, a, 
B and @ and assume that the velocity field is given 
by (12). 

In both forms, the Lagrange density function 
takes the value 


L=F(9)=p, (21) 


when the equations of motion hold. This relation 
should have been expected since it is known to be 
valid in the non-relativistic case and moreover both 
L and p are Lorentz-invariant quantities. 
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On the Binding Energies of Very 
Light Nuclei 


Shota Suekane and Wataro Watari* 
Kyoto University, Kyoto 


September 21, 1955 


So far, little work has been done on H®* and 
He!’ basing on the independent particle model or 
other nuclear models usually discussed in the nuclear 
theory. It is because these nuclear models are 


thought to be applicable to nuclei with relatively 


large number of nucleons but not to very light nuclei 
without serious modification. 

Even if we assume that only two body forces, 
whatever meson-theoretical or phenomenological, act 
between nucleons in a nucleus, we can not analytically 
solve the Schrédinger equation for it in general. 
So if we had tried to solve the equation, we had 
to use the variational method for three- or four- 
particle problem. On the other hand, according to 
Post, we can get an analytical solution for the 
Schrédinger equation of any nucleus, if we take an 
oscillator potential, V;;= (°/2M)v?r;;7—Vo, as the 
interaction between two nucleons, under the condi- 
tion that the wave function of the system does not 
contain the centre of mass coordinate. The solution 
for the ground state of a nucleus is easily written 
down as follows: 


Va é 
x= & + >a Cryo. nary (Al is T1)+- Z 


(ny...m a) 


++, ,(A'/4r1) (A: mass number), 


where ¢,, is a single particle wave function for the 
harmonic oscillator potential and the summation is 
taken over all the combinations of my, no...--- ila 
giving the total energy E. We can easily express 
this wave function in terms of the relative coordinates 
of the nucleons. Formally we can apply this model 
to all nuclei of any mass numbers. For the three 
or four-nucleon system, this ground state wave function 
Wield 

is W=Nil%e 2VA fe r2g3. 

This procedure may be too fantastic to apply to 
any real nucleus. Especially it may not be suitable 
for heavy nuclei to approximate the interaction 
between nucleons in a nucleus by an_ oscillator 
potential. For very light nuclei, however, the 
approximation by this potential may be allowed, 
because, for very light nuclei, the probability of the 
distance between two nucleons becoming larger than 
the range of true nuclear forces is so small that the 
effect of the infinite wall of the oscillator potential 
would not be decisive. Of course, it is the oscillator 
potential as a whole, not the bottom part of it, that 
approximates the exact nuclear forces. The fact that 
the extent of the nuclear wave function assuming 
this two body oscillator potential is proportional to 
A'/4, which is not so different from the usual 1/3. 
dependence of the nuclear radius for very light 
nuclei, seems to be a support to our treatment. 


* Now at Hiroshima University, Hiroshima. 
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According to these considerations, we apply this 
picture to very light nuclei such as H*, He® and 
He* and sutdy their binding energies, Coulomb 
energies and nuclear radii. Also we investigate the 
properties of their wave functions indicated by the 
photodisintegration experiments.” 

For this purpose, we determine the oscillator 
potential between two nucleons as follows: We 
assume a relation V;;*=qV;;* between the triplet 
even state potential V;;* and the singlet even state 
potential Ving? , and put q=0.6. Moreover we assume 
for simplicity that the odd state potentials vanish. 
Then we can express V;;=[(3+ q)/4+(1—q)/4- 
(05:05) |Vi;. Vijt has two parameters, vy and Vp. 
We determine them according to the following con- 
ditions: (I) The energy of the ground state of 
Vi;* is equal to the binding energy of the deuteron, 
B. From this condition, Vy is expressed as 
Vo=B+ (3/V 2) (62/2M)v. (II) The wave function 
for V;;¢ resembles to that of the deuteron. For 
this purpose we take the following prescription. 
The wave function u(r)™=Aexp[(—»/2V 2 )r*] 
for V;;¢ continues smoothly to the outside wave 
function of the deuteron u(r)°t=A’-exp(—y,7) at 


r=ro. From this condition, we get a relation 
y=V 2 (rir0+1)/r02. It may be reasonable to take 
ro=2~3X10-Mcm because ro can be identified as 
the usual force range. We use B=2.227 Mev and 
p= 0.232 X10cmat 

The values of y and Vy for V;;¢ are tabulated 
in Table I. 


Table I. The nuclear parameters for 
oscillator potential 


ro(X10-%em) | (62/2M) | Vo(Mev) 


10.69 24.92 


3 D2 13:93 


The potential 7; ; determined by this prescrip- 
tion is spin-dependent, so that we can not apply the 
Post method directly to this potential. Therefore 
we average 7;; over the spin states of a nucleus, 
namely we calculate (¢|(o;-0;)| spin and average 
it over the number of the nucleon pairs. 

Neglecting the Coulomb energy, the binding 
energies of H® and He! are given by 


E(H®) =31/ 3 0.8 (62/2M) v—2.4V 9, 
E(He*) =187/0.8 (62/2M) v—4.8V 9, 


respectively. We calculate the Coulomb energy as 
a perturbation. The results of the calculations are 
summarized in Table II, III and IV. The results 
due to the variational method by Irving*) using the 
exponential- and Yukawa-potential are tabulated in 
comparison. According to these tables our results 
agree fairly well with the experimental data. 
Especially, contrary to the results of variational 
calculations, the binding energies of H* and He’ are 
consistently given for nearly equal values of 7, and 
H?-He® mass difference also agrees with the experi- 
mental value and He! has the larger radius than H*. 


Table II. The binding energies of H® and He* (Mev) 


H® BE.=8.492 Mev Het BE.=28.2 Mev 
Potential ro (X10-1%cm) K.E. | PE B. BE. K.E. P.E. B.E. 
2 5.236 15.354 10.118 9.084 — 42.634 . 33.550 
Oscillator a eale | 
3 2.703 10.492 7.789 4.686 — 27.134 22.448 
29:0 — 36.7 7.6 70.0 ¥ —102.9 ’ BiLg 
ea V(r) =—A exp(—x«r), ie =0.856 X ioston, ve 123.3 Mev, q ay 
56.5 — 65.0 8.5 200.4 — 255.4 55.0 
ot V(r) = —Aexp(—er)/er, 1/k=1.17X 10-"3em, A=67.3 Mev, q=0.69 


The authors wish to express their cordial thanks 
to Professors M. Kobayasi, S. Nakamura and S. 
Takagi for their valuable discussion about this problem 
and other members in their laboratory for their 


continual encouragement. They also wish to express 
their thanks to the Yukawa Yomiuri Fellowship for 


the financial aid. 
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1) H.R. Post, Proc. Phys. Soc. A66 (1953), 649. 
2) E. Fuller, Phys. Rev. 96 (1954), 1306. 
3) J. Irving, Phil. Mag. 42 (1952), 338. 


Table III Coulomb energies of He* and Hei 


Potential He® He} 
79 =2X10-’em |} 1.09 0.826 
Osc. —||—— 
m=3X10-%m || 0.783 | 0.594 
Exponential 1.02 1.00 
Yukawa 113 1.73 
Experiment 0.764 


Table IV. The nuclear radii 


Potential H He} 
my=2X10-"%cm 2.59 2.78 
Osc. 
r= 3X 10-"em 3.61 | 3.88 
Exponential 1.46 1.087 
Yukawa 132 0.735 
Inela. Scatt. of neutron ~2.9 
r=] 
s (ia25s tes 
‘= | Photodisintegration 
o. (2) ~5 
w 
Coulomb energy 2.25 


a 


(1) J. C. Gunn and J. Irving, Phil. Mag. 42 
(1951), 1353. 


(2) B. H. Flowers and F. Mandl, Proc. Roy. Soc. 
A 206 (1951), 131. 


A Device to Avoid Difficult Integrals 
in Calculations on Molecular 
Structure 


Sigeru Huzinaga 
Faculty of Engineering, Kyoto University, Kyoto 
September 28, 1955 


An attempt is made to avoid the difficulties in 
molecular integrals. The idea is simple. Just as in 
an atom we describe all the electrons with reference 


to one single center appropriately chosen in a molecule. 


By this device we can side-step the difficulties of 
integrations concerning the electron-electron interac- 
tion. Many centers and different values of attractive 
charges offer no troubles. 

As a simplest example we shall calculate the 
ground state energy of H.*. A calculation along 
the same line was already published by Matsen?). 
We take the following form of the wave function: 


¥(r, 3, y) =agilr, B, y) +erve(r, B, y), 
gi=N(1, C)e >" YootaN(n, ¢/)r»1e¥’r Yoo , 
go=N(n, 6) r™“e-*/r Yoo (J, @), 

Yoo= [1/47] 1/2, Yao (%, vy) = [5/47] 1/2P. (cos 2), 


where n, ¢, ¢’ and a are variable parameters and 
ci, c2 are determined by the Ritz method. N(n, ¢) 
is a normalization constant for a radial function. 
The origin of coordinates is at the mid-point between 
two nuclei. Calculations are performed for the 
nuclear distance R=2 a.u. (equilibrium distance of 
H+) and R=1.4 au. (approximate equilibrium 
distance of H,). The results are as follows: 


(I) R=2.0: n=5, €=1, ¢’=4, a=0.401, 
c1/co= 4.237114, 
Electronic energy: —1.0742 a.u. 

(I) R=1.4: n=4, €=1.1, ¢/=4.3, a=0,333, 
¢1/co= 6.877142, 
Electronic energy: —1,2642 a.u. 


Corresponding exact values of energy?) are —1.1026 
(R=2) and —1.2843 (R=1.4) respectively. The 
results obtained above are not so excellent but may 
not forbid us to apply this method to other problems. 
Next we shall treat the H, molecule. Two types 
of wave function were adopted in the calculation 


of the ground state energy at R=1.4. The first of 
these is 


Y(1, 2)~¢in(2) dout (2) + Pout (1) din (2), 

din=N(1, 1.1) e*!” Yo9 + 0.5N(4, 4. 3) ret 3r Yoo 
+0.24406 N(4, 4.3) ret 8r Yq, 

gout = N(1, 0.8) e~% 8 Yoo, 


where $i, is almost the same form as the wave 
function ¥Y of Hot at R=1.4 (see above). gunt is 
simply an s-type function. The above is so called 
“in-out” type function though in very primitive 
fashion. The mathematics of the calculation is quite 
elementary. It gives D,=2.5766 ev. as the dissoci- 
ation energy. This result tells us that the single 
term approximation for an outer electron is too 
crude for the ground state. However it is protable 
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that it works well for the higher excited states. As 
a next step we try to include in-out effect more 
reasonably by using the following function ; 


¥(1, 2) =cgi(1, 2) + coge2(1, 2) +esys(1, 2), 

gi (1, 2) = [s(1) +4s’(1)] [s(2) +4s’(2)], 

g2(1, 2) = [s(1) +as’(1)] d(2) 

+d(1) [s(2) +4s’(2)], 
g3(1, 2) =d(1)d(2), 
s=N(1, Ces Yoo, 7 =N(4, 6) re’ Yoo, 
d=N(4, ¢’/)r'e-*’" Yoo. 

This yields the following result with the parameter 
G=1, ¢/=4.3, a=0.25. 


D,=3.80 ev. (R=1.4) , 
1=0.66109, cy=0.07881, cz3=0.06788. 


This result is seemingly not so bad in view of the 
simplicity of calculation. 

Mathematically, the present method bears some 
interesting connections with the works of Barnett 
and Coulson®) and Lundquist and Léwdin?. We 
are contemplating a series of applications which 
includes, for example, a calculation on a linear Hy 


system. 


1) F. A. Matsen, J. Chem. Phys. 21 (1953), 928. 

2) D. R. Bates, Kathleen Ledsham and A. L. 
Stewart, Phil. Trans. Roy. Soc. A 246 (1953), 
Zid 

3) M. P. Barnett and C. A. Coulson, Phil. Trans. 
Roy. Soc. A 243 (1951), 221. 

4) S.O. Lundquist and P. O. Léwdin, Arkiv for 
Physik 3 (1951), 147. 


Heat Conductivity and Viscosity 
of Liquid “He 


Bipin Kumar Agarwal 


Department of Physics, University of 
Allahabad, Allahabad 


October 18, 1955 


Theoretical calculations of the viscosity of liquid 
3He, based essentially on the ideal Fermi-Dirac gas 
model, have been carried out by Singwi and Kothari” 
and by Pomeranchuk”). They have shown that for 
T<T>, the heat conductivity K according to this 
model must vary inversely as T and the viscosity 


must vary inversely as T®. Although the observed 
variation of viscosity with temperature is not incon- 
sistent with the requirement of an ideal Fermi-Dirac 
model, it certainly does not support this model 
because the condition T&T» is not fulfilled by the 
experiments. ‘The validity of this assumption may 
also be questioned for the calculations of heat 
conductivity. Therefore, it is worthwhile to enquire 
if the predictions of Singwi and Kothari and of 
Pomeranchuk are also supported by the solid like 
model of liquid "He as against the Fermi-Dirac gas 
model, especially when Mikura%) and also other 
workers have found that the treatment of *He as 
an ideal Fermi-Dirac gas of liquid density is far 
from the reality. 
In the solid like model of liquid *He it is 
possible to introduce mean free path A defined as 
i= A|(arT), a) 
where Ay is the lattice constant (in our case the 
minimum distance of approach of two atoms), a 
is the coefficient of thermal expansion and y is the 
Griineisen parameter. The heat conductivity K 1s 
given by the usual formula 
K=GA0/S), (2) 
where C, is the specific heat of liquid *He and v 
is the velocity of sound in the medium. Combining 
(1) and (2) we have 
1 C,Aov 
Seta al (3) 
Since by Griineisen’s law a can be taken to be 
proportional to specific heat C,*, eq. (3) may be 
written as 
KSA ie (4) 
where A is a constant to be determined experimentally 
for a particular width of the slit. In the absence 
of any data on the velocity of sound v in liquid. 
3He, it may be taken to be constant over a wide 
range of temperature as calculated by Mikura®). 
So far no experimental data exists on the variation 
of heat conductivity of liquid *He with temperature. 
Hence, it is sufficient to show that the form of eq. 
(4) is consistent with the existing theoretical calcula- 
tions of Singwi and Kothari and of Pomeranchuk. 
Since it has not been assumed that T<To, eq. (4) 
is true for a wider range of temperature. 
Thermal conductivity K and viscosity are related, 


* For longitudinal Debye waves in liquid *He the 
validity of this law has been reported by K. R. 
Atkins and M. H. Edwards, Phys. Rev. 93 (1954), 
1416. 


ww; 
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to a first approximation, as 
K=f7Cv, (5) 
f being a numerical factor. From (4) and (5) we 
obtain a relation for the viscosity of liquid “He in 
the form 
=Al(fCvT). (6) 
As the data on the specific heat of liquid *He is 
found to fit best with an empirical relation of the 
type C=aT+6bT", eq. (6)umay be written as 
7=Alf (aT +6T*) T. (7) 
For temperatures less than 1°K the term 57% in the 
denominator becomes negligible. Then eq. (7) 
reduces to 
=B/T’, (8) 
which gives the variation of 7 at low temperatures 
in agreement with the findings of Singwi and Kothari, 
of Daunt®), and of Pomeranchuk. 

Thus starting with entirely different considera- 
tions it has been possible to deduce the variations 
of heat conductivity and of viscosity with temperature 
and the results so obtained are in agreement with 


the earlier works. 


1) K. S. Singwi and L. S. Kothari, Phys. Rev. 
76 (1949), 305. 

2) I. Pomeranchuk, J. Exptl. Theor. Phys. USSR. 
20 (1950), 1919. 

3) Z. Mikura, Prog. Theor. Phys. 13 (1955), 122. 

4) J. S. Dugdale and D. K. C. MacDonald, Phys. 
Rev. 98 (1955), 1751. 

5) Z. Mikura, Prog. Theor. Phys. 13 (1955), 120. 

6) J. G. Daunt, Advances in Physics 1 (1952), 
209. 


The Anomalous Magnetic Moment 


of the -Meson 


Shunkichi Hirokawa, Hiroo Komori 


Institute for Theoretical Physics, Nagoya University, 
Nagoya 


and 
Shuzo Ogawa 
Department of Physics, Hiroshima University, Hiroshima 
October 24, 1955 


In order to decide the upper limit of the magni- 
tude of the anomalous magnetic moment (a.m.m.) of 


the s-meson, we have analyzed the burst produced by 

* cosmic ray «mesons. The burst produced by the 
electromagnetic interaction of the s-meson with 
matter is considered, where the spin of s-meson is 
assumed to be of one-half. The energy spectrum 
of y-mesons at sea level is given by the same pro- 
cedure as that of Hayakawa and Tomonaga!. They 
have taken into account the energy losses due to 
ionization, bremsstrahlung and pair production by y- 
mesons, but we further include, in this note, the 
yen creation and the Cerenkov radiation. The 
frequencies ‘of the burst produced by the brems- 
strahlung due to y-mesons with and without a.m.m. 
can be calculated along the same line as that of 
Christy and Kusaka®). 

The results of the calculation and the correspond- 
ing experimental values®) are shown in Fig. 1. The 
standard error in our calculation is 56 percent, the 
main part of which (50 percent) comes from the 
shower function we have used. 

From Fig. 1 we can see the followings: the 
larger the magnitude of a.m.m. becomes the slower 
is the decrease of the rate of burst frequencies. Thus 
we may conclude that, the magnitude of a.m.m. of 
y-mesons does not exceed 80 percent of the normal 
Dirac moment. 

Recently, Peaslee*) has also given the qualitative 
information on the a.m.m. through the analysis of 
the intensity of ~-mesons underground, but our re- 
sult is more decisive. 

In another way, the study on the X-ray coming 
from the s-mesonic atoms®) may give an appropriate 
method to decide the magnitude of a.m.m., but there 
are many difficulties in doing so, because, in ad- 
dition to the a.m.m., we must consider the charge 
distribution of nucleus. On the other hand, Fialho®? 
pointed out that the magnitude of a.m.m. of y- 
mesons might be determined by the radiative x-p 
decays. This would be the best method available 
at present. 

For our present purpose, it is necessary to take 
into account the shower particles from the pair pro- 
duction and the ionization by y-mesons. This will 
be done in the forthcoming paper to be published 
elsewhere, in which we shall also consider the limit 
of applicability of the theories of electromagnetic 
interactions of z-mesons at high energies. 

The authors wish to express their sincere thanks 
to Prof. S. Hayakawa for his valuable discussions 
and to Prof. S. Sakata for his interest in their work. 


1) S. Hayakawa and S. Tomonaga, Prog. Theor. 
Phys. 4 (1949), 287. 


* Burst frequencies (particles cm? sec~!) 
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Fig. 1. The burst frequency as functions of 


the number of particles, S, and of the energy. 
Theoretical values indicate the frequencies of burst 
produced by the bremsstrahlung due to j-mesons 
with and without a.m.m. is the critical energy 
of matter. C-K represents the result of Christy and 
Kusaka for spin 1/2 and spin 0 respectively. The 
experimental values of Schein and Gill are repre- 


sented by circles. 6 is the magnitude of a.m.m. 


2) R. F. Christy and S. Kusaka, Phys. Rev. 59 
(1941), 414. 
3) M. Schein and P. S. Gill, Rev. Mod. Phys. 11 


(1939), 267. 

In their experiment, the burst with more 
than 1.9107 ion pairs is measured. Their 
result satisfy our requirements. On this con- 
nection, see H. Carmichael, Phys. Rev. 74 


(1948), 1667. 
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calling our attention to this work. 


Deuteron-Deuteron Reaction at 
High-Energy 
Yoshihiko Nishida 


Department of Physics, Saga University, Saga 


October 31, 1955 


Recently Godfrey!) measured the differential 
cross section for the process d+d—H'+p, using the 
deuterons of 190 Mev from the Berkeley synchro- 
cyclotron. This is one of the simplest processes in 
the high-energy stripping or pickup reactions. He 
showed that it was inadequate to explain the 
angular distribution merely in terms of the pure 
stripping (or pickup). So far two mechanisms have 
been proposed about the pickup process in the high- 
energy nucleon bombardment on nuclei. One of 
them leads to the direct process, as proposed by 
Chew and Goldberger”), which contributes strongly 
to the small angle part of the angular distribution 
of the deuterons; and the other to the indirect 
process, so called by Bransden®), contributing chiefly 
to its large angle part. As the nuclei concerned 
here are of simple constitution it will be expected 
that the above process can be treated from the 
unified standpoint. The main purpose of this note 
is to study the behavior of the differential cross 
sections for the above process from this respect. 
Using the Born approximation and the charge- 
independent Serber force between two nucleons, we 
calculated the differential cross section in the center- 
of-mass system. We obtained the following ex- 


ptession : 
do (0) =4K/3k(3M/8762)2{2/3- (0) -I(z—6)]? 
+1/3+ [1(0) +1(a—0)]*2+1/12: (1+ 39)? [J() 
+J(n— 0)? 
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+1/3-(1+3q) [1(6) +1(x—96)] [J(A) 
+J(x—9)] }. 


Here k and K are the wave numbers of the in- 
coming deuteron and the outgoing triton, respective- 
ly, in the center-of-mass system ; and @ is the angle 
between k and K. q is the ratio of the singlet to 
the triplet potential depth in the neutron-proton 
interaction. It will be more convenient to consider 
the inverse process H3+p—>d+d to see the physical 
meanings of the integrals J and J, because the 
matrix element remains the same as the original. 

As the result of the interaction between the in- 
coming proton and one nucleon in the triton, there 
come out two cases where these two interacting 
nucleons end up in the same deuteron or in different 
deuteron. The former corresponds to the direct 
process mentioned above, while the latter is similar 
to the indirect process. The integral J shows the 
interaction matrix element of the former case and J 
that of the latter one. Therefore, we may call I 
and J the direct integral, respectively. Using the 
Yukawa potential, we calculated both integrals under 
the assumptions of the Hulthén wave function for 
the deuteron and the Irving wave function (n=O) 
for the triton. Both integrals had to be solved 
with numerical integrations. The cross sections con- 
sist of three contributions from direct, indirect and 
interference term. 
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Fig. 1. The angular distribution of the triton 
in the center-of-mass system. — - Yukawa 
potential (r¢=1.18X10-Mcm, Vol =67.8 Mev, g= 
0.686) 30 seersereeees Gaussian potential (r,=1.94x 
10-!cm, V7 =45.0 Mey, q=0.578). 
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Fig. 2. The angular dependences of the contri- 
butions to the cross sections from (a) direct, (b) 
eon Y LCA WA 


seessedes Gaussian potential. 


indirect and \c) interference term. 
potential, 


The direct term is dominant at the small angle 
part of the angular distribution, and negligible at 
the large angle part. Then the slope of its curve 
is greater than that of the experimental curve. On 
the contrary, the indirect term shows the appreci- 
able contribution at these large angles, and thereby 
the slope of the resultant curve becomes much closer 
to that of the experimental curve. The interference 
term shows the considerable effect at the intermedi- 
ate angles. 

The details are shown in Figs. 1 and 2. The 
theoretical value of the total cross section (18.2 mb) 
is much larger than the experimental value (4.1 mb) 
in our approximations. By the way, the calculations 
with the Gaussian potential were also carried out, 
because both integrals could be analytically solved. 
The results are also shown in the same figures 
for comparison. The theoretical value of the 
total cross section (3.5mb) is close to the experi- 
mental value, but the slope of the angular distribu- 
tion is much greater than that of the experimental 
curve. 


1) Godfrey, Phys. Rev. 96 (1954), 493. 


2) Chew and Goldberger, Phys. Rev. 77 (1950), 
474, 


3) Bransden, Proc. Phys. Sac. A. 65 (2952) Utes 


497 


Progress of Theoretical Physics, Vol. 14, No. 6, December 1955 


Positive Temperature Effect of Cosmic Rays 


Satio HAYAKAWA*, Kensai ITO** and Yoshinosuke TERASHIMA** 


*Research Institute for Fundamental Physics, Kyoto University, Kyoto 


**Department of Physics, Kyoto University, Kyoto 


(Received July 27, 1955) 


The temperature effect for the intensity of /-mesons at sea-level is investigated by taking 7-y 
decays into account. The positive temperature coeflicient is calculated by paying special attention to 
the difference in the attenuation mean free path of the N-component and the absorption mean free 
path of z-mesons and to the atmospheric depth which gives main contributions to the coefficient. The 
magnitude of the coefficient is obtained as 0.05%/°C and the depth of main contributions is found to 


be 200 mb. Influence of heavy mesons is qualitatively discussed 


§1. Introduction 


The atmospheric effect of cosmic rays has been inte:preted in terms of the absorption 
of cosmic ray particles and of the spontaneous decay of pirmesons. The former is correlated 
with the barometric effect, while the latter with the average height of the production of 
pemesons. These effects were thoroughly analysed by Olbert? and there remains almost 
nothing added to his analysis, as far as the role of pemesons is concerned. However, a 
possible interpretation of the positive temperature effect suggested by him seems to te an 
open question. Although Olbert tried to attribute the positive temperature effect to the 
difference in variations of two kinds of average heights introduced in his theory, these two 
are found to correlate with one another, so that Olbert’s suggestion seems to be of little 
validity, as shown by Wada and Kudo”. 

The positive temperature effect was first noticed by Forré” for cosmic rays underground 
and was interpreted by Miyazima” in terms of m- decay. A detailed analysis of this effect 
showed that the upper limit of the positive temperature coefficient is about 0.5% /°C and 
is attained in the limit of high energies”. The calculation of the coeflicient was extended 
to lower energies by Barrett et al and their result predicted the magnitude of the coefficient 


appreciably smaller than 0.1%/°C for the bulk of the hard component observed at sea 
) who 


level. This had already been anticipated with a qualitative estimate by Duperier’ 
observed a positive temperature coefficient of 0.1% /°C or larger for the hard component 
at sea level. This was found to be too high to reconcile with the theoretical prediction. 
On the other hand, several authors*™ obtained lower values in rough agreement with the 
theoretical estimate. 

Such divergent experimental results are thought to be due partly to the varieties of 
ways of taking correlation with atmospheric temperatures. One can hardly say, at what 
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height the temperature for correlation calculation should be taken for the comparison with 
the theoretical temperature coefficient, unless a more careful analysis is made. For this 
purpose Maeda and Wada’? attempted to extend the theoretical calculation of the atmo.- 
pheric effect by taking 7-2 decays into account. Unfortunately, however, their calculation 
seems to be subjected to the following drawbacks. Firstly, they disregarded the difference 
between the attenuation mean free path of the N-component and the absorption mean fice 
path of z--mesons. Secondly, an inadequate energy spectrum of 7-mesons at production was 
assumed. Thirdly, a great part of their calculation was carried out numerically, so that one 
could hardly know the height at which the temperature should be taken and that any 
modification in basic assumptions would require almost a complete recalculation. 

In this paper our aim is mainly directed to improve the above points and also to 
complete the work of Olbert by taking 7-2 decays into account. The first point was already 
noticed by Duperier”, but the scarcity in the knowledge of the absorption mean free path 
forbids us to get a definite answer. The ambiguity arising from this will be avoided by 
separating a part depending on the difference between the two mean free paths. 

The production spectra of z-mesons and femesons are now given by Olbert’” on the 
basis of observations and Properties of mesons. These are adopted in our work, supple- 
menting their high energy parts in reference to underground data. 

Our calculation is carried out in close analogy to Olbert’s”. A number of the average 
atmospheric depths are introduced. These are considered to such depths that give main 
contributions to respective terms and are shown in Fig. 1 as functions of momentum of 
femesons. These values may setve to analyse the atmospheric effect from observations. 

Tt must be noticed that the average depth responsible for 7-1 decays is larger thon 
that for pre decays. The former, denoted as x,*), is the first order moment with te: pect 
to the generating intensity multiplied by the survival probability, while the latter, deaoced 
©, is the average with weight favouring small x. x, is found to be about 200 mb 
and decreases with increasing momentum of mesons. This value of depth is larger than 
that currently adopted, say 100 mb”, for the correlation calculation of the temperature 
effect. Since the tempe-ature variation at 100 mb could be smaller than that at 200 mb, 
the large temperature coefficient obtained through observations might be due to the inade- 
quate choice of the depth at which the temperature variation was taken. 

We added the discussion on the influence of heavy mesons in $4. The «ys decay 
has been considered by Barrett et al”. Here we are mainly concerned with K-= decays that 


may increase the positive temperature coefficient. From existent observations we can only 


asEx, 


deduce the production rate of such K-mesons not higher than that of z-mesons. 


§2. Diffusion of z-mesons 


Let the differential intensity of z-mesons with momenta between p and ptdp et atmos- 
pheric depth x be ™(p, x)dp. As is well kwown, 7(p, x) follows the diffusion equation 


*) xo and x, in the present paper correspond to x; and x: in Olbert’s Paper), respectively. 
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B 
apa a— (++ : Jz (p, ) +Q(p, 2): (2-1) 


2, is the mean free path of 7-mesons for the nuclear absorption and B, the characteristic 
momentum for the decay of 7-mesons, which is given by 


B= (m,¢/Tx) (x/p (x) ) =120 Gev/c, (2-2) 


where m, and t, are the mass and the lifetime of 7-mesons respectively. We fix the 


numerical values of these quantities as 
Hin =273 teitnatinei 2 Do LO gp SEC, 


in reference to latest experiments. (x) represents the density of air at atmospheric depth 
x. As this is nearly proportional to x and the proportionality considerably simplifies the 
following analytical calculation, we take 


x/0 (x) =6.38 X 10° cm, 


which is a good choice at such depths that 7-mesons play a dominant role in the atmo- 
spheric effect. 

Q(p, x) is the soure of 7-mesons that are supplied by N-component. Theze is ex- 
perimental indication that the momentum spectrum of 7-mesons at production is nearly 
independent of atmospheric depth, so that the production spectrum S(p) can be separated 
in Q(p, x). This assumption seems to fail at low momenta, but the contribution from low 
momentum 7-mesons to the meson intensity at low altitudes is unappreciable. The x 
dependence of Q(p, x) follows the attenuation of the N-component, expressed as exp (—x/A,)- 


With the above considerations we may assume 
Q(p, x) =4n'S(p)exp (—x/An)- (2:3) 


It is important to note that the temperature coeflicient caused by the decay of 7-mesons 
: : ; ; 
depends upon the difference between 2, and /,. Introducing a quantity Zabie 


Vos Az ae ee (2 -4) 


the intensity change of 7-mesons at low momenta (<B,,) can be estimated as follows. 
The intensity of 7-mesons of momentum p observed at depth x is contributed mainly from 
their production in a layer between x and x(1—p/B,). In this layer of thickness px/B. 
the fraction of =-mesons supplied is 1/4, and that lost is 1//,. Consequenily the fractional 
change of the intensity caused by fractional temperature change, 0T/ T=0B,,/B,, is given by 


OB, xp ( i at \a—F FgSPecnidiats (255) 
Re eee Tabane. 


mu 


The intensity change is proportional to —1 /i and positive or negative according to 2, > An 
ot An <An- The intensity variation caused by this partially compensates the variation of the 


*) The sign of here is opposite to that adopted by Barrett et al). The N-cascade at the energies 


: a 5 
of interest makes us infer the positive value of W. 


= 


x - 4 a. Sar 
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rate of 7-4 decays due to the temperature change at a decaying point. This fact has already 
been noticed by Duperier” in his original work, but overlooked by Mz-eda and Wada’. 
Since the magnitude of 4 is not accurately known, we shall separate the tempe-zature 
coefficient into two parts, one being independent of 4’ and the other dependent on 2. 
Quantitative calculation is carried out in a similar way to Barrett et al.”, but with 
slight differences. For instance, a part dependent on 2 is explicitly separated out. The 


fractional temperature change at depth x, 


n(x) =0T (x) /T (x), (2-6) 
induces the variation of the characteristic momentum, 
B,—>B, (1+ (x). (2-7) 


This in turn results in the intensity variation, 7,(p, x), that is proportional to 7(x). The 
average intensity, 7)(p, x), given by 


1 
2 


7) (p,x) =—— S(p) e-*l*al Gt/x) Boal PEtEN! te (2-8) 


nm 


turns out to be the source of 7,, as shown by 


7 (p, x) = — Fe e-+lal"G/x) Ralegs!"\ey (x) 105 py x) xy : (2-9) 
e : % 
Substituting (2-8) into (2-9) and changing the order of the integrals, we have 
7, (p, x) =— smereiss eT An | ax (xx) 2a!” cal Le 7 (x’’). (2-10) 
n ho 


If there is no abrupt change of temperature near x, ({' dx!’ +7 (x"") /x"’) /log (x/x’) is regarded 


as slowly varying. This part is, therefore, taken out of the integral with the aid of the 
mean value theorem as 


a dx’! z (x’’) ae f F By|P x! /dt , 
a Re ao x! (x! /x) e log (x/x’) 
7, (p, x) = — —= —>* - eA lO ae = tap. Ky. 2-10’ 
; cobiae \ “dx! (x! /x) Ba!Pertl>! BE 4 ic 
0 


where x, is given by 
xa | de +x! (x!/x) PalPe2"!"’ log (x/x’) |\# (x! /x) Px/e™I® Jog (x/x’) 


~[(B.+p)/ (Ba t+2p) Pxt 2 Bat P)*(2Bi + 8B.p+ 7p") x2 


(B,+2p)'(B,+3p)? ce EP 


Further we have 


|, Sn") Nog (x/x, =n ((x+x,) /2)=7(H(p) 9 
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[a (x! /x) Ba!Pe™'™’ log (x/x’) [Vee (x /x) Pale = Lp) —M(p) (x/*) 
where 
H(p) = (1/2): (1+[(B.+p)/(B2+2p)P), Lp) =p/(Ba +p) 
and M(p)=p’/(B.+ 2p)’. (2-12) 


In the expression of H(p) we keep only the first term of (2-11). This is valid provided 
that 2’ has not a too small value. Thus (2-10’) is reduced to 


_ 3, , aie ee eae 
my (, x) == 0 HCP) | -2) +m) x | m(p.2)- (2-13) 


Now the term depending upon 2 is separated explicitly. 


§ 3. Diffusion of s#-mesons 


A pemeson of momentum p is the decay product of a 7-meson whose momentum lies 
between p and (m,,/m,)*p for relativistic p-mesons. However, one may be allowed to take 
a single value, (m,,/m,)p, with a sufficient approximation in place of the continuous value 
of momentum. Taking the mass of s-mesons as m,= 207 m,, there enters a parameter 


r=m,/m,=0.76. (3-1) 
With this approximation the source of p-mesons in the average atmosphere is obtained as 
5 (ps x) = (Bn/px) Fo (p/", *)- (3-2) 


The part proportional to 7 consists of the one due to the temperature variation at the 
depth of disintegrations and the other due to the intensity variation of 7-mesons, 7). Hence 


the source proportional to: 7) 1s 
B 
5 (po x) = Pen (9) Mo (p/ts %) += (0/2): (3-3) 
px px 


Such decomposition into two parts has not been made explicitly in reference 6. The two 
terms in the right hand side of (3-3) are of opposite signs, so that the temperature effect 
due to 7-ps decays is rather small. At high momenta, p> B,, the second term is smaller 
than the first one by factor B,,/p and only the latter is taken into account, as in some 
previous works. 

Introducing (2-13) with (2:12) into (3-3), an approximate estimate Of snecaie ve 


made as 


1B. r) +7 (Hx) 
P 


Mh 


Br 
P 


(p= [1@)(1— + mapa, G4) 


where H, L and M stand for H (p/n), L(p/) and M(p/r), respectively. The first term 


contributes to the positive temperature coeficient, whereas the second term to the positive 
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or negative one, according as 1M’ is positive or negative. 
Analogous to the procedure in § 2, the intensity of #-mesons is decomposed into two 


parts. The average intensity is given by 
1s 2) =| (py xs) 50(, x1) dy, (3-5) 
0 


- . ae A / 

where w(p, x, x’) is the survival probability that a #¢meson of momentum p’ at depth x 
‘ 5 : , 

survives at x. Its momentum at x is denoted as p which is related to p’ through the 


mornentum-range relation 


p=p(R), p’=p(R+x-~%), 


where R represents the residual range of the meson at x. Introducing the characteristic 


momentum for /-mesons, 
B, (x) == (m,c/Ty) (x/p (x)) 
=1.05 Gev/e for x/o(x) ~6.38X10'cm, (3-6) 


where t,=2-15 X 107° sec is the lifetime of “mesons, the survival probability is expressed as 


; x B. d aa 3 


The numerical values of this function are given by Olbert™. 


The intensity variation of “-mesons consists of two parts 


141 (ps x) =p, CPX) te 6? (p, x). (3-8) 


/4 comes from the decay of se-mesons and contributes to the negative temperature effect : 


“(py =— | “edn (x’) w(p, x, x’) Uy (p’, x’) dx’. (3 +9a) 


/4‘” represents the influence of 7-mesons and contributes possibly to the positive temperature 
effect : 


Ba? (py x) =|" (p, x, x’) 5 (p’, x’) dx’. (3+ 9b) 


f° has thoroughly been calculated by Olbert! and is expressed as 


ty (p, x) = {an (p, x) Ma (%) +ax(p, x) nx(x,)} 0 (p, x, x’) dx’, (3-10) 
0 
where 
P(p, x, xX) =w(p, x, x) bo ap" six) (3-11) 


Ny tepresents the fractional variation of the mean production height of [/--mesons and QR 
f 
the fractional temperature variation averaged between x and Xy. 


They are given by 


Qu (X%) = ee dx’, Rigo.) 3 : n (ede; (3-12) 


12a KT 
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with 
xy (p) a log (x/x') O(p, x; x) dx'|| tog (x/x') O(p, x, x’) dx’, 
( 0 


x, (p) =|" 9p, %; “de || P(p, x, x’) dx’. (3-13) 
0 
ay(p, x) and ax(p, x) are differential temperature coefficients corresponding to the 
appropriate averages of temperature as in (3-12). They are expressed as 


By a 


myc \ Xe 


dy (p, x) = — ky}: | log (x/x') O(p, x, x’) dx’ /log (x/Xp) 


x [90 x, x) dx’, (3-14) 


ax (Pp, 2) By S 4 peas p 


2 
MyC Xe exe 


where a=53.5¢ em, okp= 8-07 % 10-3 and x=R+x+56¢ cm7”, R being the residual 
range corresponding to monenium p. 


fy can be obtained by substituting (3-4) into (3-9b) as 
/ 
pp =| | @)(1— a1) +H) Ba. * | O(p, x, x) de, 
0 p p N 
(3-15) 
where H’—H(p'/7), L'=L('/r) and M'=M(p'/r). Taking out slowly varying parts 
of the integral we obtain 
(pe d=|1 G)(I= == 2,) +7 (Hox) ps a M,|\ Op. 8 x) ee, 
4 D9 Ju 0 
(3-16) 
Wherety= L( pifr)s Mo= (p./r) and H,= H(p,/r), and pi=p(R+x—-%)» i=1, 2. ‘x, and 
x, are the average depths defined respectively by (3-13) and 


x» (p) =|x"9(p, X x yds [|x x, x’) dx’. (3:17) 


Introducing the temperature coe ficients 
b, (p, x) =1— (rB,./P1) Ly; 
(3-18) 
by (p, x) = (rB,./p2) (x,/4") > Mo, 
(3-16) is expressed as 
eRe (p, x) =D, (Pp, x) vy) (x) +b, (Pp, x) 7) Cate bray (p, x) . G3 . 19) 


In comparison with observations, we have to obtain the temperature coeflic'e ats for the 
integral intensity. The iniegral intensity of pemesons with momenta larger than py is given, 


in the average atmosphere, by 
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er) dp. (3-20) 
: ToC Pus 2) =| fobs 2) dp 


i ivi - and a 
Correspondingly, 4, has to be integrated over p, giving [I,(p), x). For [I°, 4x : 
are replaced, as given by Olbert”, by the averages over the momentum spectrum o 
pemesons, A,;, and Ax. For I,“?, however, one has to notice that x, and x, are functions 


of p. Since these are slowly varying with respect to p, they are evaluated as 


51 (po) =| 4. (p)b: Cp. #) (Ps 4) dp] | b,x) 20 (Ps Dp (3-21) 


Flax(ps) =|" Ha p)b0(Ps 9 46s d|\ be CPs eal ps 2)dp. 3-22) 
Po ‘0 
Thus we have 
1 (Py 2) =)" uf? (p, dp 


=[Bi (Pos x) 9 (41) + Be (Poy x) 7 (Hes) JI (Por 2) + (3-23) 


The temperature coefficients B,(i=1, 2) are given by 


B.C Poy *) =\"bi (Ps 2) (ps 2) dp/Ia( ps»): G:24) 


§4. Influence of heavy mesons. 


Tt is now known that 7-and y-mesons are generated also from hyperons and heavy 
mesons. These new sources could have influences on the atmospheric effect. In this con- 
nection Barrett et al." estimated the influence of x«-/1 decays. Increasing knowledge about 
hyperons and heavy mesons allows us to discuss such influences in more detail. 

The following two reasons lead us to infer that hyperons play a less important role 
than heavy mesons. Firstly, the mass ratios between primary particles and secondary mesons 
are larger for hyperons than for heavy mesons. Consequently, the average energy of the 
secondary mesons is, in comparison with the energy of the primary particles, reduced by a 
larger factor for hyperons than for heavy mesons. Thus the contribution to the meson 
intensity from hyperons is smaller due to the energy reduction. Secondly, A-particles, which 
are the commonest hyperons, are produced mainly with small energies. If, therefore, the 
number of /-particles produced is as many as that of K-mesons, the intensity of the former 
at a given energy is much smaller than that of the latter. These two reasons may allow 
us to neglect the influence of hyperons and to concentrate ourselves only to heavy mesons. 

For our purpose heavy mesons are divided into two groups, according to their decay 
products. One consists of those which give 7-mesons and possibly contributes to the 
positive temperature effect. They are such as 0 and Ko, and denoted collectively as K 
for brevity. The other consists of those which give yemesons and decreases the positive 
temperature effect compared with such a case if entire femesons are due to 7- 


pe decays. 
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They are such as K,, and K,,, and denoted collectively as k. All of them have masces 
about 1000 m, and their lifetimes are around 107° sec but 6°. No definite evidence for 
the frequency of heavy mesons has yet been obtained, but some experiments indicate the 
frequency of about ten percent of that of 7-mesons. However, it seems doubtful thet the 
frequency remains so high also at high energy nucleon-nucleon collisions of our interest. 
Such ambiguities in the properties of heavy mesons force us to start from the following 
tentative assumptions which may be tested by comparing with observations. Firstly, the 
velocity spectra of K and k are the same as that of 7-mesons in the center of mass system. 


Namely, the production spectra are assumed as 


Az fix (mn / mx) S((m,/mx) p) dp e*!", (4-1) 


where mx is the mass of heavy mesons. fg represents the frequency of production of heavy 
mesons in comparison with that of 7-mesons. For k mesons sufix K is replaced by &. 
Secondly the mean free path of heavy mesons for the nuclear absorption is assumed to be 
the ‘same as that of z-mesons, J,. With these assumptions the formulae presented in S 2 
are employed as they are, with only exception in the characteristic momenta for decays 


which are denoted as By and B, In our order of magnitude calculation, we take 
By = B,2210° Gev/c; (4-2) 
corresponding to the lifetime of about 10-° sec. The decay modes of heavy mesons 


suggest us to take the average energy of the secondary mesons as rx times the primary 


energy, with 
iy ta ff Lf2 (4-3) 


For & the temperature coefficient can be obtained in exactly the same way as in §2 
and § 3. In place of (3-19) we have 


Re fulbse (Ps *) 9 (%) +n (Ps 2) 9 (Hx) |, (4-4) 
with 

Ce 7B ae ji : 

r,By,+ py r,Dy 
(4>5) 

= 1 Bris X, AS Pel : 

(r,Be+ 2p)” A 1,By Pi 
and 


r, Br 1Broct P (4-6) 
1,By+p rd by 
The last expressions in (4-5) hold in the limit of p;<B,y i=1, 2. As B, is one order 
larger than B,, the contribution to the temperature effect, in comparison with 7-4 decays, 
is rather small and is of the order of fups/B, at low momenta. At high momenta, p> B., 
the influence of ky decays may be detectable, as seen from the calculation of Barrett et al. 


The influence on the temperature effect may be more important for K-particles, because 


ki, 
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they contribute to the time delay in addition to 7-p decays, namely to the increase of the 


positive temperature effect. 
The evaluation of effects of K-72 decays can be made by the same way as in § 2, 


and §3 but by replacing 7 by K. Thus we find the source of z-mesons due to K, in 
the average atmosphere, as 
So¥(p, x) =A Re feS (p) exp (—%/4n) » (aX7) 
with 
Re=1KBx/ (1xBut fp): (4-8) 
Comparing this with (2-3), one can see the contribution to the intensity of 7-resons from 


K to be fRy times that from the direct production of 7-mesons. The temperature variation, 


n(x), causes the variation of the source by 


5.9, 3) =| 1(—)(1— HE Lg) h9 Hin) 7 Mr|S¥(p.9, 4-9) 


where 
He= (1/2) 1+[ rxBat p) / (rxBat 2p) P), Le=p/(rxBx+p) 
and M,=p"/(rxBy+2p)’. (4-10) 
The variation of the source, 5,*(p, x), results in the variation of the intensity of 7-mesons as 


dx’ 


/s) RalPer! |My (x’) * (p, x’) 
x 


™,*(p, x) =— Br nthe 


“ 


+ | (x! /x) Palre!-9)>n8,*(p, x!) dx! 


? (4-11) 


"i } 
= —— en ('/x) Bales (x!) 14 (p, x’) road 
n x 


+| 1)(1 Fe holet) 9 (Hyx) Teo x, Mx] =,*(p, x), 
ES p A 


where x, is defined like x, in (2-11) as 


Xie 


\ 8 Gi /a) Pare de’ | La) BniPe IN de’ = ((B, +p) / (Be +2p))x. (4+12) 


The last expression of (4-11) is obtained by taking an appropriate average of x/J’ in 
5,“ to be xx/4’. 7)" is the average intensity of a-mesons supplied by K through the 
source §,*. 

Adding (4-11) to (2-9), we have the intensity variation of z-mesons to the first 
order of 7. The first term in the last expression of (4-11) is nothing to do with the 
modification of the temperature coefficient, because the contributions from K are added with 


the same weight, fxRig to 7, as well as 7,. Only the second term gives rice to a net 
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modification that increases the positive temperature effect, unless W’ takes a small, negative 
value. The temperature coefficient due to this part can be calculated in the same way as 
in § 3 and is expressed as 


fa" (P, x) = re x) v/) (x,) + box (Pp, x) /) (HeX) WiPex tp a) (4-13) 
with 
fp led at ag 
rrxBat py 
4-14 
re 11xBrpo 1B, +p. % ( 


= (Bet 2p)” 1Bet+2p, 


Hy is obtained from Hx in (4-10) by substituting p, into p, p; and p, being defined 
below (3-16). In most cases, fy, p»<Bx, so that 


bie =Pi/11xB x, 
box = (p2/17 xB x) [ (TB, + po) ii (rB,, et 2po) ] (x,/%’) . 
For py po Br only byx remains. 


(4-14’) 


? 


Adding the influences of k and K, we obtain the “ positive’ 
to be added to as 


(LER, fet Rif) “LC + Ref) (br + 2) + Re fi Ore ban) + Rr fx(bixtox) | 
= (6,+65) — Rf; (6, +b. —by,— box) +Refriet box) ° (4 : 15) 


temperature coefficient 


For the integral intensity a similar expression holds. From this one can see that the pre- 
sence of k decreases the temperature coefficient, while the presence of K increases it, asetat 


as bixtbox is positive. 


§5. Numerical results and discussion 


For numerical calculations we must fix the values of parameters which are not so 
precisely determined as masses and lifetimes. The attenuation mean free path of the 


N-component, which by itself is not much sensitive to our results, may be fixed as 
=a’, j 
A,= 125 gem (5-1) 
from cosmic ray experiments. The absorption mean free path of 7-mesons, A,» is supposed 
to be smeller than /,, because nucleons produced by the collisions of m-mesons with nuclei 
are disregarded in the absorption of 7-mesons, whereas all energetic N-particles are taken 
into account in the attenuation of N-particles. Hence 7,, may be assumed as close to the 


collision mean free path of 7-mesons, that is, 

460 penis (5+2) 
(5-1) and (5-2) lead us to the positive value of 7’, which we take as 

#120. gem". (5-3) 


a 


—- > 


Dee Yeti 
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©) 
With this choice of A there certainly results the positive temperature effect due to 7-p 
decays. 
The momentum spectrum of 7-mesons at production has been determined by Olbert'” 
for momenta between 0.5 and 15 Gev/c. At momenta higher than this range the spectrum 
can be inferred from the absorption of cosmic rays underground. Thus we take 


S(p) =const. (p+3.5)~*”, (5-4) 
where momentum p is measured in Gev/c. What is directly to do with the temperature 
coefficient is not S(p), but the production spectrum of p-mesons, which has a shape similar 
to (5:4). The latter is used in computations. 

Finally we need the survival probability. For p<15 Gev/c this is given by Olbert’” 
and for p>15 Gev/c we calculated it by assuming the energy loss independent of momenta. 


Thus we are able to calculate the values of x,, x, and H,x,, also %, and Hy,x, as 
functions of momenta. These are plotted in Fig. 1. 

For the temperature coefficient we are interested only in that part which contributes 
to the positive temperature effect due to 7-4 decays. The coefficient is divided into 6, and 
6, for the differential intensity and into B, and B, for the integral intensity. These are 
plotted in Fig. 2 against momenta. The part that depends on 4’ is given in such a way 
that one gets correct values if multiplied by (120/2’). This way of representation allows 
one to adjust the temperature coefhcient, if a better value of 2’ is known in future. At 
present we can merely draw 6,, B, and B,+B, with 2’ given in (5-3), as shown in Fig. 2. 

The temperature coefficients due to heavy mesons are also plotted in Fig. 3, dropping 
factors Re fx/(1+RifitRefx) etc. On account of the smallness of fx the influence of 
heavy mesons would be appreciable only for p> By. 
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Fig. 1. Average depths responsible for the positive temperature effect, [Definitions are 
given in the text for x,(p) by (3.13), Xi(po) by (3.21), x2(p) by (3.17), 
Fyx2(p) by (3.16) and (3.17), Hoxa(po) by (3. 22). 
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Fig. 2. Positive temperature coefficients. 6, and by are the coefficients for the differential intensity 
of p-mesons at seaievel. They are independent of and dependent on i’ respectively. By, 
and By are the corresponding ones for the integral intensity. These coefficients are ex- 
pressed in unit of percent per degree, dividing the corresponding quantities in the text 
by the average temperature 225°K. Figures attached on the experimental values indicate 


the reference numbers. 


Fig. 3. Temperature coefficients due to 

heavy mesons. bj and 6, represent the 

== HH coeflicients for the differential intensity 
[ ae of p-mesons generated through K—a—yp 


0.50 


and k—y decays respectively. Sufficies 
1 and 2 indicate A independent and de- 
pendent parts. These coefficients are 


expressed in unit of percent per degree, 


dividing the corresponding quantities 


in the text by the average temperature 
225°K. Weight factors in these coef- 
ficients, (1+RicfictRefx) Rife for 
bx and (14+Rafict+Refx) Rafe for 
b,, are omitted. f;, and fy represent the 
i frequencies of heavy mesons in compati- 


a 5) ceed 50-100 500 1000 son with that of z-mesons. R, and Ri 
are given by (3.6) and (4,8) respec- 
tively. 


A comparison wich observed data has been made by Wada and Kudo” in Fig. 7 of 
their paper. The theoretical temperature coefficient calculated by us is definitely higher than 
that calculated by Maeda and Wada!, which are shown by curve W in their figure. This 
is due chiefly to their incorrect assumption on the production spectrum of mesons. Wada 
and Kudo corrected for the spectrum and also approximately for J, taking 4’ = 120g cm~*, the 
e as (5-3), and obtained curves R and S. These are neatly in accordance with 


same valu 
The positive value of 2’ increases the coefficient to certain extent and the 


our result. 
resultant positive temperature coefficient is found to agree with some observations, for ex- 


ample, by Dawton and Elliot, by Chasson’” and by Trumpy and Trefall”. However, 
some high coefficients obtained by Duperier” and by Wada and Kudo”, higher than 
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0.07% /°C, can not be made agreeable with our theoretical prediction. The discrepancy, 
if real, can not be explained by taking account of oblique rays. If these are included, the 
temperature coefficient should decrease in comparison with that based only on vertical rays. 

It must be noticed, however, that the atmospheric depth at which the temperature is 
adopted for correlation calculations plays a very important role. Usually one adopts the 
temperature at 100 mb level” or the distance between 100 mb and 200 mb levels instead”). 
The former choice is certainly too high on account of 7,180 mb. The latter choice 
may be good enough, as far as the part dependent on 7’ is negligible. But this part is 
not always negligible, since 7,/2’ is presumably larger than unity. For this part the tem- 


perature should be taken at H,x, that is greater than 200 mb in practical cases. Con- 
sequently, one should pay attention to the temperature at about 200 mb level. As this 
level lies in the troposphere, the temperature variation may be larger than that at 100 mb 
level. If one takes the correlation with temperatures at 100 mb levels, one may thus 
obtain too large a temperature coefficient*’. 

About the influence of heavy mesons very little can be drawn from our calculation. 
We can only set on an upper limit for the production rate of heavy mesons. Experimental 
uncertainties in the temperature coefficient at high momenta may not exceed 50%11), 
Within this uncertainty the temperature coefficient is well accounted for in terms of T- 
decays alone. This leads us to an upper limit of Rx fx to be 0.5, unless there arises fortui- 
tous cancellation between the contributions from K and & (taking account of Ry~1/2, 
therefore, we obtain fx<1). This seems to be consistent with other observational facts, 
such as the behaviour of cosmic rays underground and the mass spectrum of secondary 
particles from high energy showers. 


We are grateful to Messrs. K. Maeda and M. Wada for their helpful discussions 


and for showing us their works prior to publication. 
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The formalism of quantum electrodynamics without subsidiary conditions was obtained in a 
relativistically covariant way, starting from Heisenberg’s representation. Transforming the formalism 
of quantum electrodynamics in Heisenberg’s representation to the one in the interaction representation, 
the equivalence of this formalism to the ordinary quantum electrodynamics introduced by Fermi was 
proved. 


§ 1. Introduction 


The divergence difficulties of the norm of the state vector accompanying Lorentz’s 
condition in quantum electrodynamics are well-known facts from the old time.” The 
procedure avoiding these divergence difficulties was proposed by Gupta” and Bleuler,” and 
a rather radical interpretation of this procedure was tried by using the indefinite metric 
in Hilbert’s space introduced by Dirac.” Furthermore, the formulation of quantum electro- 
dynamics without subsidiary conditions was proposed. by Valatin,” whose method starts out 
from the interaction representation, assuming that the interaction Hamiltonian is composed 
of the transverse part and the longitudinal photon part leading to the Coulomb energy. 

In their above methods there are some defects: Gupta and Bleuler have used the 
concept of the indefinite metric, which seems to me to be inadequate and Valeatin has 
adopted the method metioned above, which seems to lack the necessity with respect to the 
derivation of the formulation. 

The method proposed here starts from a formulation of quantum electrodynamics 
expressed rigorously in Heisenberg’s representation, and after dividing the electromagnetic 
field potential into the transverse and the other parts, the integrals of these wave equations 
were exactly obtained by using Green’s functions. And furthermore, by employing the 
pro-edure derived by Glauber’ and Umezawa”, the formulation in Heisenberg’s representa 
tion is transformed into the gauge invariant one in the interaction representation and the 
equivalence of this formalism to the ordinary quantum electrodynamics is proved. Here 
the gauge difference in a wide sense produced from the other parts of the electromagnetic 
field potential A, gives the ambiguities of Coulomb potential energy in the interaction Hamil- 
tonian, which can be vanished. This circumstance is due to the reason that only three com- 


of A, can be determined, while the remaining one component of A, is undetermined. 


ponents 


* On leave of abscnce from Physics Institute, Kyushu University, Fukuoka, Japan. 
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. e . 9 . 
§ 2. Quantum electrodynamics in Heisenberg’s representation 


The quantized wave equations for the system of electrons end electromagnetic field 


interacting with each other without using Lorentz’s condition are expressed as follows : 
{7p (Oy —ieA, (x)) +4} P (*) =0, (1) 
(O,,—9,9,) 4, (%) = —j.@), (2) 
Ju) =ieP OTP), (3) 
where the dynamical variables in Heisenberg’s representations are denoted by the bold 
letters and the ones in the interaction representation by the usucl letters. A, (x) and ¢ (x) 


are the quantized electromagnetic potential and the electron wave functions respectively. 
Here we divide A,(x) into the following two parts: 


A, (x) FF 1 (x) ak S, (x) , (4) 


where 6, (x) indicates the transverse part of the electromagnetic potential and satisfies two 


conditions : 
OM, (x)= 0, 2,20, (x) =0, (6) 


where n, is a time-like unit vector n,°=—1. Now we introduce the projection operctor 


Ty» which produces the transverse part of A, : 
m7 A (6) 
Here T\,, operator satisfies the following conditions : 
0,T,,=0, nu Ty,=0, PPR FH (7) 
Such a projection operator satisfying the above condition (7) is expressed as follows : 
T= Ou + (mO—9,9) {(1+0*)-*+a0(D+40*)}n, 
— (4,9 +9,) {((0+0*) 4+ ad(040%)} 9, (8) 


where @ is any numerical constant. 


Then the quantized wave equations of 2, (x), which satisfy the conditions (5), are 
given in the following by operating Ty, to the equation (2) : 


CL Wt, (x)= hs (x) — (n,U —90,) {(O +3") + ad(O+ 3”) } mJ, (x), (9) 


where 0=n,0,, and 0~', ((J)+0*) 71 expresses the symbolical operator, which means the 
multiplication by (in,k,)~*, — {ky + (mky) *}~' in Fourier’s transformation of functions consi 


dered now respectively. ({]-+0°)~'!n, Ja (x) is the expression related to the Coulomb potential 
energy, 1.e., 


(hee) hea, (a) =| m POD (x—x)do', if. n(x, x!) =0, (10) 


where o is the space-like surface and D (x—x') is defined by 
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02D (x—x’) =D(x—~’), (11) 
and 0 (x) is the following function :? 
aD (x) = (1/472) 1/ V xe + (myx), for x,7>0, 
= 0); fone ge<0; (12) 
= (1/87) (1/myx,)> for x,'=0. 
From equations (2) and (9), we get the quantized wave equation of B, Cae 
OB, (x) —3,3,8) (x) = (An, 3,9) (+8) "+48 (O40) } mir @- (13) 


These expressions (9) and (13) are gauge invariant, where the former in a narrow 
sense ([])4=0) and the latter in a wide sense. Before solving these equations, we prove 
that the original A, has only three determined solutions and the remaining one component 


of A, can not be determined. If we substitute the Fourier’s transformation of Ags 


A, (x) =i a, (k) e* (dk) (14) 


into (2), we get from (2) : 
kya (k) —Rukran (k) = Fy (®)» 
where F,,(k) expresses the Fourier’s transformation of the source function and satisfies the 


following condition 


kF, (k) =0. 
The rank of the following matrix to give the coefficients of the simultaneous algebraic 
equations to determine 4, (ey ase3e 


b2—ky? bike kik, kik, 
a a kok, 
kak bicee bob bk 

kak kiko Le ba 


Therefore only three components of a,(k) can be determined, while the remaining 


one component of a4, (k) is undetermined. 


The solutions of quantized wave equations (1), (9) and (13) are expressed in the 


following integral forms : 
g(x) =x, 0) ie | 5° (xe, 2) pA (2) 9 (2x (15) 
M,, (x) =Uu (x 7) + | jue”) dy (2) D8 (os x") dx" 


+| (n, 9,9) diy (x) Die) (* 4.9/?) ta ad (EN 4.0/2) |g Jy (x) dx", 
(16) 


. > ae 
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B(x) =B(% o) +2, {(O+0") +400 (0+0")} mj, (x), (17) 
where 
S°(x, x”) = (79, —K) 4? (x, x”), (18) 
AP (x, x) = 1/2" fe (o, x") —€ (x—2!)} d(x 2"), (19) 
D? (x, x”) =1/2: {e (oc, x’) —€ (x—x”)} D(x—x’), (20) 
diy =9,,— (0,0,0-? +0,0,0-'+4.2,0,971), (21) 


+1, for x>x,", 
€(x—x’) = 

ae LgetOr Xp ar! 

+1, if x” is earlier than o, 
al rl Mi 


—1, if x” is later than oc. 


Here x does not necessarily lie on o. YU, (x, c), B(x, 7) and f(x, c) satisfy the 
following free equations and the conditions : 


(7pOp +) f(x, c) =0, LJ Uy (x, c) =0, (O0,,—9,9,) as (x, o) =0, (22) 
Ou, (x, 0) =0, n(x, +) =0. (23) 
(16) is reduced to the following form : 
D1 (x) =, (x, o) +i, (x’’) d},,D° (x!) ded’ 
— (7,9 +9,) O~"[ (DO +8*) 4+ ad (043") aaj (x), (24) 
by making use of the properties : 
nd, =0, adj, = < (n,0+0,)0—*D. (25) 


It is easily proved that the integral (24) satisfies the two conditions (a) 8 


3,2, (x) =8,.91,, (x, 0) —{i, (x") (n,3-+8,)9-*C1D® (x, x”) de” — 9"! (my jy (x)) 


= | u(x") (2,9 +8,) 8-20" (x—x!") dx!" —-"(n, j, (x)) 


= (2,9 +9,) 0-4}, (x) —9- (mj, (x)) =0. 


Since the fact that the solution (15) satisfies the wave equation (1) is well known, the 
proof is omitted. As the peculiar Green’s function: dy,D* (x, x") is used in (16) or 
(24), we prove that (24) satisfies the equation (9). 


Ot, (x) =— | bi ' 2") de" — (ng 1+-8-1,) [(O48*)-14.08(0-48%) ] 


x my Jr (x) 
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= —jn%) +9,97* (nj, @)) — (On, —90,) (+0) "+ ad (+ 3") mj) 
—0,9-"'(O+8")[ (0+) "+40 (O +0) Jafar 
= —j, (x) — (On, —3,9)[ (040%) 1+ 40 (0 +8") Jag jr (x). 


As 2, (x) has two components, 8, (x) must have one determined component. Then 
the remaining undetermined component %,(x, 0) is related to the difference of gauge 
0,A(x) in a wide sense, where A(x) is an arbitrary function, because the wave equation 


which 0,,/ satisfies becomes an identity relation : 
(C8,,—9,,8,) 3,4 (x) =0. 


It is proved in the next section that this arbitrary term A(x) and the term related to @ 
do not contribute to the final result. Thus the final solutions in Heisenberg’s representa- 


tion are given by (15), (24) and (17). 


§ 3. Quantum electrodynamics in the interaction representation 


Here we transform the formulation obtained above into the one in the interaction 
representation by using Glauber’s procedure” (quite similar to Umezawa’s method). If x 
lies on o, we get from (15), (24) and (17): 


P(x) leco=P (2/5), My CX) |rco= Uy (X/F) — & (m9 +94) 99+") maja (x/0), 
By (x) [sco = Ou (x/o) +m, (A+8*) “Imjr(x/o) +000 (+2) mjrG/o), (26) 
by using the properties : 
S° (x, x”) |seo=0, D(X, x") |sco= 9s (27) 


: te ; 
where xco and x/o mean that x lies on o. The interaction Hamiltonian H(x’, n) can 


be determined by the following relations and commutation relations : 


[o(x/o), H(’, n)]=i-0b %/o) /02(&), (28) 


(2, (x/o), H(’, ) =i, (/o) 02), (29) 
{Po (x) ? Ps (x’) } oa Sas (ex) > 
[2,. (x), UW’) J=id) Dx), (30) 


other commutators = 0. 
By differentiating functionally on the equations (15) and (24), we get: 
52046 (x/'0) [82 (x) = eS (x—#) 7/0) Lu /o) +1/2-m(V +8" mjale/2) 
—a/2+040'10 (LA! +9") m jr (x'/o) +0, A(x'/o)} 
— 6/2» {my (LY +8") “ing jn &/01) — 03 ,3'-13 (LY! + 3") jx’ /0)} 
XS(x—x) 1 @//o), (31) 
j-OM, (x/0) /82 (x!) =— ij, 2) dD &—-*), (32) 
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through the use of 
d€ (a, x’) /02 (x) =20! (x — x7), 0S" (x, x") 702 (x) =0'(x/ — x") S(x—x’), 
OD (x, x") (80 (x!) =0"(x! =x") D(x—2’). 


where we used the following integral instead of (12) : 


P(x) =, 0) — 2) 8° (ay Vin La D9) $9 "DA, (HD) da (33) 


One can show that (31), (32) are satisfied by the following Hamiltonian by meking 
use of (30).: 


FI (x) = =e (x) es (x) daha (x) | min (x’) a’ (x= x’) do’ 


+4/2{[9,97'0 (D+9*) mir (x) Jj, (~) +), [0,370 (O+8°) yj, (x) J} 
Iu) A(x), (34) 
where we put 
$(% —O) =x), AWG —O)=WA(x), m(xe—x!) =0 (35) 
and #(x) and (x) satisfy the following relations : 
eA. +O)HH)=0, QA) =0, 2%.) =0, 9,2, (x) <0. (36) 
The equation of motion for state vector [o] is 
i 00 [o 02) =H(x) V[o], (37) 


where the third and the 4th terms vanish by making use of the following unitary trans 
formation of [co]: 


Flo]=exp id) Mo, A=“) i, (2) [9'-"(C' +9) mA HY] (38) 


FO 3) mn) Tin)} dou — | jue) AQ )doy, 


jemi OP OA @ OD 


62(x:) 828) dQ) 
= Te Vin (x) [9,970 (+2) my j, (x) ]+[9,9770 (+0) nj, (x) Jin} 9 
n(x) O,A (x) P+i——_ , 
+ jy (x) 9, A (x) Tie 


exp (—iA) H(x) exp (iA) = ET (x) — AVERY paca 
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[4, Ho) ]= | ia (x) Wy (x) +4 jy | mais (x’) 0’ D (x— x) do! —j,, (x) 9, A(x) 


v 


she Li, (x) (8,970 (+8) maja (x)) + p97 (O+9") maja) in ts 


= fj) (8/28 (CA! $8") mj @’)) + (8'18. O48") ma jn) in} 


—j,(x’) A(x’) |doy’. 
Here the ambiguious terms relating to a become zero and if A(x) is a cnumber, 
all terms of the right hand side containing A(x) vanish, while if A(x) is any g-number 
independent of 4 (x), quite ambiguious results are produced. However, as the equation 
of A(x) does not exist and furthermore A(x) has not any definite commutation relation, 
A(x) can not describe the real physical field. Then we must consider A(x) as the cnumber 
not corresponding to any physical field. Therefore the final equation of motion for state 


vector V [o] becomes as follows : 
OF |o\/o2 (x) = \— Je (x) Ls (x) aj \ is (x) MyJa (x’) aD One x9) do’} Plo]. (39) 


This formula is completely equivalent to the form of the ordinary quantum electrodynamics. 


If we adopt only 2 times of the second term, (31) becomes as the following : 
[o(x), HX) J=—S eX) @) PLLC) +n, nj, (x) 0" D (x"—x/)do’} . (40) 


If we calculate the left hand side of (40) by using (34), we get the formula (31). 
By making use of the following relation, 
[fh (x), ju x’) = eS (x—2') Taf @) 


(31) becomes as follows : 


[P(x), H(*”)]=—S(x—*) Hu (x) (Uy (x’) tng| main?) a” D (xe —x") do" 
—£S$(x—x) rym @){ a” SD (x! =x") S (x! —x') punydo”. 
Ds o 


The second term is related to the Coulomb static self energy of electrons. Then in order 
+4 S Jt /t 
to eliminate such a term, we must adopt the symmetrical expression 1/2 {Ay (x) P(e") 


+(x") A, (x")} instead of A, (x) P(x) in (12). 
§4. Conclusions 


We obtained the relativistically covariant formulation of quantum electrodynamics 
without subsidiary conditions starting from Heisenberg’s representation, by dividing the 
electromegnetic field potential into the transverse and other parts. The latter part has the 
connection to the Coulomb static potential, which has the ambiguities relating to the 


! 
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difference of gauge in a wide sense. But these ambiguious parts can be vanished by the 
unitary trensformation of the state vector in the interaction representation. By making 
use of the suitable Green’s functions and putting the differential operator of the source 
function outside the integrals, the equations of motion in Heisenberg’s representation are 
solved. And furthermore, the equivalence of this formalism to the one of the ordinary 
quantum electrodynamics introduced by Fermi was proved by transforming the formalism 
in Heisenberg’s representation into the one in the interaction representation. But in order 
to avoid the term related to the Coulomb static self energy in the final interaction 
Hamiltonizn, we must take the symmetrized interaction term in the expression of the 


interaction term between electrons and electromagnetic field potential. 


I wish to express my sincere thanks to Professors N. Bohr and C. Moller for giving 
me the opportunity to stay and to work in the inspiring atmosphere of their institute. My 
staying expenses were gained from the Rask-drsted Foundation. 


Mathematical appendix 


Calculation of D(x) and 9D (x) functions are performed as follows. As the integral 


of D(x) function is expressed as follows :’” 
Dix) e | (dk) [da exp[iakj + ik, x, ]€(k), (A-1) 
Gay J 
0S) (x) is written in the following integral form : 
aD (x) aroaet (ak) \id da exp[iak? + ik,x,]¢ (k). (A:2) 


The integral rep.e entations 


=k 6h Bal oe a pee? 
€(k) Siaua ~("esplieytarl , (A-3) 
pede SCs} [exp (in ka) —-da (A-4) 
Beaks 2J-© ‘3 | a| 


enable the integration over k space to be effected : 


aD (x) cul dk) | “exp (ibnyk,.) db ul 


x |" da exp|iaky + at a)" ep Gieghy) 


Lae (ihc) 
o¢ 


ar (FP (e's Por 
a 27 (de) | “ds” | ia{” ~ expli (ak? + kyxp + bttyhy + € yh, ,) Jexp (ibe). 


oo oC Se) 


If we put 
, 1 
kik, -+ 5, te ott eur) 
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and use the following relation : 


\ EO 
a\a| 


we get 


9D (0) =| abl a ee is Soe | Fla tog + er)’ | Sale 


-« ¢ J-#ala|J-° T 


ae We “db \ =H) s © exp (ibc) | da {exp[ —ia (x, +6n, + €,7) 4l 


-oc 


—exp[ia (x, +n, + €47) “lr 


If we perform the 6’ integration by using the relation 


|" as exp (+ iab!*) =,/Zexp (+ ne ) ; 
-2 a 4 


and putting 
b= b—(nyx, tre -<) A 
we get 
AD (x = | ess © explic(n, x,—T) | X 
iOS, 


ont, P Fl ; e a 
SK \ wan fexp| —ia {i+ (nyx,)'+ | +i=| 


. 9 9 Food avhe 
—exp| ia {xi Xa) | i= |, 


» WOT E 
where we put €,—=m,, because €, 1s any time-like vector. If we put a=a and use the 


next relation 


[daexp-ti| e+ as — = |= vn exp (-bicx) , 
0 4a 4 2% 


the following result is obtained : 


4 he de es HAG Ce 
so. taf Af Horio) 


x |. da {exp| — i (xt (mux) DE + =H -exp(i=) 


—eafifes ung 9+ fool -) 
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Be i" al us sin { (myxy— 
 2(2n)! fe 
47 1 


~ (Qa ev xP (myx)? 
where the next relation was used: 
\ ae =c—0, 


Ot 


IG te. 
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1 


—— {exp[—ic Vx," + (n,x,)'] 
TEE yl pl 


{= cos (nyx,c) sin(cVx,?+ (nyx,)?), 
0 


| abe TOA (c> 0). 
ahr 


By making use of the following formula: 


co 


\ sin qx cos pee eat for q>p, 
0 x z. 
=0 for q<p, 
7 
Of =i 
Fi =P. 
we get the final result : 
1 a ee. : 
OY (x) = — for ~x,?+ (n.x,)?>mn,x,, ie. ioe Os 
4n iors (n,x,) fee tess 
=), fot (Vx, 2, (nix)? <nyx,; i.e./ x,°<0; (A-5) 
La! Se Se Pe . ez 
= ; for Xe + (myxy)*=nyxy, ie. x,7=0. 
87 nx, 
Here in the case of n,x,=0, AD (x Nat expresses the covariant formulation 
47 Ke 


of Coulomb potential. 


Next we perform the explicit integration of S (x) function similarly as before. 


: i ( (db) 
aes (27)! ite aky)? 


rer: m)® 5 Hd a 


Xexp|i (nuk) (6+e+ 


where we put €,=n 


dy 


en f 


pe 


r 


| dae (k) exp[iak,” +ikyx, | 


cA pe 
a J—m f 


i “la daX 


t) | exp i (by + ch) exp (iaky +ik,x,), 


Integrating over ky, we get 


D@=-— fab |” dy (° ‘i db(? de 
(x) 2 (an) Be | ay et : exp i(by+ch) 
x) Jae|—2 gg Met Otete)n,}* 
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Ze | dg | | eee Nee : 
-- det ates a 
Bale: ce de Coral exp i(bg +ch) 
Xx \ da {exp| —ia {x + (6+e+ T) ny} ?|—explia {x, + (6+c+7) nu} alt 


and integrating over 6! after transforming 6, we obtain the following result : 


D Sey a" - aay nae da. Be: 
2 ier year ed or 8 ye OEP Hata th CTT) g X 


2 2 
x fexp—i a (x7?-+ (gx) 2) ae iE —exp i [« (xy2+ (my xy) 2) ae 7 _ =| 


4 
— 41 il ay ‘ dh fe Bp 00k owl 
= a ee Vx? 2 = 5 
Gz + crap co eosile, (8 apse ae AEA Sut aman )} 
X exp (ich) 
471 1 od, o ce} dh ; wih oe Ak 
= Gay Tes AV exp (ich) cos J (ngxp— eo) sin J Vx t+ CRY) 2. 


where we used the next formula: 
a ake 
\ sin g (nyxX,—¢—T) = —7 cos G(x. ¢) 
wie 


Making use of the following relation : 


|i exp (ich) cos J (myXp —c) =7 {0 (h—g) exp (gmx) + O(h+g)exp(—ignx,)}> 


I sin g Vx? + (myXp) SiN IM Xp 


2 


Din) = =i 1 ("2 


(Qa)? V xy + (yxy) 0g 
it Gs a 
=— iis Rips (nm -) ? for Vx t+ (ny Xp) = MyXus x," > 0, 
u Xp 
Pa So (A-6) 
=a ») efor Vx (myXy)° — My Xps x? <0, 
7 


where we used the next formula : 


|, osin gX sin gN= aX, if UN 22x, 
0 gy 2 


er witee Ne 
2 


If we operate 8 to D(x) expressed by (A-6), it is easily proved that 0D (x) 
satisfies the conditions (A-5) and next relation holds 


(3, +n,3) D(x) =0 


in the case of n,x,=0. 


22. 
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Recently Lee has suggested that the reaction K-+d23>+p might lend itself to a determination 
of the spins of the negative K meson and negative >} particle. Because of the mysterious degeneracy 
of the mass levels of heavy mesons, however, the application of the detailed balancing arguments is 
not so simple as was the case with the positive pion unless heavy mesons with different names represent 
the competing modes of decay of a single kind of heavy mesons. 

In this paper, we propose a possible experimental method to determine the spins of the negative 
K meson and negative >) particle from the observation of the process K-+d23)-+p by using a K 
meson beam which is in general a mixture of distinct kinds of K mesons. 


§ 1. Introduction 


During the past few years there has accumulated an increasing amount of experimental 
informations on hyperons and heavy mesons. In the initiatory stage of investigation their 
nature appeared to be rather curious, but in turn their characteristic behaviour served to 
narrow the possible theoretical interpretations almost uniquely. At present, it is known 
that the principle of charge independence is very powerful in explaining and_ predicting 
some of the characteristic properties of these unstable particles qualitatively.” Now it is 
felt that the next step towards the quantitative theory of these particles might be achieved 
by the determination of their spins and parities. Hence this paper is devoted to the 
investigation of this problem. 

The Christian names of heavy mesons and hyperons are defined according to their 
characteristic modes of decay so that it is generally hard to distinguish between them unless 
we precisely observe their decay modes. This gives rise to a serious difficulty in investigating 
the nature of these particles, since we cannot settle what kind of hyperon or heavy meson 
it is if a hyperon or a heavy meson interacts with nuclear particles without exhibiting its 
characteristic mode of decay. The situation is especially serious for heavy mesons because 
of the mysterious degeneracy of their mass levels, +.e., all kinds of heavy mesons now 
familiar seem to have the same mass eigenvalue within experimental errors. Bearing this 


in mind we shall discuss how to determine the spins of heavy mesons without observing 


their decays. 


§2. The principle of detailed balancing 


The spin of the positive pion was determined by comparing the forward and back- 


2 2 
ward rates of the reaction” 


524 K. Nishijima 


m +d = p+p. (2-1) 


The foward and backward reactions are related by a detailed balancing argument, if one 


assumes initially unpolarized particles, so that 


de) iil ace all (2-2) 
d2 dQ 3 g?(2s+1) 


where s is the spin of the positive pion, and p, q, are the momenta of the proton and 
pion in the centre of mass system. 
Recently Lee has proposed to apply the same method to the reaction” 


K-+d2 >\ +p, (2-3) 


so that we can determine the spins of the K meson and 5} particle. If there were only 


one kind of K mesons, we would have 


da (—) [2 (<—) ~ 2p. 25-1 


P > (2 *4) 
KR hve lade tg Ps 9 


where s, S are the spins of the K meson and 5} particle, and p, g, are the momenta of 
the proton and K meson in the centre of mass system. There is a preliminary evidence,” 
however, that there are at least two distinct kinds of K mesons and hence we cannot 
directly apply the formula (2-4). In performing the experiments to measure the cross 
section of the reaction 


K-+d—> 3S) +p, (2-5) 
we shall be obliged to use a K beam composed of a few distinct kinds of heavy mesons, 
say K,, Ky, ++. Then the observed cross section may be expressed 

Tors (—>) =WaFa(—>) +mOn(—) +, (2-6) 
where , ™,°* are the proportions of the mesons K,, K,y,::: in the beam, and 


Oq(—) =o (K7+d— >) +p) and so on. On the other hand, the observed cross section 
of the inverse process is given by 


Tos (—) =F4(<—) +0, (<—) +---, (2-7) 
where o,(<-) =o (S$) +p —>d+Kz7), etc. 

In the former reaction it is impossible to determine in each case what kind of K meson 
induced the reaction (2-5) since we can never observe the decay of the absorbed K meson. 
In the latier reaction, it is possible in principle to observe the K meson decays in fortunate 
cases, but it is experimentally difficult to observe both the production and decay of a K 


meson simultaneously. For this reason, we shall discuss an experimental method to determine 
the spins of K mesons and S} particle in the next section. 


§ 3. A proposed experimental method for the spin determination 


Although it is impossible to determine what kind of K meson induced the reaction 
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(2-5) in each case, it is still possible to distinguish between them statistically. This is the 
point of our discussion. Suppose that a K beam is impinged upon deuterons in a pressure 
vessel, then the intensity of the beam will decrease with the distance travelled by the K 
mesons according to the exponential law 

I=I, (exp (—x/Aa) + ™% exp (—x/%) ); (ay) 


? 

where 2’s are the mean free paths of the mesons K, and K,, and we have assumed with- 
out loss of generality that two kinds of heavy mesons are involved in the beam. The 
mean free path /, is given in terms of the total cross section o, for collisions between a 


K, meson and a deuteron, and the density of the target deuterons p by 
ae (3-2a) 
and similarly 
Ap 00> « (3-2b) 
Hence the relation (3-1) is rewritten 
[= pF (we °a* + we %*) ’ GB s 3) bod 
where x= (-X- 


High Pressure Vessel 


Outgoing Beam of 
K- Mesons with the 
Intensity I 


Incident Beam of 
K- Mesons with 
the Intensity Ip 


Proton Beam with 


the Intensity I, 


Schematic Diagram of the Proposed Experiment 
Fig, 1. 


Then from the attenuation measurements of the beam intensity, I/[, can be determined, 
so that we can plot I/I, versus X. This curve provides us with a means to determine 
Way Wry Tq and o, if o, differs from o, by an appreciable amount. In order to vary X, 
it will be more favourzble experimentally to change the density / of the deuterons in the 
pressure vessel than to do with the path length x of the K mesons. Suppose that the 
effective proportions Wu, Ws and total cross sections 0, % are experimentally determined 
as described above, then we can also determine the differential cross sections do,(—>) /d2 


and do,(—) /dQ. 


a 


* Rigorously speaking, the proportions w’s are expressed by wa=Wa° exp(—d/Aq), where wa? is the 
proportion of the Kqz mesons in the incident beam, d is the thickness of the vessel wall, and Aq the mean 
free path of a Kg meson in the wall; but we need not know »° or exp(—d/A) separately. This enables 
us to eliminate the possible contributions of the background mesons produced at the walls. Hence in general 


one obtains wz+w7,41. 
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Suppose that we measure the intensity I, of the proton beam coming out of the 


vessel in a certain direction, then the proton intensity is given by 
pene di, ey do, oa (1 —e7 2%) BB _ do, So) (1—e7%) 
I, d2 o, di dQ 
+ (background corrections) . (3-4)* 


Since (2:5) is a two body reaction, the outcoming protons should have a definite energy 
in a given direction. The background protons are produced at the vessel walls but their 
intensity is independent of X, hence the background corrections are easily distinguished 
from the protons produced by the reaction (2-5). By repeating similar measurements to 
the previous case, we can determire the differential cross sections separately. We shall 
denote them as 

(eae and do,(—) : (3-5) 

df22— /wos dQ2 obs 


Then we must measure the cross section of the inverse reaction 
SV +pod+kK. (3-6) 
The observed cross section is, according to (2-7), given by 


(a) Gale) sgita—) (3-7) 


dQ Jus dQ d@ 
Inserting (2-4) into (3-7), we finally arrive at 
do (<—) 3q° fale 1/ do,(—) 25,+1/ do,(—) | 
ae re Se Se a SRLS SS , in ts 
( dQ / obs 2p 2S - 1 di? obs T yee 1 \ dQ obs ( ) 


where S, s,, and s, are the spins of the S}~ particle, Ky meson, and Ky meson, respectively. 
If the measurements were performed in two or more directions the ratios (25,+ 1) /(25+1) 
and (25,+1)/(25+1) are uniquely determined. The identification of K, and K, mesons 
would be achieved by comparing w, and », with the branching ratio of the free decays 
of the K mesons used in the first experiment. **? 
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In some cases, certain geometrical corrections to this formula might be rosuired. 


2K ; weele 
When a heavy meson has two or more different Christian names, howey, 


, this identi“ca:ion would 
not be an easy task. 
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Based on the principle of charge independence and the experimentally established evidences for 
the existence of the hyperfragment °H*, the nature of the force between a A° particle and a nucleon 
is investigated. It is shown that the range of the A-N force cannot be longer than half the pion 
Compton wave length and that its well depth parameter is larger than about 0.4. This result suggests 
us the possible existence of the so-called hyper di-nucleons. Next, the mechanism of the non-mesonic to 
decays of a hyperfragment *He™ is investigated. A qualitative argument leads to the conclusion that 
the spin of the A° particle cannot be larger than 3/2. 


§1. Introduction 


In studying the nature of heavy mesons, the most serious difficulty that we face is 
the mysterious degeneracy of their mass levels. We cannot determine what kind of K 
particle it is if a heavy meson interacts with nuclear particles before its decay.” The 
situation is worse for neutral particles such as A° and 0° since they cannot be detected 
unless they undergo spontaneous disintegrations. Fortunately, however, it is an established 
fact that a A’ particle can be bound to a nucleus to form a hyperfragment, and consequently 
it is possible to draw some conclusions. onathennaturesof the: 1, particle through the 
investigation of hyperfragments. Along this line of reasoning some properties of the 1” 


particle are investigated in this paper. 


§2. Interaction between a A particle and a nucleon 


Since the first observation by Danysz and Pniewski2 it is well established that a 
hyperfragment is such an excited state of a nucleus in which a A° particle is substituted 
for a nucleon. The rigidity of the A’ particle in hyperfragments might be an indication 
of its elementarity. Besides there are some anomalous cases that this interpretation cannot 
be taken for granted”, but they are distinguished from normal cases by their large Q values. 
In this paper, we shall confine ourselves to the discussion of normal hyperfragments. The 
existence of normal hyperfragments shows in a direct way that the A-N force is very strong, 
and this section will be devoted to the investigation of this force. 

Let us first discuss some results obtained by applying the principle of charge symmetry 
to this force.*” The simplest but important result is the equality of the force between a 


NS 


* We assume that the A-N interaction is charge independent and consequently charge symmetric. See ref. 4). 
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A’ particle and a proton and that between a A’ particle and a neutron, i.e., 
V np Vin Vane (2-7) 


Hence some consequences of charge symmetry known in the field of nuclear physics are 
also valid for hyperfragments. For instance, the existence of the hyperfragment *He* requires 
that there must be its mirror hyperfragment ‘H* and that the binding energies of A’ in 
these two fragments should be approximately equal. 

The principle of charge independence imposes more Precise restrictions on the nature 
of A-N force?. One of the most important conclusions is the deduction that the range 
of A-N force should not be longer than half the pion Compton wave length, i.e., the 
range of N-N force. This can be proved as follows : 

Let us consider Feynman diagrams which give 


os . in . rise to the A-N force. If a directed line 
Wek dhe a , starts with A’ and ends again with A°, as in 
z= > Fig. la, A°® and N should exchange at least 
seteea pes two mesons either pions or heavy mesons since 
I=0O for A° and there is no pure neutral 

” N Allversvebon (I=0) as light as a pion. On the 
Fig. la Fig. 1b contrary, if a directed line starts with A° but 
Examples of Feynman diagrams giving rise ends with N, as in Fig. 1b, A° and N should 


to the A-N force. exchange at least one quantum of y-charge”, 


i.e., a heavy meson, as is obvious from the conservation of y-charge for the strong inter- 
actions. For both cases, the above statement is justified provided that the energy of the 
system is sufficiently low. 

Next we shall study the strength of the A-N force based on the evidences for the 
existence of the hyperfragment *H*, the lightest one known at present.” The Hamiltonian 
for this system is given by 


H=T,+T,+T3+Veot+VantVag > (2-2) 


where T’s are the kinetic energies of a neutron, a proton, and a /° particle constituting 
the fragment and V’s are the potentials between them. Then the wave function v, 
representing the fragment *H™* at rest satisfies the Schrodinger equation 


* Hy? = — (Bat By) Vy, (2-3) 


where B, is the binding energy of a deuteron and By the binding energy of the A° in 
this fragment defined by this equation. 


Let us denote the lowest eigenvalue of an operator A as Min (A), then we have an 
inequality 


Min (A+B) >Min(A) +Min(B). (2+4) 


With this notation we have the following equations : 
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Min (H,;) I (By, + Ba) ’ 


Bud Min (HL) = Min (Lier etn = + Ba - 293) 


Combining these relationships, we have 
— (B,-+ By) =Min (H,) > Min (Hy) +Min (T+ Vian + Vay) 
or —By>Min(Ty+Van+Vap) > Min ((1/2) Ta t+ Vian) +Min((1/2) Tat Vay) - 
With the help of (2-1), the above inequality reduces to 
Min ((1/2) Tat+Van) <—Ba/2, 


or . 
Min (p°/4M+ V aw) <—B,/2, @ g 


where M is the rest mass of a ise particle. 
The Hamiltonian for a system composed of a nucleon and a A° particle is given in 


the centre of mass system by 
H= (m+M) p’s/2mM+ Van» (2-7) 
where m is the nucleon rest mass. Comparing (2-7) with (2-6), we see that if the 
potential Vay is multiplied by 2(m+M ) /m, there always exists a bound state for this 
system. Hence we have 
s>m/2(m+M) ~0.22, (2-8) 
where 5 is the well depth paremeter” of the potential Vay. Rigorously speaking, it 
will be better to replace the inequality by a stronger one 
£4* 0:22; (2-9) 
as seen from the above derivation. So far as we know at present there is no definite 
evidence for the existence of hyper di-nucleons, and for the time being we shall assume 
the non-existence of such fragments, then we have an upper limit to the well depth parameter 
L>s. (2-10) 
In order to obtain a more intuitive information on the potential Vay, we shall 
investigate the allowed regions of the well depths for square well and Yukawa potentials. 


(1) Square well potential 
In this case the well depth parameter is given in terms of the well depth VY, and 


force range b by” 
s= (4/7) pV EP, 2-10)” 


where pz is the reduced mass 2mM/(m+M). 


(2) Yukawa potential 
We write the Yukawa potential in the form 


V=— exp (—1/6) (2-11) 


SS 


* We employ the natural units b—c—1s 
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then the well depth parameter is given by” 
s=0.59531pV,6". (2+12) 


The inequalities (2-9) and (2-10) lead to inequalities for the well depths which 
are given in the Table I for two choices of the force range 6. The range 6 is chosen very 


short in accordance with the principle of charge independence. 


It is very important to investigate 
Table I bie aet! ss g 


Allowed Regions of the Well Depths in Mev. more precisely the hyper triton problem 


by adopting a specific model. If we 


Ss Y 6 | jek 16h | 0°49¢10-Bem assume that @ is scalar and that A" has 
shape ~~___ = | spin 1/2 and even parity, then the 
Square Well 360 >V)>80 | 625 >Vo>125 contribution from the Feynman diagram 
sie Baan 227 >Vp> 54 | 419 >Vo>84 in the Fig. 1b leads to a Heisenberg 
exchange force” 
Van= (97/47) P,Pae™0"/r. (2713) 


Hence in the ‘S state, the well depth parameter V, defined by (2:11) is given by 
Vi= (9/42) m,=9°/47 X 493 Mev. (2-14) 


Then noticing that b=m,;'=0.4107"cm, we have with reference to the Table I the 
inequalities 


0.85 >9°/47>0.19. (2-15) 


By adopting the A-N potential (2-13) and phenomenological neutron-proton potential, Iwao 
estimated the magnitude of the coupling constant g°/4z with a variational method so as 
to make the calculated binding energy of the A” in a hyper triton fit the experimental 
value 1.5 Mev and found g?/47~1.1. This value is large enough to allow the existence 
of hyper di-nucleons as is clear from (2-15), but this conclusion is not decisive for the 
following two reasons: (1) the variational method leads to a considerably larger value of 
g°/4m than the exact one unless the choice of the form of the trial wave function is 
excellent, and (2) we do not know the true shape of the potential. However, we may 
take it for granted that the well depth parameter is near unity and consequently the scatter- 
ing cross section of a dl" by a nucleon will be very large at low energies. 

The rather small value of the lower limit of the well depth parameter in (2-9) can 
be increased by taking account of the short range character of the A-N force. Roughly 
speaking, the distance between the proton and neutron in a hyper triton will be of the 
order of pion Compton wave length and the range of the A-N force is only about half 
the neutron-proton distance, so that only one of the two bonds, i.e., the /-n bond and 


A-p bond, will effectively be operative. Assuming that it is really the case we can double 
the lower limit of the well depth parameter, i.e., 


s=> 0.4. (2-16) 
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As seen in the above discussion, the existence of the hyper di-nucleons might be likely 
though not conclusive. A A’ particle would probably be bound to a nucleon to form a 
hyper di-nucleon, and furthermore a >) particle might also be bound to a nucleon, since 
the cosmotron experiments indicate that the }N force is comparably strong with the -N 
force.” In general, however, the 5} fragments are unstable against the processes which 


take place through strong interactions alone 


S}-+ nucleons — A’-+ nucleons, fors Al =O, 
“17 
S}-- nucleons > A’+nucleons+7, for 4I=+1. Om?) 


The hyper di-nucleons that might possibly exist would be of the types given in the Table II. 


Table IL 
Possible Hyper Di-Nucleons 


Ih=1/2 ; ~1/2 I;= —3/2 


(A°p) 


The decay of (S}*p) or (S¥n) through (2-17) or by a pion emission is forbidden 
by the conservation laws of charge and energy. 
§ 3. Non-mesonic decay of the hyper helium ‘He* 
The lightest hyperfragment “H* is known to decay by emitting a pion as” 
3H* — *He+7-. (3-1) 


As the nuclear charge Z increases, the pion is often emitted only virtually but does not 


appear as a real particle." This phenomenon is the so-called non-mesonic decay of a 


hyperfragment. 
The next hyperfragment *He* is known to decay either as'” 
1He*¥ > *He+p+7, (mesonic) (3+2a) 
or as” 
4He* — p+ptn-+n. (non-mesonic) (3 - 2b) * 


these two competing modes are equally probable, and we can deduce some 


So far as we know, 
m this fact. This section is devoted to a 


information on the spin of the 1” particle fro 
n of the mechanism of the non-mesonic decay of the fragment *He*. 


qualitative discussio 
t that such a very light fragment 


The essential point of our discussion consists in the fac 


can undergo the non-mesonic decay. 


* This might be interpreted to represent the decay 4He*>p+d+n. 
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The radius of a *He* is supposed to be of the order of pion Compton wave length 


or more precisely 


R~1.45 X 7% 4 X107-"cm=2.5 X 107" cm. (3-3) 


4 


Suppose that the A” particle in the fragment *He* decayed virtually as 


A p+r7, (3-4) 


and that the virtual pion were subsequently absorbed by nucleons. Let us first assume 
that the pion were emitted really with a kinetic energy of about 40 Mev and _ reabsorbed 


: ~ 13 
by “deuterons” in the nucleus. The cross section of the process" 


m +d—>n-+tn (3-5) 


is of the order of 6mb at this energy. Since the number of ‘ deuterons”? NZ=3 is 
comparable to the number of nucleons N+ Z=4, the absorption mean free path for the 


pion is of the following order 


Aaa 10° Vem: (3-6) 
Hence the absorption probability by the above mechanism is given by 
Pars™R/Aays~107*. (3 : 7) 


Rigorously speaking, we have estimated the “absorptive part”? of the matrix element by 
the above discussion. The “ reactive part’ of the matrix element has been evaluated by 
Cheston and Primakof'” and has been shown to be much larger. Therefore we shall 
replace the cross section of (3:5) by the geometrical cross section (~60mb) with the 
understanding that the reactive part of the matrix element is also included effectively. 
Although this estimation is very rough, our following reasoning is not sensitive to the 


magnitude of the assumed cross section. The revised mean free path is given by 
Aans~R, (3-8) 
and hence the absorption probability will turn out to 
Pavs~ 1—exp (—R/Aqys) 2 1/2. (3-9) 


At a glance, one might be inclined to equate py, to the probability of a non-mesonic 


decay defined by 


(non-mesonic) 


(mesonic) + (non-mesonic) 


(3-10) 


non 


but it is not true as seen from the following argument. 


As is well known a nucleon or a deuteron absorbs a pion mainly from p> or s-state 
at low energies, so that we have 


Pron = Pabs “f, GB -11) 


where f represents the fraction of the p and s waves (from the sink) involved in the 
virtual pion wave emitted from the A’. Since we know experimentally 
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Pea t/2, (3-12) 

and theoretically 
Pavs~1/2, (3-13) 

we may conclude 
fr. (3-14) 


Although the estimate of pays iS not so trustworthy quantitatively, it is qualitatively 
certain that the emitted pion wave should consist mainly of p and s waves (f:om the sink). 

Now suppose that the pion is emitted from the source /° with an angular momentum 
[, and absorbed by the sink with an angular momentum [,, Since 4He* is a light fragment, 
the distance between the sink and source 1s comparable to or even shorter than the impact parameter 
of the pion. The impact parameter for 40 Mev pion is equal to about 4/3 times the 
pion Compton wave length. For a low energy pion and for small values of /,, we have 


an order of magnitude selection rule from the requirement (3-14) 
M4i=1,—1,=0, +1, (3-15) 


based on an intuitive geometrical consideration about the impact parameter. The relative 
rarity of the transition J/=—1 compared with. dil==ocieluis @due to ve statistical reason. 


If we assume as suggested before 

1,=0 or 1, (3-16) 
we reach the following interesting conclusion 

b=0-or ks (3-17) 


This means that the pion emitted from A” by the provess (3-4) is in the s- or prstate. 
Hence we may conclude that the spin of 1’ cannot be larger than 3/2. This result serves 


to exclude certain higher spin models of hyperons. 
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Starting from the symmetrical ps meson theory, the relativistic and exchange current corrections 
to the thermal N-P capture cross section and the deuteron magnetic moment have been defined 
unambiguously and calculated using the T-D formalism up to the lowest order of the meson-nucleon 
coupling constant and the nucleon velocity. This work is a refinement and generalization of the 
previous paper on the exchange current correction to the deuteron moment, the result of which is 
also obtained here. With respect to the relativistic corrections, quite a different method is used. 
Numerical values of these corrections are then estimated by using the phenomenologically adjusted 
two nucleon wave functions with or without the hard core. The sum of these corrections is shown 
to be about +1% of the capture cross section and about —2% of the magnetic moment. The 
phenomenological thermal N-P capture cross section is also estimated and is shown to agree with the 
experimental one within much larger experimental and theoretical ambiguities than the above correc- 
tion. As the exchange current correction is reduced very much if the D-state probability is chosen to 
be smaller and there may be in addition some small positive non-additivity correction, the deuteron 
D-state probability is finally estimated as 31% or so, the same value as was reported previously. 


§1. Introduction 


Although many investigations have thus far been made with respect to the relativistic” 


and exchange current” corrections to the electromagnetic properties and the radiative transi- 
tions of the deuteron, there exists a rather big ambiguity among them and there does not 
exist even an unambiguous separation of these effects from the phenomenological expressions. 
Previously the present author has done” a field theoretical work with respect to the exchange 
current correction to the deuteron moments, starting from the symmetrical ps meson theory 
and using the T_-D formalism. In this paper a similar investigation has been made in 
order to refine and at the same time generalize it so that we may discuss on the same 
footing the relevant corrections to the deuteron moments and the radiative transitions, in 
the latter of which we are now mainly interested in the thermal N—P capture process. 


The main improvements upon the previous one? consist of four paris: First of all 


we have done the calculations so that it can readily be applied to both cases mentioned 
ndly we have also considered such terms as are due to the amplitudes contain- 


above. Seco 
are of the same order of the coupling 


ing two mesons and nucleon pairs as far as they 
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constant as those calculated before. Thirdly, as regards the relativistic correction, a method 
quite different from the previous one has been used, which is quite natural in the present 
calculation and makes it possible to define the relativistic correction unambiguously. Finally, 
in order to get the numerical values of these corrections, more refined two nucleon wave 
functions than before, fitted to all the empirical facts, have been used with or without the 
hard core both in the singlet and triplet N-P states. In spite of these refinements, the 
same result as was obtained before” for the exchange current correction to the deuteron 
moment has been obtained in this paper. 

As regards the non-additivity question of nucleon moments, we have assumed throughout 
in this paper the rigorous additivity, which corresponds to introducing the Pauli-term. In 
the final section we shall refer to the existing literature about this problem. 

We shall, therefore, start from the field theoretical Hamiltonian for nucleons interact- 
ing with the symmetrical ps meson field, both of which are interacting with the electro- 
megnetic field. The general outline is explained in section 2. In section 3, in order to 
define the relevant corrections unambiguously, the phenomenological expressions are derived. 
The relativistic corrections are then defined and given in section 4 and those due to the 
exchange current in section 5, for both the deuteron moment and the thermal N—P capture 
matrix element. In section 6 are given the phenomenologically adjusted two nucleon wave 
functions with or without the hard core. In sections 7 and 8 are given the numerical 
values of the phenomenological capture cross section and the corrections to it and of the 
corrections to the deuteron moment, respectively. In the final section, the summary and 
the conclusion cre given together with the discussions about the non-additivity question and 


the D-state probability. 


§ 2. General formulation 


As we ate going to estimate these corrections up to the lowest order of the meson- 
nucleon coupling constant and the nucleon velocity, we shall start from the ps-py theory. 


The total Hamiltonian in the Schrédinger representation is then given by 


H=H,+H'+H", (1) 


where 


r } fo) pagel pnb ad, \2. 
jk, = (h* | - hca + be ‘| h pieces | aie ‘va +) 2 ‘ 
§ th pacts os 2 Cr malt ax + 7d," | 5 (2) 


Y 
cae LIS G) 


H"' = —eg* “= 3 aA 


The Relativistic and Exchange Current Corrections to the Deuteron Magnetic Moment 537 


ren ele 2 bo) $A , (4) 
where the ordinary notations are used, A represents the transverse photon field and the 
Pauli-term expressing the anomalous magnetic moment has already been introduced, instead 
of which we drop afterwards all the self-meson processes throughout in the calculation.* 
It can be shown that the same expressions as those given above are obtained if we start 
from the ps-ps theory, apply the usual Dyson or Foldy transformations and neglect all 
the higher order terms with respect to the coupling constant and the nucleon velocity. It 
can also be shown that the characteristic processes in the ps—ps theory, in which virtual 
nucleon pairs are created, can be correctly accounted for by the last term of (4). The 
Pauli-term is shown to be quite independent of whether it is introduced before or after the 
canonical transformation in the present approximation. 

The interaction term H’’ can be treated as a small perturbation, while we shall use 
the Tamm-Dancoff method to solve the meson-nucleon system, the stationary states of which 
shall be denoted by |i) and |f) representing the initial and final states, respectively, in 
the relevant radiative transition. These states can be expanded in terms of P,P, the 
state in which two nucleons having positive energies and momenta P;, and P, and | P,P, K), 
the state where one meson of wave vector K is present besides two nucleons and so 
on. The expansion coefficients of these states shall be denoted by C(P,P,), C(P:P,K), 
etc. In these expansions, we shall neglect such states as containing nucleon pairs and more 
than two mesons, since they can contribute only to higher order corrections than what we 
are now interested in. The two meson amplitude C (P,P,KK’) shall be considered only 
if the mixed terms with the zero meson amplitude do not vanish. 

In this stzge of the calculation two essential improvements from the previous calcula- 
tion” have been made; one is the inclusion of the last term of H’ in (4), in order to 
take zccount of the virtual nucleon pair creation and annihilation processes in the ps—ps 
theory, the other is the explicit inclusion of the two meson amplitude in the expansion of 
the state. The mixed terms between the zero and two meson amplitudes, however, belong 
to the so-called meson contribution, as is readily seen from (4). It is thus seen that both 
of these improvements give rise to the charge spin factor ORO — ere which means 
that the results of the previous calculation” of the exchange current correction to the 
deuteron magnetic moment need not be modified at all. 

In order to remedy the ambiguity in the theory of nuclear force, we shall, as before, 
identify the zero meson amplitude C(P; P,) with the Fourier transform of the phenomeno- 
logically adjusted two nucleon wave function, which shall be discussed later. Only when 
we calculate the matrix element of \H dx between the states in which mesons appear, 
shall we use the explicit Tamm-Dancoff solution of the Hamiltonian H)+H’, which can 
be obtained rigorously in the present approximation. It is to be added that the one meson 


amplitude need be calculated only up to the first power of the meson-nucleon coupling 


* Although there is no justification for this manipulation, we assume here that it is allowed at least 


under the relevant approximations, only because there are no other better methods. 
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constant and not to the second power of it, although we must calculate also the two meson 
amplitude: This makes these solutions obtainable at once. 
The transition probability of the radiative process of the meson-nucleon system is 


proportional to the square of the matrix element 
(f| deli) | GTA) - (5) 


If we put both states |1) and |f) equal to the deuteron ground state, we get the correc- 


tions to the deuteron magnetic moments automatically. 


§ 3. Phenomenological expressions 


In this and the following sections, we can, without any loss of generality, restrict 
ourselves within the radiative transition from the deuteron ground state under the absorption 
of an incident photon of wave vector I, the energy hy and the direction of the polarization 
€, to some state of two nucleons which shall not be specified from the beginning. In 
order to define the relevant corrections unambiguously, we shall first derive the phenomeno- 
logical expressions for multipole transitions. For this purpose, we neglect all contributions 
to (5) due to the amplitudes containing mesons. Let us normalize the zero meson amplitude 
to unity, which makes it unnecessary to consider the denominator of (5). In the numerator 
we have only to consider the first two terms in (4), which makes it necessary to evaluate 
the matrix elements of @ and So with respect to the Dirac spinors uj and up, belonging 


to the positive energies and momenta p and p’, respectively. The well-known procedure 
gives 


(wbaup,) =~. | {(p+p’) +iaX (p—p')} 


1 


3 { 2 PI / 2 ee 
ue he te) (pt) +2(p pt p*p’) 
+ioXL(°+p") (P—p') +2(s'p—p"p)]} | 6) 
and 
uf 2 /2 / 
(ub Pour) =5——_ 1 | (ph +p )5-+2(ap)a(op') |, (7) 


where we have retained only up to the second order quantities with respect to the nucleon 
velocity, M being the nucleon mass. It is to be mentioned that in (6) and (7) we are 
using a somewhat arbitrary convention as regards the matrix elements with respect to the 
Pauli spin operators. 


If we make the usual non-relativistic approximation for these matrix elements, namely 
neglect the second terms in (6) and (7), we get 


be 1 i) 
"dx |i) = — \\ bx " | jg — ore 
(FI J «x |i) peng PF (xpa,) |e, i ep 
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where we have introduced the ordinary two nucleon wave functions ih; (%,%) and ¢, (x, xX») 
instead of the zero meson amplitudes previously defined. This is just what would be 
predicted by the non-relativistic particle quantum mechanics and is nothing but the ordinary 
starting point of the phenomenological approach. 

Further steps to define the conventional multipole transitions shall be outlined in the 
following. The first step is to introduce the centre of mass and the relative coordinates, 
the former of which does not contribute to the matrix element (f| (a? dx |i) because 
of the transverse nature of the photon field. Then expanding the retardation factor 
exp(+il-x/2) in (8), x being the relative coordinate, we get from the terms containing 
the relative momentum p in (8) the electric dipole term first and then the combination 
of the electric quadrupole and the orbital magnetic dipole terms and so on. The separation 
into the latter two terms can be done by using the vector identity 


(e,p) (lx) =1/2: {[Ixe,]-[¢xp]+ (erp) (x) + (e,x) (lp)}, (9) 


where the first term on the right-hand side gives rise to the orbital magnetic dipole transi- 
tion and the remaining terms the electric quadrupole transition. The other terms in (8) 
give first the spin magnetic dipole term and then relating higher moments. 

We are now especially interested in the magnetic dipole transition matrix element, 


which can be summarized as 


: 

(f| | Hd |i) =— Ho \ oF Olbxer] a pu), (x)dx , (10) 
O41 g® O72 g%9—¢® 1 

Resiiatei hu te an pie AS Bs (11) 


where we have used the fact that the factor tf? +7)” vanishes identically when it acts 
upon the deuteron ground state. It is well known that f2 given by (11) gives the usual 
phenomenological expression for the deuteron magnetic moment if we make the expectation 
value of it with respect to the deuteron ground state and gives, on the other hand, the 
conventional magnetic dipole matrix element if ¢,(%) is identified with the singlet S-state. 

Finally it is to be noted that in the phenomenological approaches even the starting 
point cannot be given uniquely ; thus several authors have proposed various forms of the 
interaction of two nucleons with the electromagnetic field. The expressions for multipole 
transitions are, therefore, different for different approaches. Our definition (8) as a 
phenomenological starting point 1s, however, based upon the field theoretical consideration 
and may be considered as reasonable. It is also to be mentioned that the differences among 
various phenomenological approaches consist in the different expressions for the higher 


multipole moments than the electric and magnetic dipole ¢ones and, therefore, have no 


practical importance. 


§4. Relativistic corrections 


It is reasonable to define as the relativistic corrections those contributions which are 


due to the second terms of (6) and (7). The correction to the magnetic dipole transition 
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matrix element (10) can be taken out according to the procedure outlined in the previous 


section. The additional term which must be added to # in (10) is given by 


i - 1+7{” 1+ct? 
of ates p 1 z- P 3 oO 4 a) 
e 4M??? 6b ugha Tr 2, oD. 
~() - 
(1) ee) 
#1 te 1) AE py Sap (pa) teerm(a)}. (02) 


The relativistic correction to the deuteron magnetic moment can then be calculated as 


Auy= fee ee |uou" det V2 ‘He ts 3/2) Jue [1 


9 
6K Ke 


0 } 


— 4/0) gute: uy(r) |dr, (13) 


2 
r 


where u,(r) and w,(r) are the normalized S— and D-deuteron wave functions, 1/« is the 
nucleon Compton wave length and dashes mean the derivatives with respect to r. In (13), 
we have neglected the D—D cross term for simplicity, since the S—D cross term is shown 
later to be already very small quantitatively. 

On the other hand, the relativistic correction to the megnetic dipole matrix element 
is given by 


Aim fe bet Las ral dr VF Me bs 3)_ Cy, faa) 
6K (ftp — fy) , 6K" (tp — ty) 


0 


-= WO+ Ho) [ar (14) 


which is exact and must be added to the phenomenological one 


ne \ eae (15) 


where u,(r) is the radial wave function of the singlet S—continuum. 


It is to be added that these two corrections (13) and (14) are negative and the 
S—D cross terms will be shown to be much smaller than the S—S cross terms. Furthermore 
it is to be mentioned that the present estimation of the relativistic correction is quite 
independent of the special type of the meson field assumed, which is quite contrary to the 
method which has thus far been frequently used.” The result (12) is by chance rather 
similar* to that obtained in the previous investigation” assuming the ps-ps meson theory. 
The result would, however, be quite different from (12) if one were to assume a different 


type of meson field and employ the quoted procedure. The present method based upon 


* By remarking that W7+V=—p?/M in formula (50) in reference 3 


. , it is readily noted that the 
Previous expression (50) is quite similar to the present one (12). 
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the field theoretical consideration may be considered to be more reliable and the negativeness 
of the relativistic corrections can be regarded as definite. 


§5. Exchange current corrections 


We shall call as the exchange current corrections all the contributions to the matrix 
element (5) due to the inclusion of the amplitudes containing one or two mesons. As 
these are already small corrections, we make the non-relativistic approximations for such 
matrix elements as (6) and (7) (neglecting the second terms) and neglect the nucleon 
kinetic energy compared with the meson energy in the energy denominators of the Tamm- 
Dancoff solutions, which allows us to go over analytically from the momentum to the 
configuration space representation. It is to be remarked that these non-relativistic approxi- 
mations never mean the usual static approximation for nucleons. 

Let us first consider the corrections in the numerator of (5), which shall be denoted 
by 4d’. The contributions due to the first two terms of (4) (nucleon contribution) can 
be evaluated in a manner similar to that used for the phenomenological ones given in 
section 3; the result can be written in the form of (10) where #4 is replaced by 

Naa —20_) (2 (OR) ethot LL ska? 2 (g® 
p= (ee) cs (ok) thet HL thal <2 (gk) dk 
27 Ox 
+ (1-2) exchange term (16) 
with the same #2 as (11) and af=g"/4zhc. As the cross terms between the zero and 
two meson amplitudes vanish for the nucleon contribution, the same result as was obtained 
previously follows from (16) as the exchange current correction to the deuteron magnetic 
moment if we make the expectation value of (16) with respect to the deuteron ground 


state ; 


A y= 2-043 (Hp +H) {\ure) | Ko —~A@) lay 
+ v2 | u,(r) ¥, (7) | K (x) + s2ke(2) | die = wy (7) | ie) a eu dr| 


al A poonofsor 20) 


1 
x 


(20) | Ke) +26 |as| (17) 


0 
where K,(x) and K,(x) are the Hankel functions of imaginary arguments, x= /r and the 
frst term in (17) is due to the spin and the second term to the orbital motion of the 
nucleon. In (17), the S-D cross terms are dominant and make 4’, positive, as was 


stressed before.” The effect upon the magnetic dipole matrix element can be evaluated as 


a'M= «| ME {| k (x) - £2] ey |K. (x) 42h! yi) dr, (18) 
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where only the nucleon spin can contribute to 4’M, which is reflected in the similarity of 
(18) with the first term of (17). 
The contribution due to the third term of (4) (meson contribution) to the matrix 
element (f|{H’dx|i) is given by 
(2) |[ er @ etek) 


anv hy \ mp 


eikx 
, i; (x)dk dx , (19) 
Wx. 


Vi 


x [ (oD) (ok) ste (61) (ok) | 


with Q=i(cr—7rMr) /2, where we have retained only the correction terms to the 
magnetic dipole matrix element by expanding not only the retardation factors but also other 
factors containing 1. The cross terms between the zero and two meson amplitudes give 
rise to just one half of (19), while the remaining half is due to the terms between one 
meson amplitudes. Although (19) has not yet the form of (10), it can be shown that 
it has this form by using the explicit form of the deuteron wave function. This term 
naturally cannot contribute to the deuteron magnetic moment owing to the factor Q. The 
correction to the magnetic dipole matrix element is finally given by 


oo 


Rhy P= (4«/1) 2 -x cs 
4 per gias \« (r) (« —=) u, (r) 


rl = (4 J) |e (20) 


Also the last term of (4) (pair contribution) can be managed similarly. Its contribu- 
tion to the numerator of (5) is 


|| dG) Q(x) 


; 27 


iebc ( a 
nV hy 

thea 

x[ (6k) (6e,) — (oe) (6k) ] 

(Gi 


Te 


h(x) dk dx , (21) 


which contains Q and again cannot contribute to the deuteron magnetic moment. 
(21) still contains corrections to the quadrupole transition matrix element, we must drop 
some terms before we can get the expression in the form of (10). The final result of 


4’'M is 


x [uo chara w(t) |dr, (22) 


where the S—S term is apparently the dominant one, which means that this is Positive. 
It will be shown that this final correction is large enough to make the whole correction 
to JM positive, although all other terms give negative contributions. 

The normalization factor which appears in the 


Since 


4’M= __(4ee/p) = ig | us (r) Jet Fie 
3 (Up— fy) ) x 


denominator of (5) can easily be 
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evaluated. As the two meson amplitude naturally cannot contribute to (i|i) in this 


approximation, the result is the same as was reported previously :” 


(i]i)=1+4N, 


9? 
ull eke 
4N,=—&, x (r) | Ki) _ Ki) |e 
7 x 
0 
447 2 |x Gye) [K. (x) +76 O Var 
x 
0 
fo 6 5K 
—{nt] Ko) + 2O lar (23) 
x 
0 
where the S—D cross term is the dominant one, as was stressed before,” which makes 
AN, positive. In the radiative transition, the final state belongs to a continuum and the 
wave function extends to the whole space. Since the meson exchange takes place only 
when two nucleons are very close together, the effect of it upon the normalization can be 
neglected entirely. 
Thus the over-all exchange current corrections are summarized as follows : 
A pp=4 Un— fp AN; (24) 
with the same 4’, as (17) and the same AN, as (23) and 


am=2-a!| (r) | (Ki —A@) u(r) + V2 (Ky (x) 4 2E@ V0, (0 lar 


0 


4 __ (4/1) a\u| (27 


Cae u,(r) ae aces? ér5 Jw, (r) [ar 
x x 


3 (Up Px) 
——MAN, (25) 


where M and 4N, are given by (15) and (23), respectively. 

It is added finally that all results obtained in all the previous sections, namely (13), 
(14), (24) and (25) can be obtained more simply by defining the magnetic moment 
operator by assuming the constant external magnetic field H by putting A=—x XH/2 
instead of the transverse one in the interaction Hamiltonian (4) and then making the 


matrix element of this magnetic moment operator with respect to the relevant states. Indeed, 


in the previous investigation,” the exchange current corrections to the deuteron moments 


have been calculated along these lines. This shows also that our method of obtaining the 


corrections to the magnetic dipole transition matrix element is unambiguous. 
It is also to be added that our result (23) agrees with those obtained by Sessler? 


and by Sato and Itabashi) and our result (17) with that obtained by Sato and Itabashi” 


in the same approximations as are employed in our paper. Our result concerning the 


correction of the deuteron quadrupole moment, which is given in our previous paper” but 


not in this paper, agrees with that obtained by Sessler? but does not agree with that 
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obtained by Sato and Itabashi.” The important improvements of our paper upon those 
previous works?” are (i) we are calculating the corrections of the deuteron moments and 
the capture cross section at the same time in order to make a direct comparison with 
experiments possible, (ii) the relativistic correction (or the contribution of the nucleon 
kinetic energy, etc.) is now estimated by a direct use of the deuteron wave functions, while 
previous authors have introduced the potential energy (or the static nuclear potential) for 
this purpose, which, however, contains very many ambiguities and unaccessible singularities 
and (iii) the final estimation of the numerical values have now been done much more 


carefully than by previous authors. 


§ 6. Two nucleon wave functions 


In order to get the numerical values of the above corrections we assume the following 


deuteron wave functions, dropping the normalization factor : 


u, (x) =cos€[1 — eB xe) ] e-* EX Sects 


w, (x) =sine[1 —e~T(x—*e) Pe? 
ag ke ee 630; 
eae +r Au : ) |. 2 lps (26) 


hee 
x x 
u, (x) =, (x) =0, x<x,, 


in units of x=ar, 1/a being the deuteron radius, x, the hard core radius in the same 
unit and €, ( and 7 adjustable parameters. The power of 2 in »,(r) is the simplest one 
that gives the correct boundary conditions at x=x, in both cases of x,=0 or x0. The 
value of 1/a is chosen to be 4.3157 107" cm corresponding to the binding energy 
2.226 Mev, while the meson Compton wave length 1// is 1.414107" cm, corresponding 
to the meson mass of 273 electronic mass. Since the asymptotic behaviours of the func- 
tions (26) are correct, they are fitted to the correct deuteron binding energy. According 
to the effective range theory, the deuteron effective range defined by 


oo 


p(—é, —€) =2|. _— \ (u,* (r) +03 ))dr| (27) 
rn 
is shown to be very near to the empirically determined triplet effective range x, We then 
give o(—é€, —€) just the shape-independent value 1.704107" em of y.* The triplet 
scattering length does not give any additional requirement upon u, and w,. The quadrupole 
moment Q and the D-state probability P,, are, therefore, the only remaining requirements 
that must be imposed upon the phenomenologically adjusted deuteron wave functions. We 
assume Q=2 738X107" cm? and Pp=3% and 3.9%, since the present investigation 
predicts values of P, somewhat smaller than 4%, as will be seen later. As regards x,, we 
consider the cases x,=0 and X%=0.13, which corresponds to r,=0.561 X 107"cm=0.397 


* The effect of changing p(—e, —€), which is due to the value of P, =0.048 (see § 7), can be shown 
to be quite negligible compared with those effects due to the ambiguities of 


x- and Pp upon the deuteron 
wave functions. 
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X1/p. 


The three Parameters are then determined as follows : 


ela 4.55, 7 = 2.40,,.sin €== 0.0326, 
pd 
. Pp=3.9% : P=4.441, 7=2.92, sine =0.0292, 
. ‘ (28) 
— (P38 %. DPOBE9°761, 7=—3.42, sin € 020289, 
x,=—0. 
eee : B=9.396, 7=4.06, sin ¢=0.0263. 


The deuteron wave functions (26) with constants (28) are plotted in Fig. 1, which shows 
that the effect of changing Pp or x, can modify the functions only in the inner region, 
while the outer behaviours are modified almost not at all, as it should be. 


The normali- 
zation constant of (26) is 3.3047. 


It is also to be noted that the change of Pp modifies 
w,(r) very much, while u,(r) is almost entirely uninfluenced. 


Ug(x) Us(x) 
Wa(x) 146 
eo) \14 
O5r 12 
; J 
O4r i = 
1B 
eal 06 
Q2; 


ht = 


02 04 06 OB 10 12 

Fig. 1. Phenomenologically adjusted deuteron wave functions (26) with constants (28) in the 

text are plotted as a function of x=ar, 1/a being the deuteron radius and the normalization 

constant being 3.3047, together with the singlet zero energy wave functions (29) with constants 
(31) in the text. 


x 


As the preliminary calculation has shown that the change of the analytic forms of 
(26) would be much less important than those of P, or x,, we shall not consider that 
effect in this paper. 

As regards the singlet S-wave function, we need only the zero energy wave function, 
since we ate going to calculate the thermal N-—P capture cross section. The reasonable 


modification of the zero range approximation of the zero energy wave function would be 
u,(r) =1—1/d,—exp (—ér) 
and 
u,(r) =[1—r/a,][1—exp (—F (r—.) ) J, ret}, (29) 
Pia ae ae ie 
in the case where the hard core of radius r, 1s assumed in the singlet state. In (29), 


a, is the singlet scattering length, which is ico wnstoibel= 306956107 em aind € is the 
adjustable parameter. The singlet effective range which is defined by 
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co 


r=2\[G—1/4)*—0d () Jar (30) 


determines € as follows: 
mas F=1.3040 610s" en-"7, 


(31) 
r=20:67S2:X100 Lom sane =3:85575020s em 5 


both of which correspond to r,=2.40X107~"*cm. The singlet zero energy functions (29) 
with constants (31) are plotted in Fig. 1 as functions of x=ar. 

As one measure of the appropriateness of our wave functions given above, the low 
energy photodisintegration total cross section versus the incident photon energy in the 
laboratory system has been plotted in Fig. 2 together with the ratio of the photomagnetic 
o,, to the photo-electric cross section o,. Here the wave functions without the hard core 


were used and the singlet S—function was assumed to be 
u,(r) =sin kr cot 0,+ coskr[1—e7*"] (32) 


with the singlet S-phase shift 0, and the wave vector k in the c.m. system, which ap- 
proaches (29) in the limit of vanishing k and, therefore, the same value of ¢ as (31) 


was used. 


otto" 2%. ‘cm2) 


Ze 4 nO) WE meets a2 14eeibi er 


Fig. 2. Low energy photodisintegration total cross section versus the incident photon energy 
in the laboratory system, together with the ratio of the photomagnetic ¢ to the photo-electric 
cross section o~. The experimental data") are indicated by vertical lines. 


§7. Thermal N-P capture cross section 


Let us begin to discuss the phenomenological value of the matrix element M given 
by (15). In order to estimate the ambiguity of the theoretically predicted value, we must 
calculate the errors of the constants in the wave functions which are due t 


| eke o the experimental 
and theoretical ambiguities. Among many sources, the error of r 


ss Which is now assumed 
to be (2.400.400) X 107" cm, produces the biggest ambiguity which amounts to 2.3% 
of M, where we have considered the introduction of the hard core of radius up to 0.83 


*10°~" cm in both singlet and triplet states quite independently of each other. For other 
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qnantities we have assumed the following values: Pp=3%+1%, m= (1.704-+0.0275) 
107 *cm and the triplet shape dependent coefficient P,=0.048 +0.089 which means that 
p(—¢€, —€) =7,+2a°r/P, We have neglected the errors of the remaining quantities, 
since they are quite negligible. Our final theoretical value of M is 4.0555 (140.023) 
107“ cm, which gives then 


Otheo= 0.3137 £0.0160 barns=0.3137 (140.051) barns, (33) 


where the error of 5.124 is mainly due to the error of 1,; those due to 7, Py and P, 
are of comparable order with each other. From the most recent experimental data,” we 


can estimate the experimental value as 
Texp = 0.329 +0.006 barns (34) 


Thus it can be said that there is no definite discrepancy between theory and experiment. 

It is to be noted here that the above conclusion is different from that of Austern,” 
who reported that there is definitely a difference between them of about 8+5 percent. 
This discrepancy is partly due to his trivial numerical mistake and partly due to the larger 
error of ry, assumed by us (ie., +0.4%X107" cm instead of +0.2X 107 cm adopted by 
him). It must be added furthermore that a larger value of 1, makes o},,. decrease. If 
we, therefore, assume 7,= 2.60 X 107" cm, for example, supported by the charge independence 
argument, then the small discrepancy may become apparent. We can then conclude that 
the theoretical value might be somewhat smaller (a few percent at most) than the ex- 
perimental value, although the evidence is quite ambiguous yet, since the singlet effective 
range r, is known only indefinitely. 

The relativistic correction (14) can now be estimated by using the wave functions 
given in section 6. If we employ the wave functions for Ppy=3%, we get after the 


numerical integration 


4M/M= —0.160% ; without hard cores, 
= — 0.344% ; with hard cores for both singlet and triplet states. 5) 


The effect of the S—D cross term is 20% or negligible in the former or latter cases, 
respectively, which shows that the effect of the D-state admixture is small in the relativistic 
correction. The smallness of the above figure is due to the fact that the one state is the 
nearly zero energy state. It is also to be noted that the introduction of the hard core 
makes the relativistic correction increase very much, as it should be. 

The exchange current correction (25) can be evaluated similarly. In the integrands 
of (25), (23) and (17), the factors multiplied by the two nucleon wave functions become 
infinite at r=0, which is, however, due to the fact that we have carried out the integra- 
tion over the momenta of the exchanged mesons up to infinity. As we have used the 


non-relativistic approximations in evaluating these corrections, this method of integration is 


internally inconsistent. In order to remedy the false effects, we have introduced the straight 


cut-off method to these factors at y=7/« or the first zero point of sinkr/kr at k=«. The 
effect of this cut-off is important only to the S-S terms and becomes negligible when the 


hard cores are introduced since the cut-off point is quite near to the hard core radii. ‘he 
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numerical integrations give the following values as the exchange current correction (25) 


to the capture matrix element M for the coupling constant @,’=0.0553 or 10 of the ps—ps 
coupling constant : 
4M/M=0.597% 3; Pp=3 % 
= 0.422% ; Pp=3.9% 
=1.079% ; Pp=3 % 
=0.846% ; Pp=3.9% 
where the increase of JM with hard cores is due to the reduction of 4N,, while d’M 


itself is almcs: unchanged. 
If we assume that a reasonable estimate of P, is 394, then we get finally as the 


withou hard cores, 


with hard cores for both singlet and triplet states, (36) 


total correction to the theoretical capture cross section (33) 
do/o=+0.875% or +1.27% (37) 


without or with hard cores, respectively. The above figure is smaller than the theoretical 
and experimental ambiguities in (33) and (34), which makes it impossible to get a direct 
experimental proof. We may conclude, however, that the exchange current and the 
relativistic corrections to che capture cross section amount, in total, to only about +1% 
of that predicted by the phenomenological theory and this small positive correction may be 


considered to be consistent with the present theoretical and experimental values (33) and 


(34). 


§ 8. Deuteron magnetic moment 


The relativistic correction (13) and the exchange current correction (24) can also be 
estimated by using the wave functions in section 6 and employing the same cut-off method 
explained in the previous section. The numerical values for the same coupling constant 


as in the previous section are the following : 


without hard cores with hard cores 
Relativistic: 4up)/pp=—1.01 % (Pp=3 %), —1.88 % (P,=3 %); 
Exchange: I /tp/up= —0.939% (P,=3 %), —0.561% (Pp =3 %), (38) 
—1.174% (Pp=3.9%), —0.684% (Pp=3.9%). 

The effect of the S—D cross terms in the relativistic corrections given above is less than 

of OF > 4 + ~ a . 
9% or 2% of the values in (38) in the cases without or with the hard core, respectively. 
It is, therefore, legitimate for us to have neglected the D-D cross terms in (13). The 
introduction of the hard core makes the relativistic correction increase very much, while it 
makes the exchange current correction decrease, which makes the total effect rather insensi- 
tive to the hard core. The reduction of the latter effect is due to the fact that the 
exchange current correction comes mainly from the innermost region of the deuteron wave 
function and the introduction of the hard core removes much of the important regions 
from the integrals. This is contradictory to the similar calculation by Sessler.? This 


discrepancy seems to be due to his deuteron wave functions not being so well adjusted to 
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the empirical data as ours. It is to be noted that the relativistic correction is very important, 
which is contradictory to the statement in the previous paper.» This discrepancy is due 
to the fact that in the previous paper we have used another method to estimate the 
relativistic correction and have neglected the fact that the introduction of the hard core 
makes the relativistic correction increase very much. 

If we assume again that a reasonable estimate of Pp is 3%, then we get as the sum 


of the relativistic and exchange current corrections 


Apup/pp=—1.95% or —2.44% (39) 
without or with the hard core, respectively. The above figures are indeed very large 


compared with the empirically known value of the difference between the deuteron moment 


and the sum of the proton and neutron moments : 


[un— (Met fy) Vpo= —= 21609 x (40) 
It must be added finally that the exchange current correction is very sensitive to the D- 
steat admixture and decreases very rapidly as the deuteron wave function is fitted to smaller 
and smaller values of Pp; it practically vanishes in the limit of P,=0, although the 
relativistic corrections are almost unchanged. The near equality of the figures in (39) and 


(40) does not, therefore, mean that P, may be much smaller than 4%. 


§9. Summary and conclusions 


It has been shown that, as regards the corrections to the N-P capture cross section, 
the relativistic one is negative, but is a minor one since the initial state belongs to the 
nearly zero energy, while the exchange current effect is positive. Numerically the sum of 
these amounts to about +1% correction to the phenomenological N—P capture cross section, 
which has also been estimated and shown to agree with the experimental one within much 
larger theoretical and experimental errors than the above correction. As the theoretical 
value might be somewhat smaller than the experimental one for some reason, the above 
figure for the correction may be regarded as consistent with the present experimental data. 

With respect to the deuteron magnetic moment, the same exchange current correction 
as was reported before. has been obtained. The present method of estimating the 
relativistic correction has, however, given much larger values of it than reported before” 
especially when the hard core is introduced, although the exchange current correction is 
very much reduced in this case. Quantitatively both effects are negative and their sum 
amounts to about —2% of the empirical deuteron moment. 

It has been shown furthermore that the relativistic corrections are almost insensitive 
to the D-state probability of the deuteron, while the exchange current ones are very 
sensitive to it. The above figures are calculated for the D-state probability of 3% and 
the ps—ps coupling constant of 10. Although both these corrections are very sensitive to 
the introduction of the hard core, their sum has been shown to be rather insensitive to it. 

As regards the non-additivity correction, the present author has made some estimation 


in a previous paper,” which consists in estimating the effect of the appearance of the 
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deuteron binding energy in the energy denominator of the T—D solution of the meson- 
nucleon system and gave a rather definite value of +0.26% using a cut-off procedure and 
employing the same value of the coupling constant. In this investigation, however, all the 
essential processes which give’rise to the non-additivity are not included, since the calcula- 
tion has been done only up to the lowest order of the meson-nucleon coupling constant. 
Although this approximation would be sufficient in calculating only the exchange current 
effect, higher order effects may be important with respect to the non-additivity effect. Such 
effects have been estimated by Miyazawa,” who has shown that the non-additivity correction 
may amount to +1-+1% of the empirical deuteron moment. Although his estimation is 
not yet quite satisfactory and more accurate calculations are necessary until we get a more 
definite value, we may reasonably expect a small positive non-additivity correction of the 
order of the figures given above. 

Even if we neglect some possible positive non-additivity correction, our present investi- 
gation does not give a value of the D-state probability much smaller than 4%, as was 
remarked at the end of section 8. As the non-additivity correction would at most cancel 
out the negative correction obtained above, the over-all correction may remain negative, 
although its magnitude is very uncertain yet. According to these considerations, we may 
finally conclude that the over-all correction would amount to —1+1% or so of the 
deuteron moment and +12% or more of the thermal N—P capture cross section. The 
above figure gives rise to the estimate of the D-state probability of 3+1% or so, which 
is the same value as was reported previously. 

Finally the author should like to express his gratitudes to Professor Lamek Hulthén 
for his hospitality and to Mr. Z. Sawa for helping him in the numerical work. 
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Low energy limits of photon-nucleon and pion-nucleon collisions are investigated on the basis of 
the approximation which neglects higher order terms with respect to the pion-nucleon mass ratio but 
includes the radiative corrections to an arbitrary order in the coupling constants. It is shown that, 
near threshold, all the radiative corrections to the processes, z+N—>N+2z ard y+N->N+3z, 
can be concealed into the nucleon mass, the electric charge, the mesic charge and the Matthews’ 
constant renormalized in accordance with the conventional prescription, provided that the renormalized 
Matthews’ constant is of the same order of magnitude as or larger than the renormalized coupling 
constant for the pion-nucleon interaction (§§ 3 and 4). It is suggested that these processes may 
serve the experimental determination of the Matthews’ constant and. the test of validity of the PS(PS) 
theory (§5). As preliminaries for these arguments, Thirring’s and Kroll and Ruderman’s theorems 
on the low energy Compton scattering ard the threshold photomeson production are reviewed, 
taking accout of those terms which have been omitted in the original works, and effective charges are 
introduced for pion-nucleon scattering and two-gamma decay of a neutral pion (§2). It is noted 
that the results are unaffected by virtual processes caused by heavy mesons obeying the “even-odd” 


rule proposed by Pais (§ 5). 


§1. Introduction 


It was first pointed out by Thirring” that the observable radiative corrections to the 


Compton scattering by an electron disappear at the Thomson limit. In other words, the 


matrix element for the Compton scattering at this limit computed to an arbitrary order in 
e/4mhe is exactly equal to the weak coupling result obtained from second order perturbation 
theory, except that the renormalized mass and charge take the place of the unrenormalized 
ones. It is evident that a similar theorem should hold not only for the Compton scattering 
by an electron but also for the Comton scattering by a proton or by a charged pion, because the 


Thomson limit of the Compton scattering is a classical phenomenon irrelevant to the spin 


st-uccure of the charged scattering center. 
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Kroll and Ruderman” have shown that an analogous theorem holds also for the 
threshold photomeson production from a nucleon. The content of Kroll-Ruderman’s theorem 
is as follows: The matrix element for threshold photomeson production, which is rigorous 
except for the neglect of the real pion mass in comparison with the nucleon mass, is 
given by the same expression as the result obtained by means of the lowest order perturba- 
tion theory, provided that the renormalized electric and mesic charge, e and g, are substituted 
for the unrenormalized ones, e, and g,.* This theorem is of great importance as it 
presents the most direct method of experimental determination of the value for g. 
Bernardini and Goldwasser” have obtained the value, g°/4m/c=11.8-+0.14, for the re- 
normalized mesic charge from their measurement of the photomeson production from 
hydrogen near threshold. 

No analogous theorem holds, however, for the pion-nucleon scattering at low energy 
limit, because there remain radiative corrections which can not be concealed in the (con- 
ventionally) renormalized mesic charge. But it is possible to express the matrix element 
for this process formally with the use of the lowest order formula of the perturbation 
theory, introducing the “ effective mesic charge, Y,, for pion-nucleon scattering ” to supersede 
J. Deser, Thirring and Goldberger” have tried to discuss the inconsistency of the PS (PS) 
meson theory with experiment on the basis of the discrepancy between the large value 
11.8 for g°/4zbc and the small value 0.36 for g,’/4zbc, interpreting the latter as an 
adequate weak coupling parameter. These authors have proposed a new prescription for 
renormalization with the intention of justifying the series expansion with respect to 9. 
However, their prescription is open to criticism’. Furthermore, as has been pointed out 
by Kallén®, one can not draw from the discrepancy mentioned above any decisive conclu- 
sion other than that the weak coupling approximation fails, before one can succeed in the 
field-theoretic evaluation of the ratio, g,/g, by means of some reliable method without 
resort to the weak coupling perturbation theory. Such a non-perturbational method is too 
hard to work out at the Present stage. Therefore, one must give up an attempt to test 
the consistency of the PS(PS) meson theory with experiment by examining only the 
interrelation between the threshold photomeson production and the pion-nucleon scattering 
at low energy limit. This does not deny, however, that there may be left a possibility 
of testing the consistency of the theory with experiment, if one looks over the interrelations 
among various processes at low energy limit including multiple processes caused by photon- 
nucleon collision or by pion-nucleon collision. This possibility will be discussed in a part 
of the present paper. 

Now we retrace the origin of Thirring’s and Kroll-Ruderman’s theorems. Let M denote 
the (renormalized) nucleon mass and fj! a quantity representing the order of magnitude 
of the four-momenta** carried by real bosons (photons and pions). Suppose we have 
expanded the matrix elements in an ascending power series in ys//M. The assumption of 
low energy limits allows us to neglect all the higher order terms in y’/M, which otherwise 


* It is understood that the renormalization of the nucleon mass has already been performed. 
** The natural units in which 6=c=1 are used throughout this paper. 
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must be computed by means of some non-perturbational method. On the other hand, the 
prescription for renormalization of vertex parts enables us to express the leading term in 
terms of the renormalized mass and coupling constants, formally with the use of the lowest 
order formula of the perturbation theory. This is the essential point for the two theorems 
to be proved. It will be shown in § 2-3 that a similar theorem holds also for the Mdller 
scattering between two pions which may occur as a virtual process in the multiple processes 
caused by boson-nucleon collisions: so far as the leading term with respect to w//M is 
concerned, the matrix element for Mller scattering between two pions, including the 
radiative corrections to an arbitrary order in the coupling constants, is given by the result 
obtained from the lowest order perturbation theory, provided that the renormalized Matthews’ 
constant”, A, is substituted for the divergent coefficient, 7,. Here it seems worth while 
investigating whether there are any multiple processes for which the rigorous matrix elements 
can be expressed compactly in terms of M, e, g, A, and 9. 

Of the processes caused by a photon-nucleon collision or by a pion-nucleon collision, 
the simplest ones are the Compton scattering by a proton, the photomeson production from 
a nucleon, and the pion-nucleon scattering. Although these processes have already been 
discussed by Thirring, by Kroll and Ruderman, and by Deser et al., we shall review the 
features of these processes in § 2 as preliminaries for later sections. In § 2 we shall also 
discuss the properties at low energy limit of those processes in which three or four real 
bosons but no nucleons participate. In § 3 we shall treat the double pion production 
from a nucleon bombarded by pion beams or by gamma rays. It will be shown that, 
near threshold, the rigorous matrix element for the former process, including the radiative 
corrections to an arbitrary order in the coupling constants, can be expressed in terms of 9 
and 7. §4 is concerned with the triple pion production from a nucleon bombarded by 
pion beams or gamma rays. For the latter process near threshold, the rigorous matrix 
element has been obtained as a function of e, g, A, and M. The results obtained are 
unaffected by the presence of any heavy mesons that may participate in the virtual 
processes, so far as they are particles with an odd suffix in the sense of Pais’ theory of 
V-particles? and do not violate the renormalizability of the theory. The possibility of 
testing the consistency of the current PS(PS) meson theory with experiment will be discussed 
in § 5. 


§2. Properties of propagation functions and vertex parts 
at low energy limit 


It is convenient to use Schwinger’s theory of Green’s functions” for dealing with 
mutually interacting quantized fields in a closed form without resort to series expansion in 
the coupling constants. According to his theory, the matrix element for any process can 
be described in terms of Green’s functions and their functional derivatives with respect to 
artificially introduced external source functions. For example, the matrix element for the 


Compton scattering by a nucleon can be written in the form 
T209 — A, EVPTS” E, 5) $A, 6’) (2-1) 
with T.2;% (F, &) defined by 
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T° (E, 6) =Dgh (6, €) S105 /8], (6) Bo (6) Sa (6, &) (2-2) 


where a summation or an integration is understood over a twice appearing aS suse 
such as pz, Y, @ and o or over a twice appearing photon coordinate such a8 6, ©. ©. 
and ¢/’, In the above expressions, S and D,, denote Green’s functions for one nucleon 
and for one photon, respectively, in the presence of the external electric four-current, op? 
and the artificially introduced pion source function, K; A, and # are the wave functions 
describing the incident photon and the nucleon in the initial state, while A, and ¢ are 
those describing the scattering photon and the nucleon in the final state. The bracketed 
three integers, (n, 7,7), attached to the right shoulder of T, T and /’ to appear later 
on denote the numbers of external lines representing nucleon, pion, and photon, respectively, 
in the language of Feynman diagram. 


Introducing the auxiliary operators describing various vertices 
Pe (CQ =—05-1/0(9.6,(O), 
Pe" )=—05-1/8(eA, ©), ED) 


DES? §, &) =— 0571/8 eA, (€) D0 (eA, (€’)> 
and 


Paes? (G, & FE )=— OD (S, ©) /0C 9:9 (0) ), 
we can write T°.” as 
THO, EV HALL LED EVSL I? EN LEY EN SHELA) 
Tay (ys Jy eda ce aaa Ode ae ee et es (2-4) 


where 4;,(i, j=1, 2, 3) denotes Green’s function for one pion in the presence of J, and 
K,, € and ¢’ the meson coordinates. The pion is, of course, assumed to be described by 
a pseudoscalar field with three components, ¢,, ¢., and ¢,, coupled with the nucleon field, 
¢, through the pseudoscalar interactions with the coupling constants, g;=¢, and g,.* 
In the derivation of (2-4) a simplification has been brought in by the selection rule 


PEA” E, &, "= — dD gh &, €) /(eA, (&")) =0, (25a) 


which follows from the theorem of Fukuda, Miyamoto™, Pais and Jost’. The Presence 


of any kinds of mesons other than the pion in the intermediate states has been ignored. 
We shall show in §5 that the results obtained in the present paper are practically unaffected 
by the participation of heavy mesons in the virtual Processes, so far as their interactions 
with the other fields obey the “even-odd rule” of Pais’ theory of V-particles*) and do not 


violate the renormalizability of the theory. It is convenient for later discussions to represent 


the equation (2-4) by a Feynman diagram as Fig. 1. Here it is to be stressed that the 
radiative corrections are wholly taken into account in the relations (2-1) to (2:5), and 
that these relations hold no matter whether all the quantities are renormalized or unrenormalized. 


* For the sake of simplification, we have excluded the alternative neutral meson which is described 
by an invariant function under the rotation of the isotopic spin space. 
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) = 
: Me 4 yt u 4 i > ay 4 
(4) (6) (c) (d) 

Fig. 1. Feynman diagrams representing the Compton scattering by a nucleon. 
Solid lines, broken lines and waved lines represent the propagation of 
nucleon wave, pion wave and photon wave, respectively. The double 
circle represents the transition matrix, while single circles stand for the 
vertex parts defined by the equation (2-3a). 


From now on we shall assume that all the quantities have been renormalized. 
The transition matrix element for the photo-pion production, which includes all the 


radiative corrections, is similary given by 
TO =, (C)GTE? (6 2) 94.6) (2-6) 
with 
TE (C, 8) =dG(G CY S7S/8K, (CO) OJ, ENS DO 9) 
egg Ose) Ghtel eee We) See (ey ee (Coe) 
sre (4,40) Epa Co, §) 
4 Peon (6) Dy, 6", EV Pin? (65 (a) 


where ¢, denotes the wave function of the produced pion, and we have introduced the 
following notations of vertex paris 
PEO (C, S=—0S4/IL 8.0) Yee > 
P8296, Cf) = — 949 G C/A) ?- (2- 3b) 
In the same way the transition matrix element for the pion-nucleon scattering, which includes 
all the radiative corrections, can be expressed in the form 
TPM =f, (C) PT 3°? (G6) 98, (2-8) 
with 
TE (C, C’) 
==4 5, ‘e dif) S-10°S/0K,, (C7) OK, Ca) aor Az (e. e) 
SGA ake dare tek eI Oc) ST eee) 4 LG79C, £9} 
LRP Orey Din s,* ) Perr Cae r?) 


and 


PEA (C, Cr) =—FS-1/8( Gh: O) OIE) )» (2-3c) 
and K,, and thereby induced fields, <e4,) and (9:9;), 


where the external sources, Wig 
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should be put equal to zero after the functional differentiations. In the derivation of 


(2-9), we have taken account of the selection rule 


PSE (C'S — 0d (6, €') (0 gb (C") P=O (2-5b) 

7 f, 

5 ae fae Pass +e 
(co) (d) (e) 


Fig. 2. Feynman diagra:ns represencirg the pno:cpion production. Cf. equation (2-7). 


a ~ % 
(c) (d) 


(a) (6) S 


Fig. 3. Feynman diagrams representing the pion-nucleon scattering. Cf. equation (2-9). 


which follows from the charge conservation law and the theorem of Fukuda-Miyamoto-Pais- 
Jost. The graphical representations of (2-7) and (2-9) are given in Figs. 2 and 3. 
We shall call the single internal boson line as D,,(€, €’) in (2-9) the “ bridge ”’. 


§ 2.1. Green’s functions at low energy limit 


Processes we are going to study in this paper are those in which a low energy pion 
or a low frequency photon collides with a nucleon initially at rest to result in scattering 
or pion production. The incident energy is assumed to be so low that it is insufficient 
to create nucleon pairs though it may be a little above the threshold energy for production 
of a few pions. Let y’ denote the order of magnitude of the incident energy. Then the 
magnitudes of the four-momenta carried by the outgoing bosons are at most of order re 
Throughout this paper we shall assume that f/ is not larger than a small number times 
the pion mass, 4, and shall regard w’/M as a small parameter with respect to which we 
can expand the matrix elements in a power series of good convergence. Remembering 
?/M=0.15, this assumption may be accepted in case where the number of pions produced 
is small. Since we are interested in the low energy limits, we assume that it suffices for 
the purpose of evaluation of the matrix element to retain only the lowest order term in 
t!/M, neglecting all higher order terms. The estimation of the magnitude of the expansion 
coefhicients has been performed carefully. In this subsection we shall study the behavior 
at low energy limit of the renormalized Green’s functions and vertex parts for one nucleon. 

First we shall begin with the study of properties of the renormalized Green’s function 
for one nucleon at low energy limit. Confining ourselves to this limit, we are allowed to 
ignore the ¢ and € dependence of A, (§)’s and ¢,(€)’s in the € and € integrals of the 
transition matrix elements such as (2-1), (2-6) and (2-8). Accordingly, we may take 
(eA, and (y,4,) as constant parameters independent of € and ¢, as Deser et al.” did. 
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This brings us a great simplification, because the functional derivatives when integrated 


over the whole space-time reduce to the ordinary derivatives, for expamle, as 


| dé 3/d(eA, (€) )=8/8{eA,), 
(2-10) 


| de 9/0 9.8.(6) >=8/8C94. 


Let pu(“=1, 2, 3, 4) denote the operator representing the four-momentum of the nucleon, 
and M the renormalized nucleon mass which we shall not distinguish between proton and 
neutron for the sake of simplification. Further, let us assume the charge independence in 
order to avoid inessential complications.* Then, from the considerations of the invariance 
under the lorentz and the charge conjugation transformations it follows that the renormalized 
inverse Green’s function for one nucleon in the presence of the external pion source but 


in the absence of the electric four-current can be written in the form 
S“\(p, (98) = p+ M—33(06,)e ats + MF 
+ (yp+M) G+ = (99: )Ti5D 
+ (2M) {7p+ M, Sodrastt 


3 
+ (rp tM) S99. )t I TP+M), (2-11) 
where D, F, G, H and J are functions of p+ M=d) pupyt M® and (90) ==> Gi), €Ges 
we a 


D=D(p?+M”, (99)”), ete. 


wet, 2,3,°4)5° 75 and 7,(i=1, 2, 3) are the Dirac matrices** and the isotopic spin 
matrices, respectively. The functions, D, F and G, are subject to the conditions 


F(0, 0) =0, G(0, 0) +2M’F' (0, 0) =0 (2-12a) 
and : 

D(0, 0) =0, (2-12b) 
where the prime means the partial differentiation with respect to the first argument, ptm’. 
The arguments are, of course, to be put equal to zero after differentiation. The former 
condition (2-12a) follows from Dyson’s prescription for renormalization of quantum electro- 
dynamics”, while the latter condition (2-12b) from Kroll-Ruderman’s prescription for the 


2 
pion-nucleon three-vertex parts Ds 


Since 7p is anticommutative with D906: ) tH for ¢-independent (6;), the 7p within 


ie ee SS 
i the assumption of the 
* Thirring’s theorem and Kroll-Ruderman’s theorem can be proved without he p 


charge independence. . . a . 
** Our 7 matrices are the same as those used by Schwinger. Multiply our 7, and 7s by —+ and 4, 


respectively, to get the conventional ones. 


em ONS eee 
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the anticommutator bracket of (2-11) may seem to be redundant. This is true so long 
as the application of (2-11) is restricted to the pion-nucleon two-field problems only. 
However, we can extend its applications to the photon-pion-nucleon three-field problems with 


the aid of the substitution 
Pur>Pp = pu—Tr (eA, (2-13) 


and a suitable symmetrization of the products to satisfy the requirement of the invariance 


under the charge conjugation transformation, where t, is the projection operator defined by 


Tp =$(1+75) (2-14) 


which singles out the proton state. In this case, 7p no longer anticommutes with 


d1(96,)t:7,H even if (4;) is C-independent. This is the reason why we have reserved 


7p in the anticommutator bracket of (2-11). 
Now, from the inverse Green’s function given by (2-11) we can derive, remembering 
(2-3a), (2-3b), (2-3c) and (2-10), the expressions for the vertex parts relevant to 


boson-nucleon collision processes at low energy limit as 

rf =={ dP. =—85-/0( 96.) 

=7,7;(1—D) — (2M) - {yp+M, 7,7,H} (2+15a) 

—(rpt+M) 7571] pt+™), 

rgeo =| del de’G* ©, ¢') = —9°5-1/896,)9(48,) 

= —20,,{MF+ (yp+™M)G}, (2-15b) 
P20) wx | dT E4 &) = — 951/80, = B5-1/3 (copy) 

=tpy.(1+G) +2c,p, {MF’+ (7p+M)G%, (2+15c) 
Pye? =| del ae 8 (, €7) = —95-/0(eA, 80d, 

=—9°S1/9 (tp py) 9 (tp pv) = —20,,7p {MF’ + (yp+M)G} 

— 2p Vp prtivpu) G’—47,pyp, (MF + (7p +M)G"s, (2: 154) 
Pei ={ del dere" (¢, €) =—9-1/a(96,)0CeA,) 

= — 9°S"/9(96:)9 (oP) =ToPe {Po Tr} D' + (2M) ype» te] 

+ (2M) {rp+M, rs} tutte te} H! 
Hips: tet J P+M) + (p+ M) rsry-tit J 


+ 7p+M) purs {te te} J’ 7p+M), (2 -15e) 
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where by the notation 0/9(z,py) we mean that the differentiation should te performed 
after p, has been replaced by cp(Tppy) +t(Trpy)- The bar over S denotes that p has 
been replaced by p, and a dot over F and G stands for the partial differentiation with 
respect to (gd)°. (g;) and (eA) have already been put equal to zero. 

It is to be noted here that the symmetrization of S can not be performed without 
ambiguities. However, these ambiguities will not essentially affect the results, as may be 
explained in the following. For example, the simplest products, of which the symmetrization 
involves ambiguities, are (i) Pudd:>® and (ii) puts(@;). Hither can be symmetrized in 
the following three ways: 

(i) TKO, )PutK Gi)» {Pus (O:)"} ’ q {:(4;), {c.{9:); fo 

(ii) Py 7 (Oi )Pys 4 {r:CO;), Pu} 41{Pur {Pu 7 (G5 )} }. 

The vertex parts to which these three types of products give different contributions are 
() P82 = —8-*/aG4,)996,)9(eA,) and Gi) PEs’? = —9°S~"/0( 99.) 9¢e4y) 
x 0¢eA,), respectively. More generally, the vertex parts which are affected by the ambiguities 
in the symmetrization of the products 7 7,(6;)’s and 7 p,’s are fp? Othe Plencemerne 
vertex parts, PO) with t+r=2, given by (2-15) are free from ambiguities of this 
kind. Another example of ambiguity is (iii) that which is due to the difference between 
Per and tpt, Or the five vertex parts of (2-15), the only one which may be 
accompanied by this ambiguity is [’ 82) given by (2-15d). Here we should be reminded 
that this vertex part is derived from the inverse Green’s function for one nucleon in the 


presence of the external electric four-current but in the absence of the external pion source, 


which must be arranged, according to Dyson’s prescription for renormalization, in the form 
S(p, 0) =7P + M+ (7p +M)LGP+™), (2-16) 


where L is a function of p’+M” and 7p-+M with no singularities at PEM =0.") aThe 
ambiguity under consideration occurs only in L, and is sure to disappear by virtue of the 
factor, (yp-+M), standing on both sides, so far as the matrix elements containing FS)" 
in the form f(p) cp). ate concerned, where (p) and ¢( p) are the Dirac spinors 


satisfying the equations 
J (p) (p-+M) =0 and (7pt+M)#(p) =0- (2-17) 


(iv) The difference between py and T:PyuTs which seems at first sight to bring an ambiguity 
to [7{2"), can be shown to be ineffective in the same way- 
Now we shall discuss the behavior of the renormalized propagation function for one 


nucleon, which is obtained from (2:11) by putting (b;)=0: 


n a special gauge in which the photon field is described by trans- 
=U 


* It is understood that we have take 


yerse waves referring to the rest system of the nucleon, i.e. 23 Pudy 
+k If we put “=O in the expression for L obtained from g? approximation of the perturbation theory, 
there appears a singularity of the form (p?+™M") log (p?+M"). However, it leads to no difficulty. Hence, 


we shall not mind the singularities of this kind throughout this paper. 
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S-*(p, 0) = (p+ M) {1— (2M) 7" (7p + M) 2M? (p°+- M*) *F (p°+- M’, 0) 
+G(p?+M?, 0) +2M*(p?+ M*) “F (p+ M?, 0)}. (2-18a) 

Since S(p, 0) describes an internal nucleon line, p does not satisfy the condition 
p+M*=0, (2-19) 


which would hold if p were the four-momentum of a free nucleon. Let P denote the 
four-momentum of a free nucleon in the initial or final state, and g the deviation of p 
from P. In the applications to the boson-nucleon collisions at low energy limit, g is a 


linear combination of the four-momenta of the external bosons of order py’. Hence, 
pt+M?=2Pq+q¢=0(My’) (2-20) 


is a small quantity as compared with Pp and M°. Neglecting terms of higher order in 
Ut! /M, and remembering (2-12a), we can write (2-18a) as 


5S" (p) = (yp + M)[14+ (2M) (7p+ M) G(0, 0) 
+ ((p?+ M) /2M?) {2M°G' (0, 0) +2M'F"(0, 0)}], (2+ 18b) 


in which we have suppressed the second argument 0 of S~*. Operating S(P+q) on 
75(P), and neglecting terms of higher order in p’/M, we obtain 


S(P+ 9) 7s (P) = (2M) [1+ G0, 0) J 7 (P), (2-21) 


which is a reproduction of the result first found by Brueckner, Gell-Mann, and Goldberger™, 
and [1+G(0, 0) ]~’ is nothing but the so-called S-wave damping factor. 

Next, we shall discuss the properties of the renormalized propagation function for one 
pion and that for one photon. According to the prescription for renormalization, these 
functions have the following form 


43) =O (P+ He) 11+ QCG?+ -) /«)} (2+ 2a) 
and 

Day (k) =O, yk {1+ R(E/*)} (2 -23a) 
where « denotes a quantity with the dimension of mass. QC (g +44) /«) and R(R /K*) 
are functions which vanish at the zero of their argument, representing the reactions of the 
fields in interaction with them. The main reaction on the propagation of the pion wave 
is considered to arise from the virtual nucleon pairs. In this case « may be tzken as 
M*. Therefore, (q°+-°)/«* is a small quantity of the order of (u!/M)* for q= py. 
According to the result from g* approximation of the perturbation theory, the reaction 
term of (2:+22a) is estimated to be 


— (9°/4m) (11/127) (¢?+ 2) M~* =~ —0.1 


neglecting the terms of the higher order in !/M. On the other hand, for the case of 
the electromagnetic reaction « is to be taken as ys, and the argument of Q becomes of 
+ ¥ ~~ , . a 

the order of unity for gy’. According to the result obtained from e2 approximation, 


Q is of the order of e*/47 for (q?-+ yp) /p2?=~ 1. Thus it will be a fairly good approximation 
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to use 


434) =9 (P+) (2-22b) 
instead of (2-22a), considering that the weak coupling approximation is apt to give 
overestimates. Now we shall turn to the reaction on the propagation of the light wave. 
In this case the weak coupling approximation is reliable. The result obtained from e° 
approximation informs us that the reaction term, R(k°/k*), is of the order of (e?/47) (v’//M)’, 
or (e°/47), or (€/47)log(py//m) for k= pw’, according as it is attributed to the virtual 
pairs of nucleons or pions or electrons, where m is the renormalized electron mass. Thus, 
we may safely use 


Duy () =u, (B) 7 (2-23b) 


for the renormalized propagation function for one photon. 
The renormalized three-vertex part describing the meson current can be written in the 


momentum representation as 
PSE” (@ 1) = es Qu +g) 11+U}, (2+24a) 
where €;, is defined by 
Eg=—0 Wofor wip j—= 1,2, 3except’ €,= eg =7, (2-25) 


under the covention that q and q/ stand for the four-momenta of positively charged pions 
or minus the four-momenta of negatively charged pions. U is a function of (g?+ pf) /M’, 
(q+ 4°) /M? and (q—q')*/M?, which vanishes at the simultaneous zero of the three 
arguments in accordance with prescription for charge renormalization. The magnitude of U 
is expected to be of the same order as Q( (q?+ 2) /«°) discussed in the preceding paragraph. 


Therefore, it seems that it is not a bad approximation to use 
VSE @ 1) = €5 Qu + aw) (2-24b) 


instead of (2-24a). 

Finally, let us estimate the magnitude of the vertex part, Ty ae ices nothing 
but the transition matrix for the two-gamma decay of a neutral pion, which was first 
computed by Fukuda and Miyamoto" using the weak-coupling approximation. From the 
consideration of the Lorentz covariance and the gauge invariance it follows that this vertex 


part can be written in the form 
P'S3 (&, RK) =i (27) 105 (F/47) (Gal) EvrpokpkoM * {1+V}, (2-26) 


where €yypo stands for 1 if yo is an even permutation of 1234 or for —1 if poo is 
an odd permutation of 1234 or fors'zero otherwise. (7 denotes a function of P/M’, 
k?/M°* and [(k—#’)?+ °)/ M2 which tends to zero as the three arguments simultaneously 
approach zero. According to the results of experimental measurement of the mean life 
of the neutral pion”, the effective pion-nucleon coupling constant, g3/47, have a small 


Palgevotrerder 10-° to,10=.  [cfwill be observed from (2-24b) and (2-26) that ee. 


is smaller than Jf?” by a factor of order 
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(2/47) (ga/9) (/M) =19™. 


It is to be emphasized here that, in the approximation to the lowest order in (’/M)? 
but including the radiative corrections to an arbitrary order in the coupling constants, the 
renormalized propagation function for one pion, that for one photon, and the renormalized 
pion-current three-vertex part take the same form as those without radiative corrections. 


This constitutes a basis of our arguments to be done in §§ 3 and 4. 


§ 2.2. Thirring’s and Kroll-Ruderman’s theorems and 


pion-nucleon scattering at low energy limit 


It was first shown by Thirring” that the rigorous expression for the matrix element 
for the Compton scattering by an electron, including the radiative corrections to an arbitrary 
order in e”, reduces at Thomson limit to that obtained from the second order approximation 
of the perturbation theory, except for the renormalization of mass and charge. Thereafter, 
it has been pointed out by Kroll and Ruderman and Deser et al.” that the same theorem 
holds not only for the case where the scattering center is an electron ruled by the quantum 
electrodynamics but also for the case where the scattering center is a proton which suffers 
strong reaction from the meson field. The outline of their proof is as follows. Let A, (k) 
and 4, (k’) denote the wave functions in the momentum representation for the incident 
and the scattered photons, respectively. Then, substituting (2-15c) and (2:18a) for 
[Pes and S in the first two terms of (2-4) [Fig. la and 1b], and neglecting terms 
of first and higher orders in k/M and &'/M with (2-12a) in mind, we obtain 


—[14+60, 0) ]e/M) SAE ®) A, (2-272) 


as a part of the matrix element. In the derivation of this result, the proton has been 

treated as being initially at rest, and such a gauge has been used as makes the fourth 

component of A, vanish. Furthermore, the terms containing a factor of the form, 
F : 


>) pp4.= >) p.A4,, have been discarded. This is permitted, because the space component 
p=1 w=1 


of p,, being a linear combination of k and k’, is of first order in k/M. Next, substituting 
(2-15d) for /’f° in the third term of (2-4) [Fig. 1c], we get 


3 
GC (M) ids (k’) A, (k) (2-27b) 
as another part of the matrix element. Adding these two parts, we have 
TOOMY  k) SSVAP (KOT PO det, (8) (2+ 28a) 
with 
Them =— (8/M)0,), (2 - 28b) 


which yields the Thomson formula 


o(7+p— ptr) = (87/3) (2/42)*M-* (229) 
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for the total cross section of the Compton scattering by a proton. It must be pointed 
out here that the last term of (2-4) [Fig. 1d] has been left out of consideration in the 
above proof which is a reproduction of the works of the above authors. The contribution 
of this term to the matrix element can be evaluated with the substitution of (2-15a), 


(2-22b) and (2-26) for PP, d,,(k'—k), and [fi (&, k) as follows 
— (27) *(2/M) (990/47) (R —k)? + 2)" X LER’) A (8) 
3 
+ H(k’) E(k) |o*r, 2 o, (ku — ky) My, (2-27c) 
w= 


where E and H denote the electric and the magnetic field strengths describing the light 
waves, and o,(“=1, 2, 3), # and ¢* stand for Pauli’s spin operator and non-relativistic 
wave functions. (2-27c) is small by a factor 


(27) *(9?/47) (Gal g) (k/p)*(k/M) <10™ for k< ye (2-30) 


as compared with (2-28). Thus, the omission of the last term of (2-4) has been justified 
for the case where the scattering center is a proton. On the contrary, in the case where the 
scattering center is a neutron, the first three terms of (2-4) vanish owing to the projection 
operator Tp, and (2-27c) becomes the main term. 

The derivation of the Kroll-Ruderman’s theorem on the threshold photopion production 
will be reviewed here. The substitution of (2-15a), (2-15c). and (2-18) into the: first 
two terms of (2-7) [Fig. 2a and 2b] yields 


[1—H(0, 0) ](e9/2M) S368 QE orn 2} $V (2-312) 


as a part of the matrix element, while the substitution of (2:15e) for [¢'"? in the 
third term of (2-7) [Fig. 2c] gives a compensating contribution 


H(0, 0) (e7/2M) Bs * (9) orstults trlPA, (2+ 31b) 


where 4;(q) is the wave function for the produced pion in the momentum representation, 
and the terms of first and higher orders in p/!/M have been neglected. The condition 
(2-12b) has also been used. Adding these two terms, we have the resultant matrix element 


of the form 
TOL (g, kh) =F (2) PTA GA, CF) (2 32a) 
with 
TE) = (eg/2M) {tev ys Tish > (2-32b) 


from which we can easily compute the total cross section for photo-production of a charged 


pion from a nucleon near threshold : 
o(ytpontn*) =c(t+n>ptT ) 
= 27 (e/47) (9°/47) M~o, (2-33) 
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where v depotes the velocity of the produced pion. (2-32) is the same as the result 
obtained from the lowest order approximation of perturbation theory, except that e,g and 
M are not the unrenormalized but the renormalized ones. Kroll and Ruderman have 
pointed out that the contribution of the fourth term of (2-7) [Fig. 2d] vanishes at 
threshold because it has a factor of the form = WA, (k) and the space component of g, would 
be zero at threshold. The threshold is feted by q,=0(4=1, 2, 3) in reference to the 
center-of-mass system. But, in our coordinate system in which the nucleon is initially at rest, 
qu=0(=1, 2, 3) corresponds to a little above the threshold. It can be derived from the 


conservation law of energy-momentum of the total system and the Lorentz transformation that 


k=|k|=e(+p/2M), q=p(u/M) (1—p/2(M+ p)) (k/ko) (2-34) 
at threshold. The contribution of this term is obtained by substituting (2-15a), (2-22b) 
and (2-24b) : 


ieg brat ht @)[h=9)*+ ATS 24,— hy) A, (k) (2-35) 


which vanishes at threshold, since q is parallel to k, and kA vanishes because of the 
transverse nature of the light wave. Hence, it has been confirmed that the pion-current 
term gives no contribution. However, there remains the last term of (2-7) to be estimated. 
It is evident from the consideration of the charge conservation law that this term is 
irrelevant to the charged pion production but gives contribution to the neutral production. 
The matrix element for the latter process can be obtained by substituting (2-15c), 
(2-23b) and (2-26) for I", Dyy(q—k) and PY? (q—k, k) of the last term of 
(2-7) as follows: 


i(eg/M) Pt py, (1/27) (e/47) (92/9) [(q—&) 7 
xX ¢,* (q) Chien (qo—fe) A, 3 (2 y 36) 


which is smaller by a factor of order 


(2/47) (Ga/9) (u//M) ~107 


as compared with (2-32). Thus, it has turned out that this term can not account for 
the experimental results on the photo-production of a neutral pion that the cross section 
for this process is the same order of magnitude as that for the charged pion production. 
Therefore, the explanation of the fairly large cross section for the neutral pion production 
will have to be sought, as is well known, in the effects related to the anomalous magnetic 
moment of the nucleon, which belong to the radiative correction of order /M that can 
not be taken into account merely by the substitution (2-13). 

It is essential for Thirring’s theorem or Kroll-Ruderman’s theorem to hold that the 
unestimable parameters such as G(0, 0) or H(0, 0) have fortunately been cancelled between 
(2-27a) and (2+27b) or between (2-31a) and (2-31b). However, such a cancellation 
does not occur in the case of pion-nucleon Scattering even at low energy limit. In fact, 
substituting (2-15a), (2-15b) and (2-18a) for [°%1)s » [15° and S in the three terms 
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other than the last of (2-9), we obtain 


TE (q!, 9) =9F (4) PT Ghd; (4) (2-37a) 
with 
5° = — (g:/M) 055 (2-37b) 
and 
G=—/ [1—H(0, 0) }[1+G(0, 0) ]-?+2M2F (0, 0)} (2-38) 


for the transition matrix element to the lowest order in y//M, where gq and gq’ denote the 
initial and the final four-momenta of the pion. The pa:ameter, g,, defined by (2-38) 
will be referred to in this paper as the effective coupling constant for pion-nucleon 


scattering. Its value can be determined by equating the cross section 
o(a*+p—ptnt) = (93/47)! (4n/M?) (2-39) 


to the experimental result. The value cited by Deser et al”. as determined from the experi- 
mental data of Fermi and Steinberger is 


ge/ Anbc0;36 + to), 0.37; (2-40) 


The last term of (2-9) is trivial, since it yields merely the Rutherford formula for the 
Coulomb scattering of a charged pion by a proton. 


§ 2.3. Four boson processes 


In this subsection we shall discuss the behavior at low energy limit of the S-matrices 
for those processes which are represented by Feynman diagrams with four external boson 
lines. These processes occur as virtual ones in those processes to be studied in the succeeding 
sections in which two or three bosons are simultaneousely produced from a target nucleon 
bombarded by a boson with an energy near threshold. 

First, let us discuss the Mller scattering between two pions. The matrix element 


can be written as 


T 49 =9,(0) 95 (C) be CC) Tia? (G C5 0 0) 


with 
TSa” (Cacia ce) Oe (ase eu Gus) 
met ee (o, 6 eaves ) tee (Cees). (2241) 
perm 
and 


4 


TO AC ACL eel! yd As G iG: /04 994 (C") OC GbE") Ds (2-42) 


5} : 7 sgl dA tit 
where 5! stands for summation over 4! permutations of 250, jC’, RO” and I¢'/ These 


experessions may conveniently be illustrated by Fig. 4. Without renormalization, ae MENS 
part defined by (2:42) would be primitive divergent, since the skeletons constructing gs 
graphs are square diagrams such as Figs. 4a’, a’ and a” or a closed piston loop like 
Fig. 4a'%. According to Matthews”, this divergence can be removed by starting from the 


Lagrangian provided with a counter-term of the form 
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a “ \ a \ f 
Fig. 4. oh ae diagrams repeats Mller sof bs ‘a \ ! 
scattering between two pions. a om ? q 
Cf. equations (2-41) and (2-42) VE ay a ‘ / ‘, 
(a) (6) 
\ , Se a ie 2 ’ t / 
4 - Yt + et + ey + eX - 
he pd, ‘ : / . 
ue so y ., ve Ss : a _ 
(a) (a’) (a) (a’’) (a'") 
@ 02 Ss d d 2 
=A [334; () 6; (x) J . 
i=1 


If we assume the charge independence as a good approximation, /°S) thus renormalized 


may be written in the q representation as 


PSO 11) = ALP) (68 ut OO n+ FO) A+W), (2-43) 
where W is a function of four four-momenta of the external pion lines, and 7 is a 
coupling constant to be determined from experiment. For q’s of the order wu’, HW” may be 
neglected, because its magnitude is expected to be of the same order as that of Q( (9+) /7*) 
discussed before. The value of 4 is as yet unknown. According to Ito and Minami’, 
however, 4°/4 must be taken to be of the order of unity, if /’9;' should play a principal 
role in accounting for the experimental results obtained by Fowler et al.’ and by Walker 
et al." on the double pion production from a nucleon bombarded by 1-4 Bev pion beams. 
Therefore, throughout this paper, we shall assume that the magnitude of 4°/47 is of the 
order of unity. The second term of (2-41) [ Fig. 4b], combined with those parts of the 
first term which are represented by Figs. 4a’, 4a’’’ and 4a'", describes a scatiering through 
electromagnetic forces. Its magnitude can easily be estimated to be of the order of e2 from 
(2:23b) and (2-24b). The ratio of the two terms of (2-41) being 422210747 
the second term may safely be omitted. Hence, in an admissible approximation, we may 
use 
Tae (q, q's 4") =F LT Ger (gq, 9’, 9") 
=* (0,0 a+ D0 5 oh 00 5») (2-44) 


for our later purposes. 


. 
‘ 


ee ee ae x a ers yf oe saad 
(a) (6) (a’) rie 
Fig. 5. Feynman diagrams representing the process (0, 3,1). Cf. (2-45). 
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Next, we shall consider a process which is represented by connected Feynman diagrams 
: ft ; fo) 
with three external pion lines and one external photon line, as shown in Fig. 5. The 


matrix element for this process can be written as 


T*Y—4,(0)$4(C) be(0") by 6) TSE (GO 0" 8) 


with 
TSE? (C0, 6", §) Seg l gan (C, C', 6", €) 
+ep HBG 6 EVD OYE OE) 245) 
and 


PE = —O47F (C, C) /8{gbn (0) OX eAy EF) Ds 


where 5! stands for a summation over cyclic permutations of if, jf’ and kt’. . From..the 


eyel 
requirement of Lorentz covariance, the Fourier transform of Jz}: must have the form 


Toe} (4, q' q') = eg XVI" 99,'dp Eaves (2-46) 
where X,,, is a dimensionless scalar function of g, q’ and q’. The contribution of the 
second term of (2-45) to X;,, can be evaluated with the use of (2:23b), (2+24b) and 
(2-26) as 


Xie (b) = (2/47) Gal) (H'/M) ~.- 


On the other hand, from the considerations based on the weak coupling approximation, 


the contribution of ['Szi' is expected to be of the order 


Xin (a) = (9/47) 
if it corresponds to Fig. 5a’ or 
Xin (a) = (2/42)? (Gal)? (e/Q) (H'/M)™ 
if it corresponds to Fig. 5a’. It is seen that the main contribution comes from the closed 


nucleon loop, Fig. 5a’, as expected. Thus, the magnitude of Ti ~may be regarded to 
be of the order 


8D ~ eg (9?/4m) (u!/M)* (2-47) 


which is smaller than Ti” given by (2-44) by a factor of the order 


(eg/#) (92/42) (ul /M)*~0.02. 
Now we shall discuss the Compton scattering by a charged pion. Let the matrix 
element be written as 
T 02) = 4, (0) Ay 6) THB (G C4 6 ONG (OAC). 
Then, taking into account that Thirring’s theorem should hold also for this case, we can 


. 2.2) = 
write the Fourier transform of Ti? in the form 


TP2” (q, ky &) =e0;;(1—9;5) {Ou,-+ Yuot » (2-48) 


ijey 
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where k and k denote the four-momenta of photons, and q and g =q+k—k those of the 
pions. Y,, is a tensor function of q//, k/ and k/p, which vanishes for k=k’=0. 
For k’s and q’s of the order of yz, Y,, must be considered to be of the order of unity. If 
an analogy to the Compton scattering by an electron ts allowed, Yu, is expected to vary in the 
direction to cancel 0,, as k’s and q’s approaches ’. Thus, it will be admitted to assume 
in the succeeding sections that Tjj5)” (q, k, k’) is at most of the order of e°/47. 


§3. 2+N—>N+27 and 7+N>N+22 


The results obtained in the preceding sections will be applied to those processes which 
are represented by connected Feynman diagrams with two external nucleon lines and three 
external boson lines. Of these processes the most interesting is the inelastic pion-nucleon 
scattering in which an extra pion is produced. This process has recently been observed 
by Fowler et al.’ and Walker et al.'” in their experiments on the 1.4 Bev pion-nucleon 


collision. 
§3.1. 2+N—>N+22 


The matrix element for this process is given by 


T= 4, (C) bs (C) PT Ge” (C, C's 6") Pde (C"”) (3-1) 
with 
Tge (C, O's Ca (Cs 0") Aim (C's) din (0 £7) 
X S~15°S /OK, (C1) OK, (0%) OK, (0%) -S7} (3-2) 
= 9° (1/21) SOs SLE Obl OO (QS Tae ee Wee ta) 
PDL ES ST SSD KeE) (3 3b) 
ik BT al a: ig (3 - 3c) 
cg CUi2)) 3) Teele, Ley (yh oll pee onl (3 -3d) 
bel 2 (E) Dy EVENT ERO CG) Gece) (3 -3e) 
TOL im NG J omtle Fe) Lage Meee Om) (3-3f) 
and 
PGE OG, 0, C") =—8S"/0¢ 94, (C) )8K94,(C') 8946, (C") >, (3-4) 


where } stands for the summation over 3! permutations of (if, jf’, AF’), and the prime 
attached to Ty") of (3+3d) denotes to insert (2-7) with the last two terms omitted, 
which have already been included in (3-3e) and (3-3f). | 
of (3-3af) is given in Fig. 6. 

The insertion of (2:15a), (2+15b) and (2+18b) into the first term [Fig. 6a’ | 
within the brackets of (3-3a) yields 


The graphical representation 
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: (6) (c) 


(d) (e) 
Fig. 6. Feyman diagrams representing (a+N-—N+2rz). Cf. ee 
agin 
‘ 
(f) 


equations (3-3a-f). The dotted circle in (d) denotes the 
insertion of the graph given in Fig. 2 with Figs. 2d and 
2e suppressed. 


PP PH Qt Hq) Pie ?PS Pg) LEMS (CP) 

=— 9h (P+qt7 +9") 4/90) 757 8 uf (P) 

x [1—H(0, 0) [1+ G(0, 0) “]F (0, 0) (3 -5a’) 
to zeroth order in ps’/M, where q, q’ and q’’ denote the four-momenta carried by the external 
pion lines entering the graph with the suffixes, i, j and k, respectively, and q, the time- 


component of .q. F116 the same way, the second term [ Fig. 6a’’| within the brackets of 
(3+3a) yields 


PP (PAgt tq) PEM SPH +7) Pere P) 

= — 9h (PHgtd +9) 7579 x (79/40) 2 P) 

x[1—-H(0, 0) [1+ G(0, 0) J"! FQ, 0). G-5a"} 
Fah of (3-5a’) and (3+5a”) is of zeroth order in p//M. However, when added, they 


cancel each other. Hence, (3-3a) is considered to be of the order 
(9°? /M") (p'/M) (3 -6a) 
apact from a factor containing the parameters, G(0, 0), H(0, 0) and M?F(0, 0). 
Inserting (2-15a) and (2-18b) into a summand of (3-3b) [Fig. 6b], we obtain 
gp (Ptqtq +q) PSP+q +9) TS PC+I) LSP) 
= (9°/4M2) § (P+g+q +4") retstal— (9) 90 F979") G0 
rd 79) qo — a") 0" JH, 0) } 6 P) 
x[1—-H(0, 0) F{1+G(0, 0) |* Cy) 
to zeroth order in p//M. Performing the summation over 3! permutations of (ig, jq', £q’’); 
we find that the terms of zeroth order in y/M cancel each other, taking account of the 
relation 
gota +4. = 84 (4/M)[1 +2(n/M)\"; (3-8) 
which follows from the energy-momentum conservation law. Consequently, (3+3b) will 


be of the order 
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(g°/M’) (!/M) ~ ¥ #82 6b) 
apart from a factor containing H(0, 0) and G(0, 0). 
(3-3c) [Fig. 6c] can be computed from (2-11) and (3-4) as follows: 
gf (PAgtd’ +4") Pg¢ (P) =P GO P+ qt +7) 
X[B,tet Outs + Ordre (P) X2D(0, 0), (3-6c’) 
which is of the order 
(9°/M?) ('/M) (3 -6c’’) 


apart from a factor containing MD(0, 0). 
(3-3d) [Fig. 6d] can be estimated from (2-33b), (2-24b) and (2-32) to be of 
the order 


(9°/M") (e/g)? (#!/M) ™. (3 -6d) 


Similarly, using (2-15c), (2:23b) and (2-47), we can evaluate (3-3e) [Fig. 6e]. The 


result is of the order 
(9°/M") (e/47) (uw! /M)*. (3 -6e) 
Both (3 6d) and (3-6e) are negligibly small as compared with (3-6a), (3-6b) and 
(3-6c’) owing to the small factors (e/y)°~107* and e*/47~107*, as expected, because 
(3-3d) and (3-3e) are electromagnetic corrections, which should have been omitted now 
that we heve assumed the charge-independence as a good approximation. 
Finally, inserting (2-15a), (2:22b) and (2:44), we obtain the following result for 
(3-3f) [Fig. 6f]: 
99 (P+qta tq) Ped (P) Sma (Gq +9) TS” (qs 9's 7) 
=I Qt +q')*+ eI)" 
XP(P+g+q +4") [Ostet One: + Out lief (P), (3-6f’) 


which is of the order 
(9°/M*) (4/9)? (ue! /M) 7. (3 -6f”’) 


The parameters, G(0, 0), H(0, 0), M°D(0, 0) and M°F(0, 0), appearing in (3-5a’), 
(3-5a’’), (3-7) and (3-6c’), are estimated to be of the order of unity from the 
considerations based on the lowest order approximation of the perturbation theory. Though 
this approximation may be unreliable, we shall assume yet that these parameters are of 


the order of unity. Then the ratios of (3-6a), (3-6b) and (3-6c”) to (3-6f’’) are 
of the order 


(9/A)* (u!/M)?=0.1 (g/A)? (3-9) 
for 


(u!/M) =2(u/M) ~0.3. (3-10) 
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Thus, it seems probable that, near threshold, (3-3f) [Fig. 6f] is predominant over the 
other terms, (3-3a) to (3-3e), if g’=/°. This result will be interesting in connection 
with the results of recent analysis performed by Ito and Minami’”, according to whom, 
the observed angular correlations between two outgoing pions and the total cross sections 
can be accounted for by assuming phenomenologically that the Feynman graph [Fig. 6f] 
gives dominant contribution to the matrix element, and the coupling constant, 2/41, is of 
the order of unity. It is to be emphasized that the matrix element given by (3-6f") 
contains no unknown parameters other than 7. From (3-6f’) we obtain the following 
results for the total cross section near threshold 


(1/9) o (2°+p—p+2n°) = (1/8) o(a*+p—nt+ 27") 

= (1/8)o(a- +pon4+n* 477) = (1/2) 0 (2°+ p—on+7* 47°) 
= (1/2)0 (n+ p—n+22") =o (a+ p—o>pta +7) 

Te ae Haan =o(a-+p—>ptm +7) 


=< x 38 $ 4a ~\(= 47 =) ‘ —) Soe 


One <0) < 241 +0(u!/M)) (3-12a) 


for 


with 
ome =2( 14+ 22 2K) (3-12b) 


where Wp, and w, are the threshold energy and the energy of the incident pion inclusive 


of the rest energy in the laboratory system. 
$13.20. tN N+ 27 
The matrix element for this process is given by 
TE = S$. CPTI’ G C PAE (3-13) 
= 


with 


PEO (Gt OH sa CHO 45 C PUN De Ene!) 


“91S /OK(C")IK (CPE) S (3-14) 

Hep SPE” OSPEH OST PAC) ALP CSE" © 
SPE? ELEM OSE OSH CY} (3 15a) 
4 og {FE ESTS2G CHFLHEOG CSTE} G18) 


Lag IO OST LACS). TIE CR EYETEL Y? (C$ (3-15c) 
Oy a (Gree) (3-15d) 
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HgTe CfEOD), 2, DESEO? o75) (3-15e) 

ee deg Re Da eee Sal gi ea Geitineas il (3-15f) 

Spel yO? (5) Dae ee pal gee aoe ooo) (3-15g) 

pe G6") Ale, COL ee while BD (Brdi5 ho 

EA ReaD Why key a ARS ah Cake oslo 3) (3-15i) 
and 

Vga? Gs C, &) =— 057/899, (6) 20C 94; (C') OCA, (F) D, (3-16) 


where T)9°?, T)2% and Ti? are defined by (2-4), (2-7) and (2-9) with those 
parts omitted, which contain either J,, or D,,, and 5) stands for the summation over 2! 
transpositions of (if, jf’). The graphical representations for the above expressions are 


given in Fig. 7. 


eae C+ t: 
+e 4 Ree OnOe 


(oa) 


Fig. 7. Feynman diagrams representing the matrix element for (y+N—>N+2z). 
Cf. equatiors (3-15a-i). 


Let k= (k, ik,) denote the four-morientum of the incident photon, and 4, = (q, igo) 
and q',=(4’, ig,') those of the two produced pions. In our reference system in which 
the nucleon is initially at rest, the threshold is defined by 


k= |k| =2y{1 + (u/M)], 

Jo= 90 = HLL +2¢°M"' (M+ 2p) ] 
and 

q= = (v/M)[14+2(4/M) |"'k. (3-17) 
Inserting (2-15a-e) and (2-18b), and remembering 

4 Sprerieeese Sh A=0, (3-18) 


we find that the contributions of (3- 15a-c) {Figs. Za'—<"] to the. matrix elementaae all 
of the order 


(eg?/M*) (u'/M) (3+19a) 
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apart from factors containing the parameters, G(0, 0), H(0, 0) and MF (0, 0). Similarly, 
{rom the substitution of (2-11) into (3-16) it follows that (3-15d) [Fig. 7d] is of 
the same order as (3-19a) apart from a factor involving M°G(0, 0). 

The contributions of (3-15e) [Fig. 7e] and (3-15f) [Fig. 7f£] to the matrix element 
can be evaluated to a good approximation by substituting (2-23b) for D,,, (2-26) for 
PS, (2-24b) for PY, and inserting (2-28b) and (2-32b). The results are given 
in terms of Fourier transforms by 


(3.15e) = (eg?/M?) 7,7; (i/2) {[ er, t,]8t+[ee, Ts] js} 


x (27) (2/47) (Ja/I) Enrpo (Goko/ 31") (3-20) 
= (eg? /M*) (2/47) (Ga/9) (3-19e) 

and 
(3.15f) = (eg?/M®) (e/9)? (4/M) 5 (Qu — au) (42) ™ (3-21) 


which vanishes at threshold where qu=q,. Next, substituting (Jal Séjpetor 1), 
(2-23b) for D,,, aad (2-48) for Tn, we obtain the result that the Fourier transform 
of (3-15g) [Fig. 7g] is of the order 
(eg?/M?) (e/g)? (u!/M) (3-19g) 

remembering (3-18). It is observed that (3-19e) and (3-19g) are negligibly small as 
compared with (3-+19a), owing to the small coupling coefficients, (Van) (94/9) 10 
and (e/g)?107", in spite of the fact that they are of lower order with respect to pl /M. 
Here, it is to be noticed that (3-15e), [Fig Ze) (3-25) [Figw Zi |sand. (aq45¢) 
[Fig. 7g] have Te) or [2+ and T® >? or [+ linked with each other by a single 
photo=-p-opagation function, which we shall call a “ single photon-bridge ”. The Feynman 
graphs containing single photon-bridges, in general, yield small electromagnetic corrections, 
which may be neglected as compared with mesonic effects, unless the latter effects are non-existent 
from the beginning or they happen to be extraordinarily damped by accidental cancellations. 
Hence, such graphs will be left out of condsideration in the arguments to be done in later 
sections. 

(3-15h) [Fig. 7h] can be evaluated by substituting (2-226) for Un) (ezab) for 
ee sand (2-37b) : 

(3.15h) = — (eg?/M2) (go/'9)(M/412) 5 (244 — Fy) 

This contributes nothing to the matrix element at threshold, since q’ is parallel to k, and 
kA vanishes because of the tranverse nature of the light wave, (3-18). 

Finally, inserting (2-15a), (2+22b) and (2-47), we find that (3-15i) [Fig. 7i] 
has the form 

O45 (eg?/M’*) (9°/47) My) (k= g—71) 2+ I evrpcks 940 (3-22) 


which vanishes at threhold, because G.9o= Ie 18 symmetric while €yypo is antisymmetric 


with respect to the interchange of the two suffixes, @ and o. 
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After all, equations (3-15a) to (3-15d) are expected to give main contribution to 
the matrix element at threshold, unless such a strong damping effect happens to occur as 
to reduce their resultant contribution far below (3-19e) or (3:19g). However, the 
expression thus obtained for the matrix element from equations (3-15a) to (3-15d) can 
not be used for comparison with experiment, because it not only involves unestimated 
parameters like G(0,0), H(0, 0), M°F (0, 0), M?G(0, 0), etc., but also resorts to that 
Green’s function, (2-11), which ignores terms of first order in p’/M. 

The processes, such as (Y+N—-N-+z+7) (inner bremsstrahlung accompanying the 
photo-pion production from a nucleon) and (7-++-N-—N-+27), can be treated in the same 


way, and similar results to the above are attained. 


§4. 2+N—>N-+3z7 and +7+N>N-+32 


It this section, we shall discuss the low energy limits of those processes which are 
represented by Feynman graphs with two external nucleon lines and four external boson 
lines, especially, (7+ N—-N+3z) and (y+N—-N+3z). We shall not enter into 
details of the other processes, such as (y-+N—>N+27+7), (7 +N—-N+7+4+27) and 
(7+ N- N+ 37), because the expressions obtained for their matrix elements are not available 
for the comparison of the theory with the experiment under the same circumstances as has 


been met with in § 3-2, and, furthermore, it seems to be hard to detect them experimentally. 


§ 4.1. 24+N—>N-+32 


The matrix element for this process is given by 
T= 9, (CE) 85 (0) Bal CPT Ga (G0, 0, 6" 4, (0) fos4) 
with 
THE (G5 0,0) =e (CO dak (CC) dah (0, O°) dah (0, C1) 
x SB'S/DK y (O°) Ky (CY OK, (C°) OK, (CS, (4.2) 
Omitting those terms which involve single photon-bridges, we have 
BGS (ce netsh 
= 9‘ S1'S/0 99; (C) YOK 985(C') YO 9b. (0) 0K 94, (C'") ) «S73 (4- 3a) 
HDT en NE CP) Minn (Os 6°) Fees (C7, CC", C1), (4+ 3b) 
where ‘S} stands for the summation over 4 cyclic permutations of (if, jf’, ke”, abil 


The graphical representation is given in Fig. 8. Figs. 8a, to 8a, correspond to eq. (4: 3a) 
while Fig. 8b to eq. (4-3b). fi 


In the same way as we have derived (3-6a), (3+6b) and (3-6c) in the precedin 
sections, we can show that (4+3a) is of the order ‘ 
(9'/M") (4-4a) 


apart from a factor containing G(0, 0), H(0, 0), M?D (0, 0), MF (0, 0), M'F(0, 0), etc., 
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dais (a3) (a’) (a3) 
+ Je + Re # ot se ie err 
(a,) (as) (as) (a) (6) 


Fig. 8. Feynman diagrams representing the process, (7+ N—N+3z). Graphs involving single 
photon bridges have been omitted. Cf. eqs. (4:3a) and (4-3b). 


though the summands of each sum over permutations corresponding to one of the graphs, 


Figs. 8a,, 8a,’, 8a,’’, and 8a, are individually of the order 
(94/M®) (u//M)~. 


(4-3b) can be evaluated by substituting (2-376) sfot 70 ,.(2-22b) for 4,,,, 
and (2:44) for T,{ij to a fairly good approximation as follows : 


agit 
SIT C2 (gq, gq +4") Inn +9 +9") Tri? Q's Ws 1") 
= — (GP/M) (0592+ Fix9 2 + F195) 
x gta’ +t eT tl@-7—-7 +e) 
+[q—q"—g")? + eT +1Q—-4"—-97)* + TI 
~ — (9'/M") (96/9)? 4/9)? (24/M) ~ 
x (0; 0+ OO + Fu jx) » (4-4b) 


where q is the four-momentum of the incident pion, and q’, q’’ and q’”’ are thos ° of the 


produced pions. The threshold values 
(= =4"= (e/M) +3 (4/M) "4 


and 


qo= 31 + (44¢/3M) | (4-5) 


have been inserted to get the last from the second member of (4-4b). 

On comparing (4: 4a) with (4-4b), we observe that the latter is smaller than the 
former owing to the small factor, (9,/9)?=0.03, notwithstanding that the latter is of 
lower order with respect to p//M. Hence, it can not be expected that (4- 3b) predominates 
over (4:3a), unless a strong damping effect enough to reverse their orders happens to 
occur to (4:3a) due to virtual processes of higher order in the coupling constants. If 
such a strong damping effect should happen to occur, the cross section near threshold 


would be obtained from (4-4b) as follows : 
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(1/9) o (2°44 N— N+ 32°) = (1/4) 0 (at +N—> N+24+42+ 4277) 
=o (7°+ N->N+7°+2+ +27) =o (at+N—-N+7* 427°) 
= (1/210) (1/M”*) (95/47)? (2/47) *[ (a— On) /p}”, (4-6) 
where «, denotes the threshold energy of the incident pion and is defined by (4-5) as 


qo. Otherwise, we can not obtain any expression for the cross section available for the 


comparison with experiment on the same ground as mentioned in § 3.2. 


§ 4.2. 7+N—>N+3z 
The matrix element for this process is given by 


TEOD = 9.(C) by (C') be (CPT Sk” (6, C, 0", €) GA, (6) (4-7) 
with 
Bisie” Gs O 0", 8) = Aa (6, 61") dim (C's C) dn (Cs C7) Dh G, €) 
X S~10'S/0K,(€'") 0K, (CORK Aa), OY Sie (4-8) 
Omitting those terms which contain single photon-bridges, we have 


Tee (c, a 6"; €) 


= eg'S'0'S/3 99; (©) D099; (C') OX Gdn (C") OCA, (E) S74 (4-9a) 
+) La ee per 4, (Ci, pity T Op) ae age ct, é (4-9b) 
see WS led (eshte pa (age ex hel ad Cet a a oun (4-9c) 


where we have dropped the terms which vanish at threshold owing to the transverse 


. : : 
nature of the light wave. } stands for the summation over cyclic permutations of if, 


’ Pr : ee ee ae 
Jf and k€”. The graphical representation is given in Fig. 9, 


(a4) (ay) (a5) (a5) (a) 


bridges have been omitted. Cf. equation (4-9), 


Fig. 9. Feynman diagrams relevant to the Process, eh ie of, 
(r+N-> N+3nz). Graphs containing photon ale --- a ~~ 465 
york 

(6) 
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Inserting (2-11) into (4-9a), we find that the contributions of Figs. 9a,’ to 9a, to 
(4-9a) are of the order 


eg? /M* (4-10a) 


apart from a factor containing the parameters, G(0, 0), H(0, 0), etc. On the other hand, 
each of Figs. 9a,’ and a,” individually gives contribution of the order 


(eg°/M") (p!/M)~. 
However, their resultant contribution turns out to be of the same order as (4-10a) in 
consequence of the mutual cancellation similar to that we have met with in the case of 
Figs. 8a,, a9 a:” and a,. 
It can be shown in quite the same manner as the case of (3-15i) that, at threshold, 
(4-9b) [Fig. 9b] gives vanishing contribution to the matrix element. 


Finally, (4-9c) [Fig. 9c] can be evaluated with the insertion of (232d). (222d) 
and (2-44) as 


T’2? (qtq +4") 4im Qed +9) Tae? G1 1) 

= (e9/2M) iTr7 ws Ti st [qtqtq)?+e) (Om +929 2 +O jx) 

= (eq’/M") (F/9") (M/4 4) ALT 22 Oster tO pte t Orit Misi ys (4-10c) 
where & is the four-momentum of the incident photon, while q, gq’, and q’’ denote the 
four-momenta of the produced pions. 

It is observed from (4:10a) and (4-10c) that the competition of (4-9a) with 
(4-9c) for preponderance is rather severe. This is due to the fact that the threshold 
energy, Ain, = 34 4+ 3/2M), can no longer be regarded as sufficiently small in comparison 
with the rest energy of the nucleon. If 4°/47 may be taken to be comparable to or la-ger 
than g°/47, or if it happens that the contribution of (4-9a) to the matrix element is 
diminished to some extent below (4:10a) by virtue of the damping effect of the virtual 
processes of higher orders, then the main contribution to the matrix element comes from 


(4-9c), and the cross section is given by 

o(7+pon+nt +20) = (1/4) 0 (7 tpoatt +22") 

= (1/1260 V 2 M”) (e°/47) (9°/47) (4/47) 1 (kh) pl, (4-11) 
where & is the energy of the incident photon in the laboratory system. In the opposite 
case, (4-9c) will play second fiddle to (4-9a), and, on the same ground as mentioned 


in § 3.2, the result obtained for the cross section will not be available for comparison with 


the experiment. 


§5. Summary and discussions 


The results obtained in the preceding sections are summarized as follows: (i) it ts 
probable that the main contribution to the matrix element for the process, z+N—->N-+2z7, 


near threshold comes from the Feynman graph whose skeleton is constructed from a pion- 
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nucleon 3-vertex part and a pion-pion scattering part connected by a single pion line, 
provided that the renormalized Matthews’ constant, 7, is comparable to or larger than the 
renormalized mesic charge, 7; (ii) in the same approximation and under the same assumption, 
the main contribution to the matrix element for the process, 7+N—> N-+ 37, is expected 
to come from the Feynman graph whose skeleton is decomposed into a subgraph representing 
the photo-pion production from a nucleon, that representing the pion-pion scattering, and 
a single pion line connecting the two subgraphs, (iii) the expressions for the main terms 
of the two matrix elements including the radiative corrections to all orders in e and g can be 
obtained by applying the perturbation calculation of the lowest order to the skeleton graphs 
and by replacing the unrenormalized masses, charges and the divergent coefficient of the 
pion-pion scattering part with the renormalized ones. 

Since explicit expressions for the matrix elements have been obtained for the above 
processes in terms of e, g, A, M and yp, of which the values have already been known 
from experiment with the exception of /, it is suggested that the renormalized Matthews’ 
constant, /, whose value is as yet unknown, may be determined from an experimental 
analysis of these processes near threshold. Furthermore, the possibility is also suggested of 
testing the consistency of the current PS(PS) meson theory examining whether the values 
determined from experiments on the two independent processes agree with each other. 

Our results, (i) and (iii), seem to be interesting in the light of the results obtained 
by Ito and Minami from their phenomenological analysis on the process, 7+ N—>N-+2z. 
According to their results, the observed angular correlation between the two produced pions 
can be accounted for by assuming that the process occurs mainly through the ¢*-interaction. 
However, it must be remembered that their analysis has been made on the experimental 
data for the incident energy near 1.5 Bev, while the approximations made in the deriva- 
tion of our results hold good only at threshold, i.e., about 0.15 Bev. 

It is worth-while remarking that our results remain unchanged, even if we allow for 
the participation of any V-particles in the virtual processes, so far as they obey the “ even- 
odd” rule of Pais and do not violate the renormalizability of the theory. The reason 
for this is as follows. The radiative corrections due to virtual V-particles can be classified 
into the following two kinds: those of the first kind are such as to give contribution to 
the functions, D, F, G, H, J, K, Q, R, etc.; while those of the second kind are such as 
to be represented by a graph obtained from, e.g., Figs. 6(d, e, f) and Figs. 7 (b, c), by 
replacing the single photon-line or the single pion-line connecting the two subgraphs with 
a single heavy-meson-line. The functions, D, F, etc., are irrelevant to the results, because 
the terms of the matrix elements containing these functions are of higher order in (4//M) 
as compared with the leading term. Hence the radiative corrections of the first kind may 
be ignored. As for the radiative corrections of the second kind, they are expected to be 
extraordinarily small, because each subgraph contains a single line representing an “odd” 


particle, consequently a ‘‘ weak interaction”, in accordance with the even-odd rule. 
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A definition is formulated of the scattering matrix for a closed physical system with bound states 
which makes use throughout only of the assumed observable properties of the system. A direct product 
space, X, is defined in which the ingredient factor space comprises the steady states—vacuum, one- 
particle, and bound states—of the physical system. It is argued that the boundary conditions for a 
scattering experiment are suitably expressed in terms of vectors in X and that these stand in unitary 
correspondence, U, to the Heisenberg states. Indeed, one defines two operators U‘+) to express 
outgoing and ingoing wave boundary conditions, and the scattering matrix is constructed from these in 
the usual way. A suitable Yang-Feldman formalism is then developed in which the operators in the 
remote past and future also describe the bound states of the system. A representation of the frame- 
work thus constructed in terms of field operators for individual fields results in the well-known formulas 
for S-matrix elements in terms of covariant amplitudes. 


$1. Introduction 


The first attempts to formulate a definition of the scattering matrix in the Heisenberg 
representaion'’ were rather closely ellied to the form of the equations of motion of con- 
ventional field theories and left open the question of how to include bound states. The 
relation of the Yang-Feldman formalism to the problem of bound states has since been clarified 
by Glaser and Zimmerman” and by Freese”, but this work did nid not provide a detailed 
calculational technique for describing scattering processes which involved composite particles 
in the initial or final states. Nevertheless, the introduction of covariant wave functions” 
to describe bound states made it clear that the solutions of these equations should provide a 
suitable basis for such a description. The manner in which this is to be accomplished has 
been stated correctly by Nishijima, and the derivation from a definition of the scattering 
matrix has been essentially, if not completely given. 

The primary purpose of the present note is to formulate an abstract definition of the 
scattering matrix for a closed system of interacting fields, including the possibility of bound 
states, by invoking throughout only the properties of the real physical states of the system. 
There have indeed been several recent attempts’ to formulate and study an S-matrix theory 
without reference to the detailed structure of the field equations of conventional field theories. 
Our attempt is not unrelated to these in spirit, and may be considered as a slight 


generalization of the approach of these authors, at least in so far as the framework is 
concerned. 
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To effect a realization of the transition amplitudes in terms of covariant wave functions 
is the second purpose of this note. It is only here that a distinction between bound and 
continuum states becomes of practical significance. The results accord with those already 


given by Nishijima.” 


§2. Stationary state definition 


We consider then a closed physical system consisting of interacting fields. We shall 
assume that the spectrum of all relevant constants of the motion is known. In particular 
the Hamiltonian may be supposed to describe a system with continuum, bound, and composite 


states. Thus, with an obvious notation, the Hamiltonian is given by the expression 


H= SE c? cF 6 2% Ste,cEacY ac¥ bet Diez) cEgarc” epi oF geet oo (1) 


where the vacuum state Y, is contained among the continuum states C and the simple 
bound states among the states BC, etc. In forming the decomposition (1), we assume, of 
course, that we have a criterion for distinguishing single-particle and bound states. 

From the point of a scattering experiment, a more obviously pertinent decomposition 
of H may be made in accordance with the boundary conditions of the experiment. If we 
suppose these conditions to be specified in the remote past, for instance, then the real distinction 
is between states which initially contain at least two spatially separated parts and those 
states such as the vacuum, one-particle, and simple bound states which are described in 
terms of at most one spatially localized entity and thus suffer no real scattering. It is clear 
that in a real physical sense the initial condition for the former type of state should be 
expressible by a superposition of the latter steady states. 


To express this supposition mathematically, we write H in the form 
H=H,+ (Hi—Hs), (2) 
where 
Hs=DisEs¥ sV¥s (3) 
describes the spectrum of steady states. We then define the infinite direct product space, 
X, spanned by the eigenfunciions of the Hamiltonian Hx, with 
Hy=HHOaHy --, (4) 
where H® weans Hy in subspace number 1 and unit operator in all others. Correspondingly 


an eigenvector of Hy is written 


Oo Pp ee, (5) 
and satisfies the equation 
Hx@,= (EOVED +++) OTA On (6) 


hat for a steady state we have D.=Vs 


The two essential properties of the space X are t 
H. A similar statement obtains for 


and that the spectrum of Hy coincides with that of 
the other suitably defined constants of the motion. We may theretore construct the unitary 
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correspondence, U, defined by the equation 


U= >, 0, 0e, 7) 
such that 
P= UD, = Si Pur Uns (8) 
and 
O=UO,;U™, (9) 


where O is any operator of the physical system and Ox the corresponding operator in the 
direct product (DP) space. 

We shall think of the space X as uniquely defined. “On the other hand there are 
alternative U matrices corresponding to different choices of boundary condition and con- 


sequently different sets of Heisenberg states. Let us note that if we write 
H=H,+H,, (10) 
where H,=0 for steady states, the Schrodinger equation is equivalent to the equations 
Ud) =0(E, —Ew) + (Ent i€ — Eq) 7 (Ay) wnt Using (11) 
or to the equations 
Y'*)— O + (E,+ie —Hx) 7H, 72. 


The boundary conditions satisfied by the two sets of Heisenberg states /\*) are well-known 
and have recently*) been stated rigorously as folows: Let 4 be a proper element of the 
Hilbert space, 


Pee A > nl Gal se OO. 
It is then a censequence of eq. (12) that 


Lim (t> — co) exp (iH xt) exp (—iHt) ¥ 4=>),9,4,=9,, (14) 


or crudely speaking, ¥{,') approaches @, in the remote past. Similarly if 


DS As (15) 
then 
LimC (t+ ©) exp (tH xt) (—iH?t) ,F = O,, (16) 


or ‘ approaches %, in the remote future. If 4, ,/ are superpositions of steady states 
only, then eqs. (14) and (16) hold by definition. Further, in the sense of these equations 


U = Lim (t-> ¥ 00) exp (Ht) exp (—iH xt). et? 


Since the transformations U) are unitary, it follows that there exists a transformation 
§ relating FSO? to PS, 
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POISE, (18) 


where 
s=UCPUMt (19) 


is the scattering matrix in the Heisenberg representation. 


§ 3. Relation to Yang-Feldman formalism 


To any Heisenberg operator O(t) we may assign a one parameter family of operators 
O*(t) according to the equation 


O* (¢) =exp [iH x (t—T) JO (c) exp| —iH x (¢—7) i (20) 
The general solution to the equation of motion 
iO(t) =[0(¢), H]=[0(), Hx+Hi] (21) 
can be obtained in the DP space, where Hy is diagonal, as 
t 
Oka (t) = al (t) = i dt’ exp [i (Ear) iG t’) [oO (t’) > A, (t’) |, (22) 
which is equivalent to the operator equation 
exp (—iH yt) O (t) exp (iH xt) =exp (—iH yt) O (rt) exp (iH xt) 


_ if de exp(—iHxt’)[O(t’), Ai (t') | exp GH xt’). (23) 


If we consider a matrix element of eq. (23) between two proper states DP, ~,, of the 
DP space and take the limit as t—— 00, we must evaluate 
Lim (t—> — 00) (4, exp (—iH x=) exp (iH) O (0) exp (iH) exp Gxt) P) 
= (ED, O(0) PH) = (Ps, On (0) Px)- (24) 
In obtaining (24), we have used the relation similar to (16), 


Lim (t—> — ©©) exp (—iHt) exp (iHxt) P,= Lim (t—> + co) exp (iHt) exp (— iHt) O,=0 5° 


(25) 
and defined the operator O,, by stating its matrix in the DP space, 
On (0) = Win Pn (PRs O(o) ES) PD, ) (26) 
and 
0, (0) —exp (it) O,, (0) exp (—iH0)- (27) 


We have thus derived the equation 


O ie Orn) — ide exp [iHy(¢—?¢’) HO. aE: (t') | 
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X exp [—iHy(t—?#’) ], (28) 
and 
Lmi(t—— co) (O(t) —O,,(t)) =0 (29) 
in the sense of eq. (24). We note that eq. (26) is equivalent to the statement 
O75 = UF HOU? (30) 


In an exactly similar fashion, we can achieve the equations 


OG =n) +ilde exp [iHx(t—¢’) [O("’), H,(¢) Jexp[—iHx(t—¢’)], (31) 


where 
Ocut (t) =exp (iH xt) Oont (0) exp (—iH xt), (32) 
and 
(Ps, Onn P_) =Lim (t->+ co) (D4, exp (—iH xt) 
exp (iHt) O (0) exp (—iHf) exp (iHyt) Dy= (L4,0 (0) FY), (33) 
since 


Lim (t—> — co) exp (iHt) exp (—iH xt) 9, =V°. 


A comparison now of eq. (24), rewritten according to eq. (18) as 


(P4, On Pn) = (FDPS'OSES), (35) 
with eq. (33) establishes the relation 
Ons X'0,,X, X= COMERS? 2 (36) 


Corresponding to eq. (30), we have the expression 
Ons UOC? (37) 
From eqs. (30), (37), and the equation 
Hy=U°"HU=UC%HU), (38) 


which expresses eq. (9) and the commutivity of S with H, we can conclude the funda- 
mental relation 


Hx(O) =F (Oon) =H(O,,) ° (39) 


As a further consequence, it follows that if we achieve a representation of Hy(O) in terms 
of Heisenberg variables, the H,(O 


m) and Hy(O.ut) will:be a representation of the actual 
Hamiltonian. 


$4. Realization of the scattering matrix 


The observations of this section will be based on eq. (39) together with the significance 
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of the DP space. We consider first the case where there are no bound states. We can 
then obtain a representation of the DP space by introducing annihilation and creation 
operators gq‘? and q!, the Heisenberg variables for the 7th field, satisfying canonical com- 
mutation relations (anticommutation relations) and a vacuum state YV,, 


qoU ».=0. (40) 


We are free to choose 


Hy (q®, gt) =H, (q®, gt) : (41) 


where H,(q\, q°°') is a superposition of Hamiltonians of free fields but with each field 
characterized by the experimental mass of its one-particle state. A complete set of states 
@, can be constructed then in the well-known way by the operation of the g' on 
YW). Moreover it follows from eq. (39) and subsequent remarks that a complete set of 
states VC, BS can be erected by the operation of q{?', gi, respectively on ¥,. Finally for 
the matrix element of S specifying the scattering of the set of free particles from the initial 
state @ to the final state 3 we have 


Ssa= (PSP, FOP) = (Fo gengin Po), (42) 


where g‘®' stands for the complex of operators that creates the state a. The matrix thus 
obtained is obviously unitary. For its evaluation we can relate its elements to the wave 
functions and Green’s functions of the theory, obtaining these either by the general techni- 
ques of Lehmann et al.” or from a specific conventional field theory plus renormalization.” 

Consider next the existence of bound states. Again we introduce the canonical sets 
g®, gq", and (omitting henceforth superscriptions 1) decompose q into two commuting 


(anticommuting parts) , 


I= e+ Ta» (43) 
where in addition to 
q¥ »=09, (44) 
we have also 
gel n= 4c 2X Oe (45) 


Equations (43)—(45) can be realized as follows: ‘The matrix of q is such that if we 


write identically 


q 3 ual P,.dnnt Pars (46) 


we require E,,<E,,. Equation (44) is then true by definition. Moreover qo is that part 
TENS 
of eq. (46) in which ~,, P,, are vectors describing the same bound states, though they 
differ otherwise. In each such subspace qc has the same matrix elements as q itself has 
in the event of no bound states. Equation (45) then follows from the observation 2s 
i if a matrix element of ge is in question. 
@,,, cannot consist of a set of bound states only i 


The continuum states can now be constructed from ge operating on Y, and the 
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composite states from qe operating on the various bound states. The operators qin and gout 
may be decomposed similarly and a representation of the Heisenberg states Y{*) obtained. 

Turning to the S matrix, eq. (42) still obtains if @ and f are continuum states, but 
qc must replace g on the right hand side. For scattering processes involving bound states, 
we must proceed differently merely because we do not have explicit representation for these 
states. 

As an example consider the case of electron—deuteron scattering. Let (f(x, ¢) with an 
appropriate superscript e, p, or m represent the field operator for electron, proton or neutron, 
respectively, and let D designate the Deuteron. Following Nishijima”’, we consider, instead 
of (42), the matrix element 


(Fo? Pat (Xr #) PP (Hey #) Pore (a 2 Pin” 

i ( Lig OSE Mexican Tee 

= (Fo, OF" (t) SES? 

HS (Ey OP(O UHR) SH? 

= Shops tte (es &) (Fay OF (ay ay t) FB) Serra (47) 


Here (x; £) is the normalized plane wave state of the outgoing electron. For those 
B’ which refer to inelastic scattering, eq. (47) may be further simplified by use of our 
knowledge of the state Yf. By constructing the scalar product of (47) with an appropriate 
plane wave state, we obtain for this case” 


a 


dx,dxidx. ug (x, t) [yy (Xe, t) ay (x5, t) 


Set pintieD = 


d 


(Poy OSR" (Ht Hay yy t) Pi”) 


in 


= Lim (t+ ©) \dxdaeds yt x, t) ps (eq, 2) 1 Ce, £) 


XX (x, Xo, Xs, t), (48) 
where 
- — (7% oh yi iP fae r 
A (Hy Hoy Nyy t) = (Po, 2 P(r, £1)? (ae, £1) f(g, £2 WE) (49) 
is the covariant amplitude for the eleciron-deuteron system evaluated at a common time. 


Now suppose we are dealing with elastic scattering. We introduce the covariant am- 


plitude for the deuteron X;,(,, X, ¢), and obtain for the matrix element of S, the expression 


Serprrep= Lin (t-> co ) \dxdarads 4 Gee t) Yb (xs, Xe, t) 


X12, te ay | (dred 18 (By MLE (On (50) 


Equation (50) clearly evidences the existence of a normalization problem. That problem 


indeed exists also for eq. (48) and will be the last matter accorded consideration in this 


Peper. 
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§ 5. Normalization of covariant amplitudes 


This problem has in fact been fully and adequately covered by Nishijima’”, and we 
wish merely to summarize his work for the sake of completeness. He has given two 
methods, both of which we shall illustrate by means of the deuteron problem. If ¢(x) 
is now the nucleon operator, then in the first method we employ a conservation principle 
directly related to the normalization of the state vector, for example the conservation of 


heavy particles, which in the present example requires that 


(do, B?, FG) raf @): 9?) =2. (51) 


We must obtain an alternative expression for the left hand side of eq. (51) which contains 
only the deuteron amplitude Zp, in addition to “known” kernels. For this purpose we 


consider the amplitude 


2 (Xp Key X33 %) = (Por TP () $e)? $5) $s) 2) F*)- (52) 


By means of the field equations”, eq. (52) can be exhibited in a form which depends on 


kernels and the amplitude for the two body problem only. Comparison of the resultant 
form, in the limit ¢,, t.>¢, with that which results from (52) directly, 


Sh, (Poy TE) $%)) Fn) (Eun 2 $s) Fa)? PY), (53) 


allows us, by choosing n=D, to derive a form for (51) from which the normalization of 
Yn may be inferred’. 

Actually the second method, which employs external sources, is merely a more expeditious 
way of carrying out the program stated above. In the example at hand we introduce into 


the Lagrange density operator a coupling term 
U(x) =$@n9@): 4,0, (54) 


describing the coupling of a fictitious external vector field A, to the nucleon “ particle 


current.” Now consider the equation” 


(GAGE 12) Gyy=Lhe (55) 


for the two-nucleon Green’s function Gj. By straight-forward functional differentiation and 


introduction of the definition of the vertex operator 


Py §)=— 0G," /0A, (5), (56) 
we obtain from (55) the knowledge that 
OGo/ CA, (S) S10 Wee (5) Cat Cid Po (¢) rt O1,./0A, (¢)} Gp. (57) 


On the other hand as A, tends to zero, since 
Gyo (%» Xo 3 cae Xa) ait a: TP (x) (x2) p (x') (xo!) Py) (58) 
we c2n see that 


86,/04, 6) =i Fo, TY) $C) oH) P(x0!): PE) ru ©) Fo): (59) 
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‘ gait iY Fie . 
Introducing eq. (59) into (57), assuming the limits ¢,, H7+©,t, t—>—©, and ex 
hibiting the resulting equation as a sum over states, we are led directly to the result true 
for any states n, n’ of the two nucleon system, 


(Pu: FOO: Vw) = -\z, (TG? 


+ GD ou (F) + OL2/Ay E)} nr (60) 


Through eq. (60) may in principal be used to determine the normalization olka it 
suffers from the practical difficulty that it requires knowledge of the form of 7, for unequal 


times. Nevertheless it can easily form the basis of an iterative procedure to determine 
the required norm. 
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Algebraic formulae and tables of the U coefficients 
Leal FL. 
U my He (l, ’ : integer) 
1/295 Zee) 


are given. 


§ 1. Introduction 


The U coefficient arises in the relation between different ways of coupling the four 
vectors to give a resultant one”. When the coupling of the angular momenta of two 
spin 1/2 particles comes into question, there often appear the U coefficients of the 


following form : 


pa ee 
Ula pap op ee te integer) . (1) 
ily foapesl iy Paw) 


The well-known cases of the appearance of such coefhicients are the transformation 
coefficients between LS and jj coupling scheme of two equivalent particles’, (-decay correc- 
tion factor, nuclear matrix elements for B-decay"? and so on. 

We have calculated the U coefficients of the above form, when L or J range between 
0 and 4, and j and j’ are confined between 1/2 and 7/2. 

Tables of U coefficients of some other forms are given by Sharp et al.?”. 


§2. Definition and some properties of U coefficient 


In this section we shall summarize the definitions of the U and_ similar coe flicient™? 


which are useful to employ our tables. 


* All these properties and some others are given in the paper by Arima, Horie and Tanabe. 
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The U cocficient of Arima et al. is defined by” 


CCiid Sis CisidJon JM] Chris) Jee Gold Jou JM) 
ji is Jw 

==V (Jel) Zur) Qat) QnFDUl Fs Je Ju | (2) 
Sis Jes J 


This is the same with the 9j coefficient of Wigner” and the X coefficient of Fano”, and 
is different from the 7 coefficient of Hope” and the S coefficient of Schwinger” by 


numerical factors : 


hi fe Sue hfe Se hohe Su 
Is da Ju (=X fs fa Joe J=Ul js fa Jeu | (3) 
Jis Jos J Jis Jos J Sis Jax J 
Liiehsdo Sedov JisJov D) 
hope Sis 
= (Zhe +1) (2Jut1) (2fis+1) 2Jau+1) Ul js jx Jn |> (4) 
Jis Jos J 


CALE 3 SiedsJasJos 3 Jd) 
i. OOS 
=— (— 1) 4+ 44-13 Jae Ui i rp Tea (5) 
Jis Jos J 
U coefficient can be represented in terms of Racah coefficients) : 
hk Je Sis 
U Is Ms Js 
if Toa ‘| 
=BALYW Sirdisivs JAW Sodisivs Io) Soisjodins 2 
ss ce 1) naa (2a 1) W (joisJistis ; 4j;) WU fatatertes > 4j,) ga PEN EP eg > Ay) > (6) 
where 
T=fptjotjstjathe tJos+Jis +Joi +J = integer. 


There are 72 symmetry relations of U coefficient? ; 


i) An odd permutation of the rows or columns of U coefficient multiplies it by (—1)°; 


> 
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hoofs Jus js ta Sos Jis Jar SJ 
ee i dy, Pe ee Je ISCO) fs fs Yaw) ete. (7) 
Jis Jor J Jus Jun SJ hi fe Sue 
ii) A reflection of the coefficient in either of the two diagonals leaves it invariant ; 
h Je Ji h Is Jis 
Tim a Toy a een al  Jees lap ales gl ve: (8) 
Jis Jos J Js Jus J 
From i), the following relations are given : 
h Je Jie 
CaS nt is a9 in +Joo + J= 0dd) etc. (9) 
Ju Jen J 


By making use of these symmetry relations and our tables, one can obtain the values 
of some of the U coefficients which contain two 1/2 in the same column or in the same 


ow but do not have the form of eq. (1). 


§ 3. Algebraic formulae 


The algebraic formulae of the U coefficients of the form of (1)*) can be obtained 
from eq. (6) and the algebraic formulae of Racah coefficients”. They are: 


S=0 
ae j ta, J 
(Aj +-J+2) G+i JED le 
{ Seen) (2-42) (2j’+1) (2j' +2) 2J+1) 
1/2 
j+1/2 j vs J 
U Gj’ +J+0 (—i47 +) ie 
J lee (2) +2) (2/') (2 +1) 2+) 
172 
j—1/2 ] sa) ; 
G—/t) (it? +J+1) ie 
. Nery (2)-+1) (2+ 1) (2 +2) 2J+1) 
1/2 
{71/2 st ; 


| ’ Gar eseD Gtr S|" 
Al tee Eee “ley (+1) @j) @' +H eae 
a2 1/249 


* In the following formulae, j and j/ can be integers or half-integers. 
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(1 b= 
) ity al 
Prige foai2py et 
U ] i i 


1/72 17/2 1 
= ees +J+2) G+ +J+3) G—j'4+J4+) (—j+j/4+J4+0 |" 


3 (2j+1) (2742) (2-1) 2p + 2) Cy 8) (2-2) 2) 
Ps 1/2 f 122) at 
U i ip J 
1/2 1/2 1 


=(-»| GP EPPA Gia ORT ie ING ey 2) ‘ie 
3(2j+1) (2j+2) (2/’) (2j’ +1) (2J+1) (2J+2) 2J+3) 


j—1/2 j/+1/2 J+1 


1/2 1/2 1 
=| Gtr +J+2) GtiaD Gitibl+y) (—j+j ae 


. 3(2j) (23+1) Gf +1) (2) +2) Q@J+1) @J42) 2J+3) 
j—1/2 j'—1/2 J+1 


ib? 1/2 1 


aaeny pecs yey a ts ey ale 
L 3 (2j) (2j+1) (2j’) (2j’ +1) (2f+1) (2J+2) 274+3) J’ 


ii) L=J 

fPY2 | Fiyars 
U j jouer) 
Wis Mit 

= i-i)| Gti +J+2) G+j'-J+1) _ 

6 (2j-+1) (2) +2) (2 +1) (2 +2) J +1) ea ; 
feria fowl fe J 
U ] lie. 
ye LA 

=(j+/+1| eee UT ee er) vhs 

6 (2j-+1) (2j+2) (2/') (2+ DJU+) QJ+ are 
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Pll 2h je ¥/2aJ 


1/2 721 


ey el) ata) oer 1) He 
6 Zp ie es 41) (27 4-2) J J-1) 2) 


71/2, j —1/2_ J 


= (j+j+1 | 


U ] (Papal 
1/2 Wo RDS 
1/2 
rae ar E (j) Qj Hof) GF HITED (2J+1) i: 
iii) L=J—-1 
Prager jf 1/2 J-1 
U J il i 


sag fe »| Gaef —J4D Gti —J+2) G74) ity ep ls 
ak 3 (2) +1) (2/42) (2j’ +1) (2/ +2) (2J—1) (2J) (2J+1) 


Foto, 1/2 f= 1 


Le 2 2 1 


»{ “ee +J+1) G4+/—-J4D Citi t+J—) Citi LL le, 
dy 3(2)-+1) (2)+2) 2’) Qj’ +D 2J-1) (2) QI+V 


J 1/2 f +1/2-J-1 


1/2 12 1 


= [EEE Gil ei ft) itr one 
3 (2)) (2)+1) (2) +1) Qj +2) QJ-Y) 2) QI+V 


peje q—W2j 1 


12 1/2 i: 


=| Gtr P+) (i474). ie 
3 (2)) (2; +1) CA seas +1) (2J—1) (2]) Clee 
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By these formulae, we have calculated the U coefhcients of ihe form 


l | 

$e fea 

Leo iL 2S 

for the following cases : 
L=J=0, 
L=J=1, 
2 


L=1, J=0, 
jee (Nal E06 
L=1, J=1, 
L=2, J=1, 
L=1, J=2, 
L=2, J=2, 
L=3, J=2, 
L=2, J=3, 
L=3, J=3, 
L=4, J=3, 
L=3, J=4, 
L=4, J=4, 
Less] Sea, 
L=4, J=5, 


As was done by Obi 


” 


> 


pfu 2, 3/2) ayaa 2 Table 


Table 
Table 
Table 
Table 
Table 
Table 
Table 
Table 
Table 
Table 
Table 
Table 
Table 
Table 
Table 
Table 
Table 
Table 


the results as the products of the powers of prime numbers. 
We wish to thank Mr. Akito Arima for his kind interest. We are 


Miss Tatsuko Yamada for her assistance in the computation, 
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i 1X8) 
able Lye Ui) 7, 97/9,0 | 
ely 2) ly 200) 
——_—_—————_———————— LLL 

l j V j/ U } @ eae V j/ U 
0 1/2 0 HD 1/2 2 5/2 2 5/2 1/21 3-5 
1 1/2 1 1/2 1/23 3 5/2 3 5/2 1/2V/3-7 
1 3/2 1 3/2 1/2)/2-3 3 7/2 3 7/2 1/4/7 
2 3/2 2 3/2 1/2/2-5 | 4 7/2 4 7/2 1/4-3 


ale 
SUAS OS OA aie Sal 
1 2ea2a0 
yo ae U Lies V i? U 
[ j if kf + 
1 1/2 0 1/2 1/2+3 1 3/2 2 5/2 1/27/2-3-8 
1 3/2 (0) 1/2 1/2-3 2 3/2 2 5/2 1/2-3-5f2 
D 5/2 2 5/2 V7[3:5V 203 
0 1/2 : ue Sees 3 5/2 2 5/2 1/2-31/3-5+7 
1 1/2 t ie Yay 23 3 7/2 2 5/2 128357 
3/2 1 Wz —1/2-37/ 2-3 mS: 
"| 2 5/2 3 5/2 —1/2-3)/3-5+7 
0 1/2 i 3/2 1/23 3 5/2 3 5/2 V5/3-7V 3 
1 1/2 1 3/2 1/2-3/2-3 3 7/2 3 5/2 —1/4-3+7 
1 3/2 1 3/2 V 5/433 4 7/2 3 5/2 1/41/3-7 
2 pie : Ag Ley 2 5/2 3 7/2 L/2<3y/7 
2 5/2 ‘ ae payee 3 5/2 3 7/2 10357, 
1 1/2 2 3/2 1/2-31/2 3 7/2 3 7/2 3/8-7 2 
1 3/2 2 3/2 —1/4-375 4 7/2 3 Tie, 1/8-37/3-7 
2 3/2 2 3/2 VY 3/4:5 3 5/2 4 7/2 1/4)/3-7 
2 5/2 2 3/2 | —1/2-3-5V2 3 7/2 4 2 NUR EB a8 
3 5/2 2 3/2 1/2-3V°5 4 7/2 4 7/2 V/5-7/8-9/ 3 
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Table II. U | 


ge Gio 
ie 
1/2 1/2 0 


[ F dl U l | j | V | j/ U 
2D 3/2 0 1/2 1/2-5 2 3/2 2 5/2 1/2-57/2+5 
2 5/2 0 1/2 1/2°5 2 5/2 2 5/2 1/51/3-5 
1 32 Lephe vL/2e olauee Li2yaetan 2 ald Py Re Tey Shee 
2 et3/2 las 302 1/252 Jule 2A) etl V3 [2-5 2-7 
2 Siz rei) aja Whawaseer 4 i hmzée Zoi 187 Lasatsv"2-3 
3 5/2 1 1/2 1/2-375 1 1/2 3 5/2 1/2-315 
1 1/2 1 3/2 1/2/55 1 3/2 3 5/2 —1/2-3/ 5-7 
1 3/2 1 3/2 1/41/35 “ 3/2 3 5/2 1/5 2-7 
2 3/2 1 3/2 1/4-5 aes 5/2 3 5/2 —1/2-573-7 
2 5/2 1 3/2 V7([2+3+5f2 3 5/2 3 5/2 1/725 
3 5/2 1 3/2 1/2-3y/5-7 3 7/2 3 5/2 —1/4-775 
3 7/2 1 3/2 1/2v/2-5-7 4 7/2 3 5/2 V 5 /4-33-7 
) 1/2 2 3/2 —1/2-5 1 3/2 3 7/2 1/21/2-5-7 
1 1/2 2 3/2 1/2-:5f2 2 3/2 3 7/2 1/4-5V7 
1 3/2 2 3/2: —1/4°5 2 5/2 3 7/2 V3/2-5Y 27 
2 3/2 2 3/2 V7[4-5V5 3 5/2 3 7/2 1/4-7/5 
2) 5/2 2 3/2 —1/2-57/2-5 3 7/2 3 7/2 V 5/8:7 
3 5/2 2 3/2 1/57/27 4 7/2 3 7/2 1/8)/3-5-7 
: hs : a Ean he a: ti 3/2 4 | 7/2 1/4-5 

2 5/2 4 Wa —1/2-3-57/2.3 
0 1/2 2 5/2 1/2°5 3 5/2 4 7/2 V5 [4-3 3-7 
1 1/2 2 5/2 1/3-52 3 7/2 4 7/2 —1/8)/3-5-7 
1 3/2 2 5/2 V7[2+3-5/2 4 7/2 4 7/2 V1i1/8-3)/3-5 


————————————————————————— 


Table IV. U7 | 


b. ELEN 
Prints 
1/2 1/2 0 


| 


V j U l j Vv it U 
3 5/2 0 1/2 1/2-7 3 5/2 1 3/2 VY 5/2-3*7f/2 
3 7/2 0 1/2 1/2-7 3 7/2 1 3/2 V3/4-7/2 
2 5/2 1 1/2 =e 7 : Mie ; ae 482-7 
3 5/2 1 1/2 1/3-7 1 3/2 7 3/2 —1/2//2-5-7 
S) 7/2 1 1/2 —1/4+7 2 3/2 2 3/2 1/2:5/f7 
4 7/2 1 1/2 1/43-7 2 5/2 2 3/2 W557 
a 3 5/2 2 3/2 V 3 /2+71/2-5 
2 3/2 1 3/2 1/21/2-5-7 = 
: si : ae bs aalenes 3 7/2 2 3/2 —1/4-71//2 
4 7/2 2 3/2 1/47/2-3-7 
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l J Uv j’ U l j UV // U 
1 1/2 2 5/2 1/2-3/7 0 1/2 3 WP 1/2-7 
1 3/2 2 5/2 1/31 2-5-7 1 1/2 3 7/2 1/4-7 
2 3/2 2 5/2 1/2:5V7 1 3/2 3 7/2 V3/4-7f2 
2 5/2 2 5/2 1/2:5/7 2 3/2 3 7/2 1/4-7f2 
3 5/2 2 5/2 1/7 2-3+5 2 5/2 3 7/2 1/4:7 
3 7/2 2 5/2 1/4:7 3 5/2 3 TZ 1/2-7)/2-7 
4 7/2 2 5/2 1/4+31/3-7 3 7/2 3 7/2 V11/4-7/ 2-7 
5 1/2 ; 5/2 ~1/2-7 4 7/2 3 The 1/4+77/ 2-3 
1 1/2 3 5/2 1/3-7 1 1/2 4 7/2 1/41/3-7 
1 3/2 3 5/2 —V5/2:3-772 1 3/2 4 7/2 —1/4-34/2-7 
2 3/2 3 5/2 V3 [2-7 255 2 3/2 4 7/2 1/4)/2-3-7 
2 5/2 3 5/2 = 1/797 20305 ac 5/2 4 7/2 —1/4-37/3-7 
3 5/2 3 5/2 V5 /2-7V 37 | 3 5/2 4 7/2 V 11/2-3+77/ 2.3 
3 7/2 3 5/2 —1/2+77/ 2-7 | 3 7/2 a 7/2 —1/4-79/ 2:3 
4 7/2 3 5/2 V11/2-3+71/ 2-3 4 7/2 4 7/2 V 5 /4:31/2-3-7 


fle es 
Table V. of j v4 | 
1/2 1/2 0 

l j V j/ U l j Vv ite | U 
4 7/2 0 1/2 1/2-9 2 5/2 3 5/2 1/9/27 

7/2 1 1/2 —1/4-37/ 3, zi ae : ae LENCE RE 
3 / : ‘fe St | 3 7/2 3 5/2 = /5 203°7/2-3 
e 7 I 4 7/2 3 5/2 1/2+31/2-3-7 
2 ee Ee ie 1/2-3Y/2+7 ‘an Mime ae eer 1/4+3/3 
ar 2 | 2 | 32 NEE il Ne} a | ne |e V5 [4037/2637 
eeegic, tS ae V 7/4923 Zi Say\ 3 | 172 1/4y/2-5-7 
on 52-2 | | 3/2 1 3y745 a a a Me V11/403V/3-5-7 
3 5/2 2 3/2 1/22 31/2e3-7 3 5/2 3 7/2 V 5 /2+3+71/2-3 
3 | 72 | 2 | 3/2 | —1/4v2-5-7 SO es oe A a? 
A 7/2 2 3/2 V11/4+9// 265 4 7/2 3 7/2 V5 [4°91 2-7 

‘2 0 Yj2 .) 4 7/2 —1/2+9 
Z 212 i 212 ieee 1 1/2 4 7([2 VY 5/4973 
I | ON a sis Whe 1| 32 14 | 72 | -V7/4-9v73 
3 5/2 2 5/2 Ie an , 25 ‘ 7/2 Jit/409/ TS 
3 Mein? | | 72 ete Sa 2. | pees 17/2 —LjAss aes 
e ke i ae pay os 3 5/2 4 7/2 1/2*3)/De3-7 
1 3/2 3 5/2 — 1/203 27 3 7/2 4 7/2 aE 
2 3/2 3 5/2 1/2°31/2-3+7 | 4 Vj2-\ed \oJaee| VP islee27V/2 
eee 


———_—_ 
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b— eel. 
Table Vinci s) syano 
1/2 1/2 1 


3 / 
— 1/403 
1 3/2 2 3/2 1/4-3 | 3 7/2 4 7/2 1/8+3 
2 3/2 2 3/2 1/4/3-5 | 4 7/2 4 7/2 /5/8-9 
| ee 
LO PSO# 
Table VII. U i er 
1/2 1/2 1 
i | Bee V j/ U | J j Vv pie U 
Oo b teeho Were 1/23 t 21] Se Ul tal | Sad Pets 
Wi vor 12 128) —128 eet we a nt Ae 
1 3/2 1 1/2 1/9 3 5/2 3 5/2 —V 5/2037 3 
, A : af ue 3 7/2 3 5/2 1/3+7 
1 3/2 1 3/2 V5 [2°9/2 | 3 5/2 3 7/2 —1/3+7 
/ l4e 
Z 3/2 2 3/2 —1/2+57/203 414 ? ae pare 
2 5/2 2 3/2 1/3*5 | 4 7/2 4 7/2 —¥'7 [4°27 
Ll? rer 
Table VII. Ul j j’ 1 
1/2 1/2 1 
l j i ha U l ‘ei ie ris U 
1 1/2 0 1/2 1/31/23 1 3/2 2 5/2 1/4*3\/5 
1 3/2 0 1/2 —1/2+37/2-3 2 3/2 2 5/2 1/403)/3 
Mb e ie | Bae Bip: 1/3)/ 203 Bo Thee dhe be 1/3V/2-5-7 
379 a Mage 1/403 odin alc ics We di A nc a a ae 
2 3/2 1 1/2 1/4933 2 3/2 3 5/2 —1/2+3)/2-3-5 
Oo de yeeloa| 13h 1/2+31/203 $9 tev eh Lave 1/3V/2+5-7 
1 1/2 1 3/2 1/403 3 7/2 3 5/2 1/4+31/2.3 
2) Bieta 3/2 1/3235 ey ae Sh eee 1/43/27 
2 5/2 1 3/2 —1/403//5 4 5/2 3 7/2 1/2+3y/3-3-7 
1 1/2 2 3/2 —1/403)/3 3 5/2 7/2 1/4+37/2.3 
a f Sahil.) aR 1/3y/2-3-5 4 Vii ee 3 7/2 1/927 
2 5/2 2 3/2 1/4+31/3 3 5/2 4 7/2 —1/4+31/2-7 
3 5/2 2 | 3/2 1/2+37/2+365 3 7/2 4 7/2 1/9/27 
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(ie at seme 
Tableg le Ui) sf gap)’ 21 | 
ot De 
l j U j/ U i j | V j/ U 
2 3/2 0 1/2 —1/2//2-3-5 2 5/2 2 5/2 —1/3°57/3-5 
3 B65 3a 
Bate | 12 1/9 ; Ef 2 | 3/2 2/3+51/ 3-7 
D = ate ; 
go; BEiNe\2 | | 12 1/49 3 ae ; 5/2 Hs el 
2 3/2 1 1/2 1/41/30 | 5/2 —1/4+3)/5 
1 3/2 3 5/2 1/2*37/2-5 
ery to iy oN She i 3 eS 1/2+3+5 
“6 ud nae cis mi idl 2) 32 hes P52 2/3059/ 3-7 
2 3/2 1 3/2 —1/2°57/ 2-3 3 5/2 ; 5/2 JEWS 
‘ a : a2 Tk eae 3 7/2 3 5/2 1/4+7)/2-3 
3 5/2 1 3/2 —1/2+3)/2-5 ri 7/2 . 5/2 ‘jana o 
0 1/2 2 3/2 1/271/ 2-3-5 2 5/2 3 7/2 = 1/4034/5-7 
1 1/2 2 3/2 1/47 3-5 3 5/2 3 7/2 —1/4+71/ 2-3 
1 3/2 2 3/2 1/2°57/2-3 3 7/2 3 7/2 —1/4+71/2-3 
2 3/2 2 3/2 V 7 (2°51 2-3-5 4 7/2 3 VAP —1/4+3)/2-7 
2 2 2 3/2 7 [403°5/5 uf 
: =m 5 e ie i 2 a) | 'saa 4 | 172 1/4935 
2 j 3 5/2 4 7/2 1/4+3)/ 2-7 
1 3/2 2 5/2 —1/4+3+5 3 7/2 4 7/2 1/4°3)/2-7 
Z 3/2 2 5/2 —V7[423°5/ 5 4 Ae ee, 7/2 V 11/4227 2 
ie tke os 


Table X. U | 


j #2 


| 


jy apaily/ 2a 
l j U iff (es i | fi i We Hie iil 0 = 
1 3/2 0 1/2 1/2*3Y 2 2 3/2 2D 5/2 —V 7/457 355 
= 2 5/2 2 5/2 V2-7/9°5Y 5 

2 1/4+37/ 3 
ss : 3 Se 3 5/2 : 5/2 Sie" 
: se 1 1/2 1/3°5 3 7/2 2 5/2 1/2°57/ 2-7 
) 1/2 1 3/2 1/2+31/ 2 2 3/2 3 5/2 —1/2+57/2+3+7 
Poi ee slat | (32 pa avee | 2 ) Se | 42 2/9*5/7 

a | —1/9+7 

1 3/2 1 3/2 1/2+37/ 2-3 3 5/2 3 dic / ope 
2 3/2 1 3/2 —1/2+3+57/ 2 3 7/2 3 5/2 1/4972 
2 5/2 1 3/2 V7 [49395 3 7/2 3 5/2 —1/4+37/2-3-7 
1 1/2 D 3/2 —1/4+3+5 2 3/2 3 7/2 Sipy oT 
1 3/2 2 3/2 1/2+3+5\/ 2 2 5/2 3 7/2 1/2+51/ 27 
2 3/2 2 3/2 —1/2+57/2-3+5 3 5/2 3 7/2 Lite Tae 
2 5/2 2 3/2 V7 [4251/35 3 7/2 3 7/2 1/47 2 
3 5/2 2 3/2 1/2057 263-7 4 7/2 3 7/2 —1/4+3)/2+3-7 
Saicma erie || | 2i2 1/537 3 | SoA | Ge) K1ss7287 
1 1/2 2 5/2 — 1/395 3 7/2 4 7/2 1.4039/2-3-7 
1 3/2 2 5/2 V 7/4035 6 eS at Ma Sng me — V7 /499V 2-395 
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Mee 72 
TablesxL = OU jy 2 
Vie ted 
l j bf | U | l j Poly gh U 
. e: 
3/2 1/2 1/2°5)/2 | 1 3/2 Zz 5/2 V7/49995 
2 5/2 0 1/2 —1/3*5)/2 | 2 3/2 Pea bee 1/4+31/5 
1 3/2 1 1/2 1/44/35 e = fo} (3 Ng leak 
2 3/2 1 1/2 1/40305 | 3 7/2 2 5/2 —1/4+5)/3-7 
/ I . . aw 
2 5/2 1 1/2 2/965 | 4 7/2 2. 3 | 7/4°9*Sy/ 3 
3 5/2 1 1/2 1/91/25 1 1/2 3 5/2. | —1/9)/285 
1 letter) Waa), 3/2 1/41/35 f 1 | Pz yeiets—| P52 V5 [29/27 
2/) Sag wis | 63/2 1/3-5/2 } 2 | 3/2 | 3 | 5/2) | —1/293-5Y7 
2 5/2 1 3/2 — V7 [40995 | 2 5/2 3 5/2 1/57 2-3-7 
3 5/2 1 3/2 V5 [29/27 3 {2 3 5/2 1/4°37/ 2-5 
3 7/2 1 3/2 —1/293476-7 4 7/2 3 5/2 V 5/429) 2-3-7 
|] 
0 1/2 2 3/2 1/2*°5/2 } 1 3/2 3 7/2 1/2°31/ 5-7 
1 1/2 2 3/2 —1/4+365 2 3/2 3 7/2 1/2°57/ 2-7 
1 3/2 2 3/2 1/3°5)/2 2 5/2 3 el Piz 1/4°51/3-7 
2 5/2 2 3/2 1/4035 3 5/2 3 7/2 1/4037/ 265 
3 5/2 2 3/2 1/2+3°5)/7 4 7/2 3 7/2 1/37/2-3-5-7 
3 7/2 2952-7 : af 
j ‘ ‘ te Neneh oy Re 3/2 4 7/2 —1/2+3-5)/2 
> eae —— | | =e 
2.1... 314 L233 2 - 2}—s/a-—} 4 | ya 7/4-9-5)/3 
ty) 1/2 2 5/2 1/3*5 2 | 3 5/2 4 7/2 — V5 /4991/2-3-7 
1 1/2 2 5/2 2/9+5 | 3 7/2 4 7/2 | 1/3WB-3-5-7 
ee 
[elias 
Table XII. U ; jy 2 
1/2 1/2 1 


a a ee Ce — 


N 


1/3°5 
1/2+9+5 
1/9/ 7 


—1/2+3-51/2 
—1/9°5Y/7 
—2/9+7 
—1/4+3+7)/2 
—1/41/2-3-7 
1/3+5 
1/2+3+*5)/2 
1/2*5/ 5. 


| 2 5/2 2 3/2 V 2/3°5 5-7 
3 5/2 2 3/2 2/5*7V 3 
3 7/2 2 3/2 V3 /4°5*71/2 
4 7/2 2 3/2 1/4+37/ 2-7 
1 1/2 2 5/2 —1/2+9-5 
1 3/2 2 5/2 —1/9*5VY7 
2 3/2 2 5/2 —V 2/35 5-7 
2 5/2 2 5/2 —1/2+51/3-5-7 
3 5/2 2 5/2 —1/5*7 2 
3 7/2 2 5/2 —1/3+5+7 
4 7/2 2 5/2 —1/91/3-7 
0 1/2 3 5/2 1/2°3V7 
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l J V iff U l j i 7’ U 
1 1/2 3 5/2 Lies fs Ve ee 7/2 —1/3+71/ 2-7 
1 3/2 3 5/2 2/9°7 eS 7/2 a 7/2 —1/4074/27 
| ea da me AGE Rah 4 | 7/2 | 3 | 7/2 | -vil/4-3-7/23 
2 5/2 3 5/2 1/5°71/2 
3 5/2 3 5/2 1/2°747 7) 1 3/2 4 7/2 1/44/2-3-7 
3 7/2 3 5/2 1/3°74/ 27 2 3/2 4) 7/2 1/4+3)/2-7 
4 7/2 3 5/2 V11/9°77/ 23 2 5/2 4 He 1/9)/3-7 
1 3/2 3 7/2 1/403°71/2 3 5/2 4 7/2 V11/9°77/ 2-3 
2 3/2 3 7/2 — 1/3 [4959742 3 7/2 A 7/2 V 11/423+77/ 2-3 
Zz 5/2 3 7/2 —1/3+5+7 4 Magus) 722 o/ 11 /4*34/ 203-507 
if FE 
Table XI. U| j j 3 
\ ale abd, il 
wales eo |-t 1/2 1/2035 | 3 Warpeenes | | sb 1/7/2335 
2 5/2 1 1/2 1/91/25 4 7/2 2 5/2 —1/91/2-3-5+7 
3 5/2 1 1/2 —1/2+9+7 1 2 3 5/2 —1/2+9+7 
3 7/2 1 1/2 1/3°7 1 3/2 3 5/2 2/975 
1 3/2 1 3/2 1/4y/35 2 3/2 3 5/2 —1/3+57 
2 3/2 1 3/2 11403e4 Z 5/2 3 5/2 1/2+5*7 
5 5/2 1 3/2 2/9+5 3 5/2 3 5/2 —1}75/2-3-5-7 
Bits 1% | BR") 2472/9775 eS en Gee 1/3-7V°7 
3 7/2 3/2 1/207)/303 4 7/2 3 5/2 —1/9°7/3 
1 3/2 2 3/2 1/4035 1 1/2 3 7/2 P37. 
2 3/2 2 3/2 —1]4057/5-7 1 3/2 3 7/2 1/2°77/2-3 
2 5/2 2 3/2 2/3*57/ 5-7 2 3/2 3 7/2 —V 3/4075 
3 5/2 2 3/2 —1/3+5+7 2 5/2 3 7/2 1/71 2-3-5 
3 7/2 2 3/2 V3 [47/5 3 5/2 3 7/2 =) 3°/ ane 
4 7/2 2 3/2 —1/4+37/3-5-7 3 72 3 7/2 V11/8°7/ 7 
iz: 4 7/2 3 7/2 — 7/11/8373 
(0) 1/2 2 5/2 1/2°3)/ 5 
1 1/2 2D 5/2 —1/9/ 2-5 2: 3/2 4 7/2 —1/4037/3-5+7 
1 3/2 2 5/2 2/9°5 2 5/2 4 7/2 1/97/2-3-5+7 
2 3/2 2 5/2 —2/3¢5\/ 5-7 3 5/2 4 7/2 —1/9°7/3 
2 5/2 2 5/2 1/5/57 3 7/2 4 7/2 V11/893°7/ 3 
3 5/2 2 5/2 —1/2+567 | 4 7/2 4 7/2 —1/8*37/3-7 
Sn (a et nes cl sans een 
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Table XIV. U | 


ae 
Pa 


1/21/27 


| 


[ j UV Wf U I J uv J U 
3 5/2 0) 1/2 1/3+7 4 7/2 2 5/2 V7([8:9V3 
3 | Berio 1/2 —1/407 0 1 he) 5/2 1/3°7 
2 5/2 1 1/2 1/9V 7 1 1/2 3 5/2 —1/9+7 
3 5/2 1 1/2 1/9°7 1 3/2 3 5/2 5/5 [40987 2 
3 7/2 1 1/2 5/8+3*7 2 3/2 3 5/2 —1/4°71/2-3-5 
4 7/2 1 1/2 1/8 3-7 2 5/2 3 5/2 1/712-3-5 
3 3/2 : 3/2 1/3/2657 3 7/2 3 5/2 1/4+37/2-7 
= 5/2 1 3/2 —1/209)/2-5-7 4 7/2 3 5/2 V11/499°7/ 263 
3 5/2 1 3/2 5V 5 /4*9*7// 2 0 1/2 3 7/2 1/4°7 
3 7/2 1 3/2 —1/4+7// 2-3 1 1/2 3 7/2 5/8+3+7 
4 7/2 1 3/2 1/4+31/2+7 1 3/2 3 7/2 1/4+7)/263 
Vi aaiz 4) 2 i) “ae 1/3 265-7 24 we PY Fe Lbs ys 
ol sie Wo 24) aie 1/4037 2} 5/2 | 3 | 72 LS 2227 
ao apie Bo ak! aaie 1/4*77/ 26365 3 hy Me ot 2 | 72 1/4°3y/2+? 
3 7/2 2 3/2 1/4072 4 7/2 3 7/2 1/3*71 2-3 
4 2 . 23° 
7/2 3/2 1/403) 2+3-7 1 1/2 4 7/2 —1/8\/3-7 
1 1/2 2 5/2 1/9/47 1 3/2 4 7/2 1/4°31/2-7 
1 3/2 2 5/2 1/2°9)/2-5-7 2 3/2 4 7/2 —1/4+3)/2-3-7 
2 3/2 2 5/2 1/4937 2 5/2 4 7/2 V 7/8973 
3 5/2 2 5/2 1/72-3-5 3 5/2 4 7/2 —V11/499°77/2-3 
3 7/2 2 5/2 —1/8+3+7 3 7/2 4 7/2 1/3°7/ 2-3 
Hee hse"! 
lables sc View Cal tye aS | 
1/2 /2\9l. 
l j j/ U ei, j - Zee jy ae i 
4 7/2 ) 1/2 —1/4+3//3 3 7/2 7 3/2 1/4+3°7//2 
$3 ; 1 ies 4 7/2 2 3/2 V11/4*9//2-7 
7/2 1 1/2 1/8+3+7 2 3/2 9 2 5/2 —1/4*53-7 
7/2 1 1/2 V5 [89 2 5/2 2 5/2 —1/9*57/3-7 
3 5/2 2 5/2 —V 5/9977 2:3 
5/2 1 3/2 ane Aase tao. 
| NB AROS TES 3 | Sy | ao | esr | aria tee, 
7/2 1 3/2 —1/4+3+71/2.3 4 7/2 2 5/2 VU/8+9/T 
7/2 1 3/2 —V5 4991203 i 
1 te 3 5/2 1/3+7 
2 3/2 2 3/2 1/5)/3-7 1 3/2 3 5/2 V5 [4930712 
J) 5/2 2 3/2 1/4°57/3-7 2 3/2 3 5/2 V 5 [4977/23 
5/2 3/2 V5 [4977/23 2 5/2 3 5/2 V 59°77 203 


Tables of U Coefficients 603 
l pe V j/ U i) ee a a U 
B 5/2 3 5/2 V/5-11/9°71/3-7 4 7/2 3 7/2 — V5 [29°77 2 
3 7/2 3 5/2 V11/403°71/2-7 0 1/2 4 7/2 1/4313 
lS a ee i ee 6 | ie V5 /8:9 
1 1/2 3 7/2 —1/8+3+7 1 3/2 4 7/2 V 5 [4297/23 
1 3/2 3 7/2 —1/493°77/ 2-3 2 3/2 4 7/2 V11/4:9// 2-7 
2 3/2 3 7/2 —1/4+3°7f 2 2 5/2 4 7/2 V11/8°9V 7 
2 5/2 3 7/2 —1/8+3+7 3 5/2 4 7/2 V511/4°9°7// 2 
3 5/2 3 7/2 —V/11/403°77/2-7 3 7/2 4 7/2 V5 [29°71 2 
3 7/2 3 7/2 —1/2+3+71/2-7 4 7/2 4 Wie V13/2°277/ 2-7 


{HOM a ipese 
Table XVI. u| Fi) A 
(192 ajar 
I gy —| |Z U ted) A U 
3 7/2 ny) 1/2 1/4/3-7 | 2 3/2) 3 5/2 —1/4+3+71/2.3 
ma 2 5/2 3 5/2 1/9*77/ 2 
3 7/2 1 1/2 1/87/37 5 522 | 3 5/2 -1/907,/7 
4 7/2 1 1/2 —1/8+27 3 7/2 5/2 s/h 3075/0 
3 5/2 1 3/2 —1/423°7f 2 ) i | 2 7/2 1/41/3-7 
3 7/2 1 3/2 V 5 [4077263 1 ye V3 7/2 —1/8)/3-7 
4 7/2 1 3/2 —V 5/4027 2-7 1 3/2 3 7/2 V5 /4°71/203 
Paesi2 |) 2) 3/2 1/4°31/5-7 oa ae es Meg eras 
2 5) 2nd ne V5-11/8+3*77/3 
3 5/2 2 3/2 —1/4+3+77/2-3 si aa 
7/2 E 3/2 J 540307/E 3 5/2 3 7/2 — V5-11/4°3°77/2-3-7 
; 7/2 2 3/2 —1/437/2-3+5+7 3 he 4 Ae ae are 
- / 4 ap | B 7/2 —1/2+3+79/2-3 
le hte i Lz ey 1 | 12 | 4 | 7/2 | —1/827 
2 3/2 2 5/2 —1/4-3/5-7 : 372 | 4 7/2 wacoa 
pa ece | ee 2 | 3/2 | 4 | 7/2 | —1/43y/2-3-5-7 
2 aie . ae ey a ee i 2 |B Sy2-thPa Ww 72 V/11/8+99/5-7 
3 “e/a Nagel te VOTES VS | 3 | Siau| hel 72 jp SlteIee 
ACM i Ila 3 lptiees| aAeileaz/2 1/2+3*7)/ 28 
1 3/2 3 5/2 1/4+3*77/2 4 7/2 4 7/2 — V5 /2*277/2-3-7 
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[Pues 
Table XVII. U jae 
| T2241 
_ tt  _ta_wa 
: : | | ; A iy U 
l j U Vib U | ! MAE ||. 7 
\| | ae 
4 7/2 0 1/2 V 5/4973 | 2 3/2 3 5/2 —1/4+97/ 2-5-7 
ie! 5/2 3 5/2 1/3/2-3+5+7 
oe embet |) 1% aa Ls | (oe binse) (58 1/4+9/D 
ge : He Ting | 4 7/2 3 5/2 1/4+91/2-5-7 
1} 
5/2 1 3/2 V5 /4037/2-3-7 || 1 1/2 3 7/2 5/89 
7/2 1 3/2 —1/4°97/2-7 1 3/2 3 7/2 1/4+9)/2-7 
4 7/2 1 3/2 V 714091425 2 a2 11 3 Ot V3 [425/207 
5/2 3 7/2 ‘T1/8°9°5 V7 
2 5/2 2 3/2 1/49 “ =i : ie i : nf 1 
—— l4e a) 
3 5/2 2 3/2 1/4°9\/25-7 3 4 / i nn ve 
= — /2 9 2-3-7 
3 Wee 2 3/2 V 3/4951 2-7 4 y | / Eps 
4 7/2 2 3/2 V11/4°9*57/ 263 ) 1/2 4 7/2 V5 [4°93 
|". 2 4 7/2 —1/8-9 
2 3/2 2 5/2 1/49 wis ie, 
— 1 3/2 4 7/2 V 7/4°9f 265 
3 5/2 2 5/2 1/31/2+3-5-7 eu — 
= = 2 3/2 49) B72 —V11/499+57// 263 
3 7/2 2 5/2 —V11/8+9*51/7 
ire2 5/2 4 7/2 7/8+9+5 
4 7/2 2 5/2 7/8+9+5 | . J 
3 5/2 4 7/2 | —1/4*97/2-5-7 
1 3/2 3 5/2 V5 /4031/2-3-7 a) "ee 4 7/2 | 1/9/2307 


i 


‘Talla <x Ville CO i at (ca, 


4 Ti2 1 1/2 1/27 4a 3 5/2 V/13/9\/5-7e1L 
| 
4 We. 1 3/2 —V 7 [2°277/2.5 2) 3/2 3 7/2 1/493 3S oii 
| 2 5/2 3 7/2 —1/3+5)/2-3-7 11 
5/2 - 3/2 1/3577 : 2 ; 1/3°5)/2-3-7-11 
2 — . fF |i 
7/2 | 2 | 3/2 1/4+3+51/7 * as : 4 Na-7y Si 
g2 — fi . . /\71 
4 | Fe | get 3h V7 /493+5)3  ? VEIN I Be Tl 
4 7/2 3 aie. —V 13/8°31/3-7-11 
5/2 2 5/2 —1/2+9)/5-7 
| paling 1 1/2°)4 | 72 1/27 
7/2 2 5/2 —1/3+57/2-3-7-11 ; 3/2 4 7/2 gts 
2°27 205 
4 7/2 2 5/2 —VY 7/9°57/2-11 | vel ho 
we 3/2 4 7/2 V 7 /4°3051/3 
2 3/2 3 5/2 1/3\3-5+7 ee 52 4 Vie V7(9*57/2-11 
2 5/2 3 5/2 1/2*91/5-7 3 5/2 4 7/2 V13/9/5-7011 
3) 35/2 / 3 | 5/22 | YWo/oerve 201) Wie Aa 7 V/13/8+37/3-7-11 
3 7/2 3 5/2 1/3°77/3-11 | 4 7/2 4 7/2 V5+7+13 /8°271/3-11 


Tables of U Coefficients 605 


if yee 
Masts ED (| yo af 3 
2s yi 2a 
i j v 7’ U l j I’ j/ U 
5 7/2 1 3/2 1/4°37/2-3 1 Biz 3 7/2 1/4°37/2+3 
4 7/2 1 3/2 —1/4+9)/2-3-5 2 3/2 3 7/2 —1/493*95 f/f 2 
lata? (Zahir 32 2! 3/2 1/403+5)/2 ; te a ic Eee 
Ae AZ /2ela 2h B20) —947429-31/2-11 a Palaces ce aa 
y 3 7/2 3 7/2 V5+13/403°77/ 2611 
2 | 5/2 | 2 | 5/2 1/2-9V3 4) aya 3) 7p | 4814-957 oor, 
3 5/2 2 5/2 —1/97/2-3+5+7 
3. bewtl2, |.2 | 5/2 uP noWag Le sioo eds | erie 1/4+94/2-3-5 
4 |.7/2.) 2 | 5/2 | 1/9511 2 | 3/2 | 4 | 7/2 | —W7/4-9-57/eit 
2 5/2 3 5/2 1/9) 2-3-5+7 A 5/2 | 4 7/2 1/9*57/11 
3 5/2 3 5/2 — V5 /2+9*7//3-11 3 5/2 4 7/2 —1/9//2-5-7-11 
3 Zi2 oN 33 5/2 1/3°77/2-11 3 VAP | a 7/2 V13/4°91/ 2-7-1 
4 7/2 3 5/2 —1/97/2-5-7+11 4 7/2 4 7/2 —V 5 /4*27//2-11 
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* ey . 14 
Meson-theoretical Potentials in N 


Shoichiro Otsuki, Tatsuro Sawada 
and 


Syota Suekane 


Department of Physics, Kyoto University, Kyoto 


November 14, 1955 


There have so far been various calculations about 
static properties of N!4 based on the shell model: 
D. R. Inglis!) calculated the energy levels by the 
intermediate coupling method assuming a phenome- 
nological central potential satisfying the saturation 
condition, and determined the spin-orbit coupling 
parameter a and matrix element K of the exchange 
integral, so as to reproduce the ground state and 
the first two T=1 states. According to his result, 
N" is closer to the jj-limit than Li’. T. Regge?) 
studied the influence of the tensor forces by the 
Inglis’ method assuming a potential of Feschbach- 
Schwinger type, and found that its effect is not negli- 
gible. According to his result, a, the spin-orbit cou- 
pling parameter required in order to explain the first 
two levels of N14, is too large for Li®, and further- 
more the level J=2, T=0 becomes so low that for 
small values of a/K this level represents the ground 
state. G. E. Tauber and Ta-You Wu” reproduced 
up to the first excited state assuming a Yukawa type 
central potential by intermediate coupling method, 
and calculated the magnetic moment. W/. J. Robin- 
son®) applied the J. P. Elliot’s method5) to N™ and 
showed that the total angular momentum, fe and 
Q, may be explained under some conditions, which 
are not inconsistent with the deuteron data. Although 
these calculations can explain the level-ordering, level- 
spacing, magnetic moment and quadrupole moment 
of N™ to some extent, no work has been done 
to reproduce all of them at one time using the same 
model and the same parameters. 

In our previous paper,®) using the intermediate 
coupling shell model, we found that the symmetrical ps 
meson-theoretical potential is very favorable to Lif. 
Following the shell model, both LiS and N can 


be treated simultaneously, because the former belongs 
to a p° configuration and the latter to a p- con- 
figuration, so the relative energy levels are solu- 
tions of the same secular equation, only the sign of 
a being opposite. Therefore, it is very interesting 
to study the properties of N'™ using the same 
method of calculation and the same potential as 
those for Li®, though it may be an over-simplification 
in the case of N'%. 

The range 1/7/y of the p-shell nucleon wave 
function of N14 would be somewhat larger than 
that of Li§. So we use 1/1/ y =3.0 and 2.4K10-13 
cm. The results are not so sensitive to 1/;/ y in this 
region. For Li®, 1/;/ y =2.4 x 10-15 cm gives the best 
fit and this is just the value that is expected from 
the Coulomb energy difference of Li7-Be7. If we 
assume smaller values for 1/;/y 7, the level spacing 


becomes larzer. 


JE (Mev) JE(Mev) 


(a) (6) 


Fig. 1. Theoretical curves of N"™ level scheme 
for (a) 1/V¥ =2.4x10-l5em and (b) 1/Vy =3.0 
X 10-lcm. 


Fig. 1(a) and (b) show the calculated curves of 
N" level scheme for 1/7/y =2.4 and 3.0X10-138 cm, 
respectively. The level ordering is the same in both 
cases. The level spacing is larger for 1/;/y =2.4x 
10~'8cm than for 1/7/ y =3.0X10-lMcm. Experimental 
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4.90 (0-) data are taken from F. 


Ajzenberg and ale 

Lauritsen>) (see Fig. 2). 

3.95 (1+), T=0 We get the correct level 
SU wrod ring of the first three 
low states at the region 
a~4.8 Mev for 1//y = 
3.0X10-8%cm but some- 
oe (ot), T=1 what smaller than the 
a ee ea | experiinentalispacing, and 
at a~9.2 Mev for 1/1/ y 
=2.4 10-13 cm some- 
Therefore, 


it is possible to get the 


what larger. 


correct level spacing of 
these states for some a 


and for some 1/)/v 


N" jJ=1t 


between these two values. 
The secord state of 


Fig. 2. Energy levels 
of N¥ 


T=1 is much higher than 
the first excited state of 


1) 2 4 6 8 10 


Fig. 3. Magnetic moment 
——: fy =2.4X10-8em, —-—-—-: 1V v= 
3.0 10-!%cm. 


C4, The level ordering agrees with that of Inglis. 
Results for and Q are plotted in Fig. 3 and Fig. 
4. The sudden decrease in ys and the peak in Q are due 
to the abrupt change in the ground level (see Fig. 1(a) 
and (b)). For jj coupling limit we get u~0.36 n. 
m. and for LS coupling limit w~0.86n.m., Herp 
is 0.4037 n.m.. At the value of a which shows the 
best fit to the level spacing we get for both 1///v 
=2.4 and 3.0X10-1% em, |Co|?’~2%, |Ci|?~13% and 
IC, |?-~85% and hence y~0.35n.m.. The value of 


Qx 1072" cm? 


Fig. 4. Quadrupole moment 
—:1/Vy =2.4X10-Mem, —-—-—: 1/Vy = 
3.0 X10—}3cm. 


a which gives the Qerp= +0.007 b®) also agrees with 
that reproducing the correct level spacing. Thus 
the level-ordering and level-spacing up to the second 
excited state, x and Q of N"™ can be reproduced 
consistently when 6<a<9 Mev is assumed. 

Summarizing the above results, we can conclude 
that the meson-theoretical potential is favorable 
qualitatively for N14 as well as Li®, if we take into 
account the over-simplification of the model and some 
possible change in the potential parameters. 

We are very grateful to Professors M. Kobayasi, 
S. Nakamura, S. Takagi and other colleagues of the 
laboratory for their discussions and encouragement. 
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On the Relation between Hill- 
Wheeler’s and Bohr-Mottelson’s 
Descriptions of the Nuclear 
Collective Model 


Toshio Marumori! 


Institute for Theoretical Physics, Nagoya University, 
Nagoya 


November 11, 1955 


In the description of the nuclear collective model, 
Hill and Wheeler (H. W.) have adopted a wave 


function); 
A 
O (x1, #4) = \exp{—i(M/b) S16 (x.)} 


Xb, “115 M4; a) hnrla)da, 


where ¢ is the velocity potential of an irrotational 
and incompressible carrier fluid, ¢ a wave function 
of the individual particles in a potential well of a 
given shape, and f,,(@) is an oscillator function 
describing the potential wall motion. This procedure 
of incorporating the collective motion both through 
the exponential factor involving the velocity 
potential and in the oscillator function h,,(a@) seems 
difficult to interpret at first sight, as pointed out 
by Bohr and Mottelson and others?)®). 

In this note, however, we shall show that the 
difference between H.W.’s and Bohr-Mottelson’s 
(B.M.) descriptions?) of the nuclear collective model 
is nothing but that between the representations in the 
description of the nuclear states except at several 
trivial points. 

Our original Schrédinger equation is 


A 
HO={>'pi7/2M+V (xy, +, %4)} O(x1, +, X,) 


res 

=EO(x,---, x4), (1) 
where M is the nucleon mass and V is the interac- 
tion potential between nucleons. Now we introduce 
the collective coordinates a,,,*) and start from the 
following equation : 

) Now he is transfered to the the Research 
Institute for Fundameutal Physics, Kyoto University, 
Kyoto. 

* @m are the expansion parameters with regard 
to the nuclear surface defined by 


RO, ¢)=Ro(1 + >'a1mYim(0, ¢)), 


lm 


where Ry is the equilibrium radius. 


the Editor 


{3 ptP2M4V x, 24)}0 (5 tay a) 
EO Ur, x40, 

which is equivalent to (1) under the condition: 
i pa agg VX 7, EO HS 


We transform (2) and (2/) into the “collective 
representation’) by the unitary transformation :® 


U=exp{i(M/b) o(x)4(x)dx} 
=exp{i(M/b) [S0(x— x4) 6(x) dx} 


A 
=exp{i(M/b) > (xs)}. (3) 


Here ¢(x) is the velocity potential of an irrotational 
and incompressible carrier fluid; 4(x)=S‘B7m r! X 
im 


Yim(0, ¢). One should note that, as is well known 
in the liquid drop model of the nucleus, B;m are 
related to the canonical conjugate quantities zzm 
of the coordinates a; through the relation: 


Tim=Bz,-IRo'—“B* im, By=l-- (3/42) AMR,?. 


In this “ collective representation ”, (2) and (27) 


are expressed as 


= p2/2M+M/2- {oCx) (grad $(x))2dx 
+V (x4, “3X4, a)**) 
+M\v(x)ro(x)dx} Wn, 4, @) 
=EV(x,,--,x4, 0), (4) 


A 
{a2m—2) Fim(xi)} P(x, "5 %4,°@)'=0, (47) 


where 


i= 


A A 
Frm (¥4) = (44/34) 2\(r4/Ro)! Y* rm (Oe, 2), 
2 


and 


*" Strictly speaking, the a-dependence of V is 
not uniquely defined by this transformation, but this 
dependence can be given approximately by 
Tomonaga’s procedure”) or Miyazima’s transforma- 
tion®), 


*** This function is just the expression for the 
collective parameters in terms of the coordinates of 
the individual particles. (cf. 2). p. 10) 
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v(@) = (12M) Sip. 8(x—",) +3(e—x,)P i}, 


which is the velocity operator for the individual par- 
ticles. 

The eq. (4) with (4/) is equivalent to B.M.’s 
except at several trivial points*), and we can easily 
ascertain that this representation is used in B.M.’s 
model, by calculating any physical operators in this 
representation. 

Now we shall solve the eq. (4) with (4) using 
the adiabatic approximation. In this case Y is ap- 
proximately represented by 


V(x, °°, X4, @) =h(%1, +, 445 @)hyr(a), (5) 


where (x), -:-,x4; a) is the solution of 
A 
fap .7/2M+V(m, Oot Ms a)t$p(x, “tty MAS a) 
= 


=Eind(a) p(x, +++, X45; @) 


and must satisfy approximately 


Joes as a) 0) OCR x5 adders deg 


_ (00( =3A/47Ro*) inside the deformed nucleus, 
i | 0) outside the deformed nucleus, 


because of the condition (4’)**). In the 0-th order 
approximation, ~ may te represented by the wave 
function of the individual particles in a potential 
well of a given shape. 

In these approximations we transform (5) into 
the original representation. Then ®/(x,---,%4, &) 
which satisfies the eq. (2) ts 


O1(%},--*5 XA, a) = Uae 


A 
=exp{—i(M/b) Sb (xi) SOG," XA; a)h, (a). 


* Tt is clear that Tolhoek’s®) and Coester’s!® 
analyses of B.M.’s nodel are equivalent to solving 
the eq. (4) with (4%) by use cf some assumptions; 
if we assume that @/(x,---x, a) has a form, (a 
—SIF(x;)) (41% 4) g(a), and calculate the equa- 
tion which g(a) satisfies, we obtain the same results 
as Tolhoek’s and Coester’s. 


Here one should note that @/ is of the form: 


O/ (x1,°-+,X4, @) =O(a@) O(x1,--, X4) 
because of the condition (2’). Therefore, O(x;,:::, x4) 
which satisfies the eq. (1) is represented by 


O(xsy--414) = exp —i(M/N Ze) 


h(x, X45; a)hy(a)da. 


This is nothing but the wave function proposed by 
H.W. 
The details will soon be submitted to this journal. 
The author wishes to express his thanks to Prof. 
S. Sakata for his encouragements, and also he is 
indepted to Drs. H. A. Tolhoek and F. Coester for 
sending him the preprints before publication. 
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Errata 


The Properties of the Meson Theoretical Potential in Li° 


S. OTSUKI, T. SAWADA and S. SUEKANE 
(Prog. Theor. Phys. 13 (1955), 79) 


Eq. (8) and Fig. 9 are not correct. Fig. 9 should be replaced by Fig. 9’, here and the both figures 
e 
20y 

At a~—6 Mev, the new estimation gives |Q¢z,|<0.001b and the level ordering and spacing are 
reproduced up to the second excited state. a~—9.5 Mev is not true. 


should be corrected as: Q= (—7|Cs|2+10|C\|?—8 5 Cy Ca). 


Recent experiment has shown that there exists a new (I, T)=(2,0) level at 4.5 Mev. We can 
teproduce the level ordering up to the fourth excited level including this new level at —4.8 Mev<a 
<—2.4 Mev, though the level spacing is not so satisfactory. 


Q (10~?6 cm?) 


1 


0.5 


— OF 


—1 


Fig. 9’. Theoretical curve for quadrupole moment of Li, 


INDEX TO VOLUME 14 


Agarwal-B. P, Heat Conductivity and Viscosity 
oieiiquid Hrieee: §. fase! FoF ae ee Ee 493 (L) 


Baijal-J. S & Singh-K. K, The Energy-Levels 
and Transition Probabilities for a Bounded 


Lineat) Harmonie Oscillator... ......0.28..0. 214 
(hiba-9, (see }ianawa-S)" .5,. sean dale: 551 
Cohen-M (see Feynman-R. P) ............ 261 (L) 


Feynman-R. P & Cohen-M, The Character of 
the Roton State in Liquid Helium ...... 261(L) 
Fujii-S & Takagi-S, On the Nuclear Photo- 
Reactions wlan Ll ayy cratne curt. ees 402(L), 405(L) 
Fujita-J, ©On Quantum-Mechanical Nuclear 
I imolemy ibtations se acer ccc rc cel 400(L) 
Fujiwara-i, On the Wave Equation for Spin 1 
en Je ealeasiern Webi sderkoboenoaaness 166(L) 


Goodman-C, Nuclear Structure as Revealed by 
Elastic excitation <t11.7..'2 + ek ee le 6 ose 95 

Goto-T & Imamura-T, Note on the Non- 
Perturbation-Approach to Quantum Field 
Theory 


Hanawa-S, Namiki-M & Chiba-S, Low Energy 
Limits of Photon-Nucleon and Pion-Nucleon 


allisionsy, AMI. . MG che. MEM Ben - elreMveratele 551 
Hasegawa-H (see Komatsuzawa-A) ........ 65 
Hatano-S, Magnetic Exchange Moment to Order 

eg! in Adiabatic Approximation ........ 170(L) 
Hayakawa-S & Yoshida-S, Inelastic Scattering 

of Neutrons by Rotational Excitation ...... 1 
Hayakawa-S, Ito-K & Terashima-Y, Positive 

Temperature Effect of Cosmic Rays ........ 497 
Hiida-K & Sawamura-M, Note cn _ the 

Lehmann’s Modifted Propagators........ 167(L) 


Hirokawa-S, Komori-H & Ogawa-S, The 
Anomalous Magnetic Moment of the “-Meson 
ote 494 (L, 

Hirosige-T (see Tsuneto-T) ...........-++-- 267 

Huzinaga-S, A Device to avoid Difficult Inte- 
grals in Calculations on Molecular Structure. . 


9 oe ee ee re trata neice kts Nan Na 492(L) 
Imamura-T (see Goto-T) ........-.++-- 396(L) 
Itabashi-K (see Sato-I) ......--eeeeeee cree? 303 
Ito-D & Minami-S, Phenomenological Analysis 

of Elastic z~-p Scattering at 1.4 Bev. ...... 198 


Ito-D & Minami-S, On the Angular Distribu- 


tion of Double Pion Production in Pion-Nucleon 

Gollisionswat 1:4) Bey aan cirrcrielactaa irs 482 
Ito-D & Minami-S, Situation of Rarita-Schwin- 

ger Particle as a Model of Nucleon Isobar 487 (L) 


Tto- Kes Geey Hlayalcawa-5) i raeeeitsis ee nlite 497 
Iwadare-J, Nonadiabatic Treatment of Nuclear 
Forces: : User weer ie iete uerers serene showers tesalont 16 
Kamefuchi-S & Tanaka-S, On the Jauch 
ial Serenata eae tetris eve evelelcdersuereretetss 225 
Kanamori-J & Yosida-K, Note on the Spin 
Wave Theory of Antiferromagnetism........ 423 


Kanazawa-A, A Note on the Static Approxi- 
mation of the Nuclear Anomalous Magnetic 
Ilomienitmere nie esti re taaeerers eicemn oretole at 397 (L) 

Kawai-M, Nagasaki-M & Ui-H, The Cloudy 
Crystal Ball Model for 14 Mev Neutron Reac- 


CONS EE Fee TT oO ters Coie Srera erorauon ses 263 (L) 
Kikuchi-K (see Nakasima-R) ........------ 126 
Kikuta-T, Extensions of Variational Methods, 

Tie res Fe etka oiaiiater s cto ste totaal so teneto\arene 457 


Klein-A, Scattering Matrix in the Heisenberg 
Representation for a System with Bound States 580 

Koba-Z, Variation Principle in Relativistic Hydro- 
ChE) Gonosapds saccdaosde nog 6Om oC 488 (L) 

Komatsuzawa-A, Munakata-Y & Hase- 
gawa-H, Double Meson Production in the 


Intermediate-Coupling Theory..........-.+- 65 
Komori-H (see Hirokawa-S) ..........-- 494 (L) 
Kotani-T, On the Extension of the Casimir 

AUS AI Aonoenimemoc voeGoeocucobmctpo BS) 
Kraushaar-W. L, The Magnetic Field in the 

Vicinity of the Solar System ........-. 77(L) 
Kraushaar-W. L, High Latitude Impact Zones 

for Solar Cosmic Rays ....-..++++--++5 78(L) 


Machida-S, An Exactly Soluble Example in 


Quantum Field Theory ......--+--+-+-- 407 (L) 
Mano-K, The Self-Energy of the Scalar Nucleon 
435 


Marumori-T, On the Relation between Hill- 
Wheeler’s and Bohr-Mattelson’s Description of 


the Nuclear Collective Model ........-. 608 (L) 
Matsubara-T, A New Approach to Quantum- 
Statistical Mechanics ......-.-s++-e+eeeeees 351 
Matsunobu-H & Takebe-H, Tables of U 
GoeHaCiGntst ac suas cd oh aioe ele Reagan scene 589 
Mikura-Z, On the Bose-Einstein Liquid Model 
for Liquid Helium, 1V......-.+.+-+++++ 55> BB 
Minami-S (see Ito-D) ....-.-- 198, 482, 487(L) 


vi 


Morita-M, [Explicit Formulae of Beta-Gamma 


DirectionaluGorrelation- ay. iene tere 27 
Munakata-Y (see Komatsuzawa-A) ........ 65 
Nagasaki-M (see Kawai-M) ............ 263 (L) 
Nakamura-S (see Takebe-H) ....... pee ecg 317 


Nakamura-T, On the Quenching of Molecular 
Rotation of Ortho-Hydrogen in Solid State. .135 
Nakasima-R & Kikuchi-K, The Cu(n: 2n) 


Excitation Function and the Knock-out Process 


in) Nuclear Reactions... fs «aie deciobacs’ cme 126 
WamikisMl (see Tlanawa-o) .4.....0.4-.a0ne 551 
Nishida-Y, Deuteron-Deuteron Reaction at High- 

hag ae eS ee ONE eee ee Re Oe, 495 (L) 
Nishijima-K, Soluticns of a  Bethe-Salpeter 

Equation for Scattering States.............. 203 
Nishijima-K, Some Remarks on the Reaction 

Kepltde eS Rap a0 ahs emer ari ts RA, 523 


Nishijima-K, On the Interaction between 
Hyperons and Nucleons and the Hyperfrag- 
ments 


Nishiyama-T, Theory of Sound Waves and 


(ollectives Description Mm: haa eee net te: a7 
Ogawa-S (see Hirokawa-S) ............ 494(L) 
Okai-S & Sano-M, Stripping Reactions and 

Nuclear onell Wiodel ass. .oceen a memee 399(L) 
Otsuki-S & Tamagaki-R, On the Meson- 

heoreticall Potentials: 4. ccp sca. «cee can ce 52 


Otsuki-S, Sawada-T & Suekane-S, Meson- 
Theoretical Potential in N!''............ 606 (L) 

Ouchi-T, Semba-K & Yonezawa-M, On the 
Mass Reversal in the Quantized Field Theory 


Bienes Ciavtaens init isu sgn Ogee 172(L) 
Ozaki-S, On Quantum Electrodynamics without 
Subsidiary Conditions ..............0.000. 511 


Sano-M, On the Gamma-Transition of Nuclei 81 

Sano-M (see Okai-S) .,..........eccee 399(L) 

Sato-I, Itabashi-K & Sato-S, On the Recoil 
Correction to Adiabatic Nuclear Potential... .303 


ALG. (SEE OAC). Meta see e ee 303 
Sawada-T (see Orsuki-S) .............. 606 (L) 
Sawamura-M (see Hiida-K) .......... 167 (L) 
Semba-K (see Ouchi-T)................ 172(L) 
Singh-K.K (see Baijal-J. S)................ 214 
Suekane-S & Watari-W, On the Binding 
Energies of Very iteht INucler ae eae 490 (L) 
Suckane-S (see Otsuki-S)........ mes HA 606 (L) 


Sugawara-M, The Relativistic and Exchange 


Current Corrections to the Deuteron Magnentic 
Moment and the Thermal N-P Capture Cross 


Section, #.t.55 asisiciorichaaet grades 90 ote.8 POR 535 
Sunakawa-S, The Forral Theory of Scattering 

3 pul D\GgeIR EE STO ARE Eo SA ORE By aaa ene 175 
Suzuki-C) (see “Teramote-8) "29.2... 5. ome ee 411 


Takabayasi-T, The Vector Representation of 
Spinning Particle in the Quantum Theory, I. 283 


Takagi-S (see Fujii-S).......... 402(L), 405(L) 
Takebe-H, Nakamura-S & Taketani-M, f-Ray 

Spectrum of Rab igo. 5 og ete gee eae 317 
Takebe-H (see Matsunobu-H). ... .«...0 0+ 589 
Taketant-Mi (see Jakebe-tl)) 9. nscale nee 317 
Tamacaki-h (see Orsulkt-)) saseden coated 52 
Tanaks-s (see Katmetuchi-9) ic; « sos). <1</ceclente 225 


Tani-S & Watari-W, Connection of the Strong 
Coupling theory with the Weak Coupling 


Theory in the Bound Meson Problem........ 243 
Taniuti-T, On the Hleisenberg’s Non-Linear 
Meson" Bqaations . 5. sanrmac- an wecttateer 408 (L) 
Tati-T, Separation Energies and Nuclear Struc- 
tures in: Lieht INucle: .. 5... .eeciasinete aaa 107 
Teramoto-E & Suzuki-C, The Statistical Me- 
chanical Aspect of H-Theorem ..........-. 411 
Terashima-Y¥ (see Hayakawa-S).........0.. 497 
Toyoda-T, Recoil Efvec:s in the Strong Coupling 
Gheoryydl. nti). ale. eRe 473 


Tsuneto-T, Hirosige-T & Fujiwara-I, 
Relativistic \Waye Equations with Maximum 
Spin Two 


Ui-H, Formal Theory of Nuclear Direct Interac- 
tion in Nuclear Scattering.............. 75(L) 
Ui-H, (sce Kawai) leaniedetl. ac. sons 263 (L) 


Wakita-H, Some Remarks on the Applicability 
of the Field Theory from the Standpoint of the 


Distribution Aualysisiee4 .banaeee eee 260(L) 
Watanabe-I, On the Renormalization of Heisen- 

bergATreatinént srannehll sneer ett antag 151 
Wiaterl-W, (see. Tani-5)i0 ee 243 
Watari-W (sze Suckane-S) ........0c 490(L) 
Yonezawa-M (see Ouchi-T) ............ 172(L) 
Yoshida-S (see Hayakawa-S) ..........0.. 1 
Yosida-K (see Kanamori} seh ok ae 423 


PROGRESS OF 
THEORETICAL PHYSICS 


Subject Index 


(1946~1955) 


Published for the 


Research Institute for Fundamental Physics 


The Physical Society of Japan 


CONTENTS 


Mathematical Method «so cas oc cue codes » > = MIs WAN Eorals » bate oeteiee <beveaie ir enemies 1 
Mechanics, General and Quantum... .....- 2 ec ee eee eee reece eres eter ce ecces 2 
Reletivityis Gravitation {uciswieny s1-siegtine 25> cm «= 45 2a we gs cei ne See cre 5 
FieldsTheory, Generals... vss eG. io bs » + tain? - $e oe Bienen 6 
Quantum Electrodynamics 00-2. + 222222 eng nae nee ne ce ne oe eee a oa tie ooo einials 16 
Megony Theory, ...5.+- ++ Paap 28 fee a Pak Pep ee eo a as en ne ae 22: 
Elementary Particle Interactions... ...--- ++ +++ eee eter cree eect reer t tt eeees 25 
Electromagnetic Theory and Electron Theory .....---+++e+eeeeeeer errr rereees 22 
Pe-Meesons «5 ceccn apenage cnt web Binda eo» Rated orb enetesk, cum edealinds ate Siode ara te ca odtvens «= 4 0 © « 28 
m-Mesons, General; see Meson Theory......----- ee ee cece cere rere e eee etees 28 
at -Miesous,a REACtiONS. - «+. 4 sn. 54 mie Fam eee oles kas an wes So Ste tee ee ee 29 
Electromagnetic Properties of Wel eotisicacs aces ene cateree © oie oe Saree open ete alia ei arene 34 
Nuclear Forces and Deuteron Problems, Meson Theoretical........-.-.+-+------- 35 
Heavy Mesons and Hyperons; see also Elementary Particle Interactions...........- 38 


Nuclear Forces and Deuteron Problems, Phenomenological ; see also Nuclear Forces 


and) Deuteron) Problemss Meson [beotetical™. = a2 2-0: oe. eect ee ener 40 
Nuclear ‘Spin’ and "Moments. S8°PgiW te 5 ses las =< pein es oe oe 41 
NidlearsStructute -.c.2'e ssc eaete Sistas Ore orcs hot Ragan 2 cakes oan eee ce ec een 42 
Nuclear: Reactions) Gise's< 2 sic Sel hohe 2 ee ogo 0) ure) a cleo Ra he a tenes erie eee> ee tere aoe 43 
BetaDetays* ts.biies sw Daiocanle ankepeedmebee trp ss. 2s se Oe ace eae ee ee 45 
Astropliysics Pv iits Ps 0% 5 sve sar seiuale tem oo: + Sein gare 8 diate = aire ae eee Ce 47 
Nuclear Spectroscopy , see also Nuclear Spin and Moments, Nuclear Structure... ... 47 
Gostiic: Raciation fsiecs'e te tear erate at Atte Sel oles: ebecee “ch esto Sas Gree ee 47 
Atamic otructure (and ‘Spectriin): (124 aeons a eone nouns © oe» oe we Onis meee =! 
Molecular Structure (and: Spectrum isda. 5.» . eed eiage Ay oie deiie ws ak lle gee 52 
Hléetron ‘Theory of ‘Solids... ss. s:2. 2 <BRCkin + + ox 05 Pern wes = wee PR Coenen 53 
Mamsetic Properties” of Matters sy. tee ccd a.wscaetew ct te ce cee cee ee ee ee 54 
Blesiical Properties of Matter’ a. si a 0scms's 669 «510 were can, ieee ee cee 56 
Optical, Properties.of sMiatter ... .\«:.: -pbte: cunts Syaceheeh, ile wna! diet Sse yao oo ee SW/ 
Resonance ahd 'Relazation-in Solids and * Liquids Wisk).U. 9 does as cen ee Ws 
Mechanical Properties * (Elasticity fand SPlasticity) 94 . US22M1..S. e 58 
Statistical “Mechanies “and, Thermodynatiics- .... 2 Yer. Soe Jee ee ee 58 
Phase® l'tansitionis «cis. © +906 ee eee eke See coals eae eee ee 60 
Low, Temperature: Physica... «  R-ae cieeieh 15.0 « = Geiaeah sarc ceed «e. One ieee 61 


Subject Index 1 


Mathematical Method 


Unified theory of recurrence formulas, I....... Teturo Inui 3 (1948), 168 
On the higher approximation of Born’s method in the theory of atomic collision. 

CAS) sage «a M. Nogami and N. Shono 3 (1948), 215 
Unified theory of recurrence formulas. II....... Teturo Inui 3 (1948), 244 


Examples in which the perturbation method fails. (L)...... 
T Kato) 3 (1948).9313 
On the Born’s successive approximation in the theory of atomic collision. ..... 
Mokichiro Nogami 3 (1948), 356 
On the admissible wave functions. (L)...... 
K. Kodaira and T. Kato 3 (1948), 439 
On the Hermitian condition. (L).....- G. Araki 3 (1948), 446 
An improvement on the integrations appearing in perturbation theorya. (le ase 
H. Umezawa and R. Kawabe 4 (1949), 367 
Domain of kinetic energy and perturbation theory. (L)..-.-- 
G. Araki 4) (1949), 379 
An improvement of the integrations appearing in perturbation theory.....-. 
Hiroomi Umezawa and Rokuo Kawabe 4 (1949), 420 
On the convergence of the perturbation Method. Laser 
Tosio Kato 4 (1949), 514 
Spinors in five dimensions...... Ken-iti Goto 5 (1950), 42 
On the convergence of the perturbation method, II-1....... 
Tosio Kato 5 (1950), 95 
On the convergence of the perturbation method, II-2....... 
Tosio, kato 7 2 (1950) 75207 
On the relativistically improved integration in perturbation theory 


— Its meaning in Feynman theory—— ....-- 


Hircomi Umezawa and Rokuo Kawabe 5 (1950), 266 

Gauge-spin transformation and wave equations. ....- Giiti Iwata 5 (1950), 983 
Non-hermitian operators and eigenfunction expansions... ...- 

Giiti Iwata 6 (1951), 216 

Note on Schwinget’s variational method...... Tosio Kato 6 (1951), 295 

Upper and lower bounds of scattering phases. .-.-- Tosio Kato 6 (1951), 394 

Transformation functions in the complex domain... -- - Giiti Iwata 6 (1951), 524 

On the path integral and its application. ...-.- Yasuhisa Murai 6 (1951), 762 

On the so-called pseudo spinors....-- Ken-iti Goto 6 (1951), 990 

Wave equations in de Sitter space. (year 3. K. Gots 6 (1951), 1013 


The unitary transformation and the quantization...--- Giiti Iwata 7 (1951), 39 


Group theoretical aspects in S-matrix theory. (L).----- 
D,..Jto,, Fi=lanaka, Y- Watanabe and M. Yamazaki ZOMG eB abode) 


Orthogonal functions in the complex domain. ....- Giiti Iwata 7 (1952), 333 


D Subject Index 


Mathematical Method (Continued) 


On the density matrix in Hartree-field, I....... Hiroshi Ito 7 (1952), 406 
Operator calculus of quantized operator...... Izuru Fujiwara 7 (1952), 433 
Operator calculus in quantized field theory...... Kazuo Yamazaki 7 (1952), 449 
Realization of special contact transformations with static electromagnetic fields in 
VACUO sen eee Giiti Iwata 8 (1952), 183 
Linear meson wave equation in de Sitter space. (L)...... 
5. A. Raje & (1952), 384 
On the meson wave equation in de Sitter space. (L)...... 
Ke" Goto 8" 1992). 672 
Realization of special contact transformations with static electromagnetic fields in 
Vactlo.* liga eee Giiti Iwata 9 (1953),)97 
On the group of transformations in six-dimensional space, I...... . 
Yasuhisa Murai 9 (1953), 147 
On the evaluation of the operator function log (e’e*). (L)...... 
I. Fujiwara 9 (1953), 676 
Perturbation theory of relativistic eigenvalue problem. (L)...... 
N. Mugibayashi and M. Namiki 10 (1953), 108 
On the Duffin-Kemmer algebra... ... Izuru Fujiwara 10 (1953), 589 
Convergence of iterative methods...... Takashi Kikuta 10 (1953), 653 


Invariant delta functions in the sense of distributions... ... 


Takehito Takahashi LILC195455e8 


Generalized Racah coefficient and its applications... ... 


Akito Arima, Hisashi Horie and Yukito Tanabe 11 (1954), 143 
On the group of transformations in six-dimensional space, II 
—Conformal group in physics—...... Yasuhisa Murai Il (1954), 441 
Two simple stochastic models of cascade multiplication. ..... 
Alladi Ramakrishnan and S. K. Srinivasan 11 (1954), 595 
Superstationary variational method...... Takashi Kikuta 12 (1954), 10 
Upper and lower bounds of Born approximation, I...... 
Takashi Kikuta 12 (1954), 225 
Upper and lower bounds of Born approximation, II...... 
Takashi Kikuta 12 (1954), 234 
Point transformation and its application... ... Shinzo Nakai 13 (1955), 380 
General formula of the Racah coefficient... ... Masachiyo Sato 13 (1955), 405 
Clebsch-Gordan coefficients for j,=5/2...... 
Reiko Saito and Masato Morita 13 (1955), 540 
On the extension of the Casimir trick, I— On the definition of density matrix and 
its reduction—...... Tsuneyuki Kotani 14 (1955), 379 
Extensions of variational methods, I—Super-stationary variational method— ...... 
Takashi Kikuta 14 (1955), 457 


Subject Index 3 


Tables of U coefficients. ..... 
Hiroyuki Matsunobu and Hisao Takebe 14 (1955), 589 


Mechanics, General and Quantum 


On the generalized transformation functions... ... 
Yasutaka Tanikawa 1 (1946), 12 


On Dirac’s general transformation function, I...... 
Satosi Watanabe 2 (1947), 71 


On the analogy between Born’s electrostatic field and compressible flow. (A) 
PIS: Llmaiy, 2, (1947), 97 


On the canonical transformation in quantum theory...... 
Ryoyu Utiyama 2 (1947), 117 


Singularity at the origin of the Schrodinger eigenfunction in the Coulomb field. 


Cis) creer ae G. Araki 3 (1948), 97 
A note on the Dirac space...... Satosi Watanabe 3 (1948), 160 
On the transformation of spin functions. (L)....-. H. Narumi 3 (1948), 202 


On Dirac’s general transformation function, II-(a).....- 
Satosi Watanabe 3 (1948), 378 


On the quantization of the dissipative system. (L)..--.-. 
E. Kanai 3 (1948), 440 


On the expectation value. (L)...... G. Araki 3 (1948), 448 


On Dirac’s general transformation function, H-(b)...--. 
Stosi Watanabe 4 (1949), 1 


On the Dirac’s indefinite metric space....-- 
Naomi Shono and Nobuo Oda 4 (1949), 358 


On an approximate solution of the many body problem of Fermi-Dirac particles 
ke Te Mokichiro Nogami 5 (1950), 65 


On the spur calculations in quantum mechanics. (eee ee 
K. Nishijima 5 (1950), 155 


Remarks on Bloch’s method of sound waves applied to many-fermion problems 
ene: Sin-itiro Tomonaga 95 (1950), 544 


An algebraic theory of the density matrix, Ts area 
Kédi Husimi and Toshiyuki Nishiyama 5 (1950), 909 
On the plasma-like oscillation. ees. 3 T. Nishiyama 6 (1951), 1025 
The unitary transformation and the quantization. ...-- Giiti Iwata 7 (1952), 39 
On Lagrangian and Hamiltonian formalism... ... Yoichiro Nambu 7 (1952), 131 
On the analytic behavior of Dyson transformation functionieass. ci: 
Hiroshi Suura, Yoichi Mimura and Toshiei Kimura ee (1952 Lal 


On the velocity operator in quantum mechanics. (ieee 
T. Nishiyama 7 (1952), 417 


On the new description of quantum-mechanics. (i) see 
H. Shimooda 7 (1952), 597 


ciated with classical pictures...-..- 


On the formulation of quantum mechanics asso 
Takehiko Takabayasi 8 (1952), 143 


Subject Index 


Mechanics, General and Quantum (Continued) 


Comparison of Born and Heitler expansions in a scattering problem. (L)...--- 
N. Fukuda, T. Kobayashi, Z. Maki and M. Sato 8 (1952), 
Generalization of analytical spin. (L)...-.- T. Yamamoto $8 (1952), 


A quantum theory of Boson assemblies, I.....- - 
Toshiyuki Nishiyama 8 (1952), 
An algebraic treatment of the many electron problem... ... 
Huzio Nakano 9 (1953), 
A note on many particle problems. (L)...... T. Sasakawa 9 (1953), 
Remarks on the formulation of quantum mechanics with classical pictures and on 
relations between linear scalar fields and hydro-dynamical fields. .... . 
Takehiko Takabayasi 9 (1953), 
Miscellanea in elementary quantum mechanics, I..... . 
Kodi Husimi 9 (1953), 
A quantum theory of boson assemblies, II—A classical approach to many-boson 
problems—...... Toshiyuki Nishiyama 9 (1953), 
Comments on article of Takabayashi concerning the formulation of quantum 
mechanics with classical pictures... ... David Bohm 9 (1953), 
Miscellanea in elementary quantum mechanics, II... ... 
Kodi Husimi 9 (1953), 


A non-local wave equation and its connection with the Dirac particle. (L)...... 


.. Lakabayasi. 91195339 

On the separability of Dirac equation. (L) ...... T. Takabayasi 9 (1953), 
“Quantum condition” in the phase-space representation of quantum mechanics. 
(L) Seve T. Takabayasi 10 (1953), 


Equivalence between the formulation of quantum mechanics in terms of quantum 
potential and the one in terms of Markoff-like process. (L)...... 
T. Takabayasi 10 (1953), 
Subsidiary conditions in the phase-space representation of quantum mechanics. (L) 
Steet T. Takabayasi 10 (1953), 
Miscellanea in elementary quantum mechanics, III...... 
Kodi Husimi and Masuhiko Otuka 10 (1953), 
Analysis of the structure of transformation function in quantum mechanics. ..... 
Smio Tani 11 (1954), 
On an expression for the total cross section...... L. I. Schiff ~ 11 (1954), 
A note on the generalized statistics. (L)...... 
F, Ferrari and C. C. Villi 11 (1954), 
The formulation of quantum mechanics in terms of ensemble in phase space 
Pa Takehiko Takabayasi 11 (1954), 


Conservation laws in classical and quantum physics 


Eugene P. Wigner 11 (1954), 


Subject Index . 


On the hydrodynamical representation of non-relativistic spinor equation. (L) 
$s so T. Takabayasi 12 (1954), 810 
On products of quantities as distributions. (L)...... Kee Goto ev ES C1955), 112 

Elementary theory of quantum-mechanical collective motion of particles, I...... 
Sin-itiro Tomonaga 13 (1955), 467 

Elementary theory of quantum-mechanical collective motion of particles, II...... 
Sin-itiro Tomonaga 13(1955), 482 

Theory of sound waves and collective description... ... 


Toshiyuki Nishiyama 14 (1955), 37 


The formal theory of scattering...... Sigenobu Sunakawa 14 (1955), 175 
The energy-levels and transition probabilities for a bounded linear harmonic 
oscillator. . 22% J. S. Baijal and K. K. Singh 14 (1955), 214 


The vector representation of spinning particle in the quantum theory, I...... 
Takehiko Takabayasi 14 (1955), 283 


Variation principle in relativistic hydrodynamics. (L)...--. 
Z. Koba 14 (1955), 488 


Relativity, Gravitation 
On the interaction of mesons with tde gravitational field, I....... 
Ryoyu Utiyama 2 (1947), 38 
On the interaction of mesons with the gravitational field, H....... 
Ryoyu Utiyama 3 (1948), 14 


Combination of the unified field with the corpuscular field. (A)....-- 
G. Iwata 3 (1948), 207 


On a pair of reciprocal de Sitter spaces. pps sande S. Watanabe 3 (1948), 450 


Linearization of Minkowski space and five-dimensional space. Cee 
K. Imaeda 5 (1950), 133 


Relativity of representation coordinates and its consequences. .----- 
Giiti Iwata 6(1951), 684 


On solutions of new field equations of Einstein and those of Schroedinger. ...- - 
Hyoitiro Takeno, Mineo Ikeda and Shingo Abe 6 (1951), 837 


Wave equations in de Sitter space. (Lae K. Goto 6 (1951), 1013 
On the approximate solutions of the unified field theory of Einstein and 
Schrédinger. (L)-.---- M. Ikeda’ 7 (1952);,.127 
On relativistic theory of rotating disk....-- Hyoitiro Takeno 7 (1952), 367 
On equivalent observers, I... - - Yoshio Ueno and Hyéitiro Takeno 8 (1952), 291 


On the spherically symmetric space-times in general relativity. ..... 
Hyoitiro Takeno ds 72h pe SN 


Note on invariancy of some fundamental equations of physics. (6 Boece 
M. Ikeda 8 (1952), 382 


Linear meson wave equation in de Sitter space. (Daren 
Ss. A. Raje 8 (1952), 384 


On the meson wave equation in de Sitter space. thse Sate: 
K. Goto» 8 (1952), 672 


6 Subject Index 


Relativity, Gravitation (Continued) 


On the equivalency for observers in the special theory of relativity...... 
Yoshio Ueno 9 (1953), 74 
A generalization of special Lorentz transformation in de Sitter space-time... -. - 
Hyoitiro Takeno 10 (1953), 431 
On the wave theory of light in general relativity, I—Path of light—...... 
Yoshio Ueno 10 (1953), 442 
On a five dimensional representation of the electromagnetic and electron field 
equations in a curved space-time...... Mineo Ikeda 10 (1953), 433 
Static spherically symmetric space-times in general relativity... ... 
Hyoitiro Takeno 10 (1953), 509 
The problem of many bodies and the superposition of spherically symmetric 
space-times in general relativity...... Hyoitiro Takeno I1 (1954), 392 
The general theory of relativity and the expanding universe. (L)...... 
S. Bhattacharya 11 (1954), 613 
On static solutions of Einstein’s generalized theory of gravitation, I....... 
Mineo Ikeda 12 (1954), 17 
On equivalent observers, II...... Hyoitiro Takeno 12 (1954), 129 
Wave fields in de Sitter space...... Ken-iti Goto 12 (1954), 311 
Relativistic wave equations under the inhomogeneous Lorentz group. ..... 
Ken-iti Goto 12 (1954), 409 
On the wave theory of light in general relativity, II—Light as the electromagnetic 


wdve—...... Yoshio Ueno 12 (1954), 461 

On static solutions of Einstein’s generalized theory of gravitation, II....... 
Mineo Ikeda 13 (1955), 265 

On the solution of /”s for a type of non-symmetric tensor field Te eG 


N. N. Ghosh 13 (1955), 587 


Field Theory, General 


On the generalized transformation functions ....Yasutaka Tanikawa 1 (1946), 12 
On a relativistically invariant formulation of the quantum theory of wave fields, 


Leer: Sin-itiro Tomonaga 1 (1946), 27 
Some remarks on Bopp’s field theory...... 
Eizo Kanai and Shuji Takagi 1 (1946), 43 
A note on the method of radiation damping and its application to the photo- 
mesonic process. ...Minoru Kobayasi and Kuninosuke Imaeda 1 (1946), 102 
On the interaction of mesons with the cravitational field, I 


os Ryoyu Utiyama 2 (1947), 38 
On Dirac’s general transformation function, I... ... Satosi Watanabe 2 (1947), 71 
Interaction of elementary particles. —Mixed theory of nuclear fields—(A)...... 


Y. Tanikawa, M. Hirano and M. Tatsuoka 2 (1947), 93 


Subject Index 7, 


On the exclusion principle of the assembly of the systems of Bose-particles with 
negative energy. (A)...... Y. Tanikawa 2 (1947), 93 
On the self-energy of the Bose particles. (A)...... Y. Tanikawa 2 (1947), 94 
On the interaction of elementary particles, II. (A)...... 
T. Miyazima 2 (1947), 94 
On the meaning of the interaction, II...... H. Suzuki 2 (1947), 96 
On the Hamiltonian form of the general field equations. (A)....-.. 
K. Husimi 2 (1947), 97 
On the energy-momentum tensor. (A)..-.-- GrAraky 92" (1947) 5797 
menotenoa the! Dirac spaces (A) 2... - S. Watanabe 2 (1947), 98 
An attempt at the theory of elementary particles. (A).....- 
H. Yukawa 2 (1947), 98 
On the limiting process. (A)....-- R. Utiyama 2 (1947), 98 
On the non-infinitesimal commutation relations. (A) ....-- E. Kanai 2 (1947), 98 
Super-many-time formulation of the quantum theory of wave fields: (A ap: a 
S. Tomonaga 2 (1947), 100 
On a telativistically invariant formulation of the quantum theory of wave fields, 
IIl—Case of interacting electromagnetic and electron fields—...... 
Ziro Koba, Takao Tati and Sin-itiro Tomonaga 2e(1942), 101 
On the canonical transformation in quantum theory.....- 
Ryoyu Utiyama 2 (1947), 117 
Some remarks on the non-infinitesimal commutation relations. .....- 
Eizo Kanai 2 (1947), 135 
Conflict between matter and field— An analysis of the difficulties of the theory of 
elementary particles.....- Mituo Taketani 2 (1947), 187 


On a relativistically invariant formulation of the quantum theory of wave fields, 


I1]—Case of interacting electromagnetic and electron fields—.....- 
Ziro Koba, Takao Tati and Sin-itiro Tomonaga 2 (1947), 198 
On the theory of elementary particles., I....-- Hideki Yukawa 2 (1947), 209 


The supplementary note to the generalized transformation function. (L)s2%. - 
Y. Tanikawa 2 (1947), 219 
On a relativistically invariant formulation of the quantum theory of wave fields, 
IV—Case of interacting electromagnetic and meson fields—....-- 
Suteo Kanesawa and Sin-itirs Tomonaga 3 (1948), 1 
On the quantum theory of radiation damping and the lifetime of the meson 
ja eee Yasutaka Tanikawa 3 (1948), 38 
Note on Tanikawa’s theory of damping. (L).----- H. Enatsu 3 (1948), 96 
On a telativistically invariant formulation of the quantum theory of wave fields, 
V—Case of interacting electromagnetic and meson fields—....+-- 
Suteo Kanesawa and Sin-itiro Tomonaga 3 (1948), 101 
On the interaction of the meson and nucleon field in the super-many-time theory 
Yonezi Miyamoto 3 (1948), 124 


8 Subject Th ndex 


Field Theory, General (Continued) 


Auxiliary condition and gauge transformation in the “ super-many-time theory,” I 
see Ziro Koba, Yasuharu Oisi and Muneo Sasaki 3 (1948), 141 
A note on the Dirac space...-.-- Satosi Watanabe 3 (1948), 160 
Reciprocity in generalized field theory. (L).----- H. Yukawa 3 (1948), 205 
The unified field theory combined with the quantum theory. (A).----- 
G. Iwata 3 (1948), 207 
On a relativistically invariant quantization of the first order wave equations. (A) 
SR S. Kanesawa 3 (1948), 210 
On the theory of the radiation damping. (A)..-.-- Y. Tanikawa 3 (1948), 213 
Auxiliary condition and gauge transformation in the ‘‘ super-many-time theory,” 
| Cee? Zito Koba, Yasuharu Oisi and Muneo Sasaki 3 (1948), 229 
Reactive corrections for the elastic scattering of an electron. (L).....- 
S. Endo, T. Kinoshita and Z. Koba 3 (1948), 320 
On Dirac’s general transformation function, H—(a)...... 
Satosi Watanabe 3 (1948), 378 
A self-consistent subtraction method in quantum field theory, I...... 
Takao Tati and Sin-itiro Tomonaga 3 (1948), 391 
On the relativistic formulation of the perturbation theory. (L)...... 
Y. Nambu 3 (1948), 444 
Possible types of nonlocalizable fields. (L)...... H. Yukawa 3 (1948), 452 
The self-consistent subtraction method and Heitler’s integral equation. (L)...... 
T. Miyazima 3 (1948), 455 
On Dirac’s general transformation function, II~(b)....... 
Satosi Watanabe 4 (1949), 1 


Theory of the interaction of elementary particles, IV,, —-The problem of vacuum 
polarization (1)—Hiroomi L’mezawa, Jirv Yukawa and Eiji Yamada...... 
4 (1949), 25 
A self-consistent subtraction method in the quantum field theory, II. ...... 
Hiroshi Fukuda, Yonezi Miyamoto and Sin-itiro Tomonaga 4 (1949), 47 
Second configuration space and third quantization. (L) 


Y. Nambu 4 (1949), 96 


Reactive corrections for the elastic scattering of an electron. (L), Errata...... 
S. Endo, T. Kinoshita and Z. Koba 4 (1949), 100 


Theory of the interaction of elementary particles, IV,—The problem of vacuum 
polarization (2)—...... 


Hiroomi Umezawa, Jiro Yukawa and Eiji Yamada 4 (1949), 113 
Note on the formal solution of the Tomonaga-Schwinger equation...... 
Smio Tani 4 (1949), 209 
Note on the interaction representation in case of meson field interacting with 
electromagnetic field. (L)...... S. Kanesawa 4 (1949), 236 
Note on the relativistic formulation of Belinfante’s transformation. (area 
Y. Katayama and S. Takagi 4 (1949), 240 
Theory of the interaction of elementary particles, V— The problem of vacuvm 
polarization (3)—...... Hiroom Umezawa and Eiji Yamada 4 (1949), 251 


Subject Index 


A. remark on relativistically invariant formulation of the quantum field theory 
ee et = Suteo Kanesawo and Ziro Koba 4 (1949), 
Semi-classical treatment of the reactive corrections, I— The anomalous magnetic 
moment of the electron—...... Ziro Koba 4 (1949), 
On the method of the third quantization, I...... Yoichiro Nambu 4 (1949), 
An improvement on the integrations appearing in perturbation theoty nl evr sane 
H. Umezawa and R. Kawabe 4 (1949), 

Vacuum polarization due to various charged particles. (L)..---- 


H. Umezawa and R. Kawabe 4 (1949), 
An attmpt to Pauli’s regulator. (L).-..-- Y. Katayama 4 (1949), 
A divergence-free field theory. (L)..-.--. K. Sawada 4 (1949), 
On the C-meson theory. (L)...... Y. Katayama and K. Sawada 4 (1949), 


On the electron-positron pair disintegration. (L)....-. 
H. Fukuda and Y. Miyamoto 4 (1949), 
Note on the wave-equation in the non-localizable system. (L)....-- 
H. Suzuki 4 (1949), 
On the method of the third quantization, II....-. 
Yoichiro Nambu 4 (1949), 
A divergence free field tcheory...... Katuro Sawada 4 (1949), 
An improvement of the integrations appearing in perturbation theory...... 
Hitoomi Umezawa and Rokuo Kawabe 4 (1949), 


Some general formulae relating to vacuum polarization. ....- 
Hiroomi Umezawa and Rokuo Kawabe 4 (1949), 


Vacuum polarization due to various charged patticles...... 
Hiroomi Umezawa and Rokuo Kawabe 4 (1949), 


On the reaction of radiation field....-.. 


Muneo Sasaki and Ryoji Suzuki 4 (1949), 

Remarks on the ambiguity in quantum field theory. (1 ee 
Y. Katayama and S. Hori 4 (1949), 
Quantum theory of generalized local BelOSs (is) artes es S. Kanesawa 95 (1950), 


On the integrability condition in the “ super-many-time theory”’...--- 
Kazuhiko Nishijima 5 (1950), 


Note on the elimination of the normal dependent part from the Hamiltonian. 
ls ) aay Saag K. Nishijima 5 (1950), 


On the elimination of the normal-dependent part from the Hamiltonian... .-.- 
Kazuhiko Nishijima 5 (1950), 


On the covariant formalism of the quantum theory of fields, -I.--.-* - 


Ryoya Utiyama 5 (1950), 

Structure of electron in /-process. (L).----- K. Sawada 5 (1950), 
Some remarks on the relativistic quantum field theory. (L)------ 

T. Nagakura 9 (1950), 

On the connection between spin and statistics. ----- WY. Paulsen's (1950), 


On some developments in non-local field theory. ..--- Claude Bloch (1950), 


5 
Force potentials in quantum field theory....-- Yoichiro Nambu 5 (1950), 


D7, 


Sly 
331 


367 


369 
Bile, 
374 
377 


BO) 


394 


BOY) 
412 


420 


423 


443 


485 


565 
Sy 


187 


Boil 


405 


437 
497 


502 
526 
606 
614 


10 


Subject Index 


Field Theory, General (Continued) 


A new interpretation of the negative energy Bose field senate 
Yasutaka Tanikawa 5 (1950), 692 
Note on a Lorentz-invariant integration in the quantum field theory....-.- 
Zito Koba 5 (1950), 696 
Remarks on the field theory...... Tatuoki Miyazima 5 (1950), 735 


On the generalized transformation function and the integrability condition...... 
Kazuhiko Nishijima 5 (1950), 813 
On the D-function of non-local fields. (L).-..... 
Y. Ono and M. Sugawara 5 (1950), 902 
Ambiguities in quantized field theories... .. . 
Hiroshi Fukuda and Toichiro Kinoshita 5 (1950), 1024 
Notes on Dirac’s new quantized method in the field theory...... 
Toshinosuke Muto and Kenzo Inoue 5 (1950), 1033 
On Yukawa’s theory of non-local field. (L)...... 


O. Hara and H. Shimazu DS (1950), 1055 
Note on the eigenvalue problem in the quantum field theory...... 


Kazuhiko Nishijima 6 (1951), 37 
On the covariant formalism of the quantum theory of fields, II 


Ryoyu Utiyama 6 (1951), 65 
Some remarks on the non-local field theory. (L)...... 
Z. Tokuoka and Y. Katayama 6 (1951), 132 
On the difference between local and non-local fields. (L)...... 


H. Yukawa” "6 (1951)) 133 


Note on the direct interaction between spinor fields 


Susumu Kamefuchi 6 (1951), 175 
Behavior of D-function in Yukawa’s non-local field theory 


Yoro Ono and Masao Sugawara 6 (1951), 182 
“ TIntegro-kauzeco’” en konverga kvantumteorio de kampoj 


F. J. Belinfante 6 (1951), 202 
Connection between particle models and field theories, I—The case spin 1/2— 


ar re Smio Tani 6 (1951), 267 
Note on Belinfante’s new theory. (L) 


K. Husimi and R. Utiyama 6 (1951), 432 
On the self-energies of nucleons. (L)...... H. Enatsu 6 (1951), 434 
Note on the ‘“‘ champ soustractif” of Louis de Broglie: (1), aan cy 


S. Endo and H. Kanazawa © (1951), 436 
Note on some calculations in quantum field theory. (L) 


S. T. Epstein 6 (1951), 441 

Note on some type of interaction. (L)...... K. Sawada 6 (1951), 637 

P-matrix formalism as x0. (L)...... D. C. Peaslee 6 (1951), 639 
6 


On the self-energies of nucleons 


Percastndt Hiroshi Enatsu (1951), 643 


Subject Index 


Relativistic two-body problem in quantum theory...... 

Kiyoshi Sakuma, Naomi Shono and Tadashi Ouchi 
On the path integral and its application... ... Yasuhisa Murai 
S-matrix and nucleon isobar. (L)...... 


S. Kamefuchi, H. Nakai and R. Kawabe 
On the energy-momentum tensor of Bopp-type non-local fields. (L) 


Y. Ono 

Pri la koncepto de la libera kampo. (L)....-. S.. Hori 
On the energy-momentum tensor of Bopp-type non-local field... .. 
Yoro Ono 


“Infra-red catastrophe ’’-like divergency in meson decay process. (L) 


ID lto 


intermediate states. (L)...... D. Ito 
Group theoretical aspects in S-mairix theory. (L)....-. 
D. Ito, H. Tanaka, Y. Watanabe and M. Yamazaki 
On Lagrangian and Hamiltonian formalism. ...- - Yoichiro Nambu 
On the analytic behavior of Dyson transformation function... ... 


Hiroshi Suura, Yoichi Mimura and Toshiei Kimura 


i) 


(1951). 
(OS). 


ili 


748 


762 


891 


898 
903 


O25 


6 (1951), 1020 
On the divergence of the transition probability due to energy conservation in 
65 (1951)21023 


© 


Theory of super-quantization of quantized field and its applications. ..... 


Yasutaka Tanikawa 
Relativistic two-body problem... .- . Hideji Kita 
On Yukawa’s theory of non-local field, I—The case of free field— 


Osamu Hara and Haruo Shimazu 


The mass variation with velocity in Bopp’s unitary field theory, I..... 


Masao Sugawara 


“ Weisskopf-Wigner method” in S-matrix formalism. “(L).. >> .- 


The general discussion of the self-stress (RY RES. 3 
Y. Takahashi and H. Umezawa 


a 


7 


(1952), 
4952). 
(1952), 


(1952); 


On the structure of the interaction of the elementary particles, I—The renormali- 


zability of the interactions—...... 
Shoichi Sakata, Hiroomi Umezawa and Susumu Kamefuchi 
Operator calculus in quantized field theory....-. Kazuo Yamazaki 


On a relativistic integral equation for bound states...... 


Chushiro Hayashi and Yasuo Munakata 


On the structure of the interactions of the elementary particles, I1—Does the 


interaction of the second kind exist in the nature?—...... 
Hiroomi Umezawa 


7 
7 


re 


7 


(1952), 
(1952), 


(1952), 


(1952), 


The mass variation with velocity in the Bopp’s unitary Gelditheotyye LI oe 


Masao Sugawara and Sakae Minamt1 
On the well-ordered S-matrix....-- Shoichi Hori 


T 
x 


(1952))= 
(1952); 


128 
131 


UW 7/ik 


193 
DUNG 


DSS) 


303 


326 


330 


Ewir 


449 


481 


a5)il 


563 
578 


12 Subject Index 


Field Theory, General (Continued) 


On the equivalence principle. (L)....-. T. Dodo and R. Utiyama 7 (1952), 589 
Note on the non-local interaction... ... 
Naomi Shono and Nobuo Oda 8 (1952), 28 
Non-local theory of nucleon-meson field. (L)-..--- N. Shono 8 (1952), 133 
On the self-stress. ..... Yasushi Takahashi and Hiroomi Umezawa 8% (1952), 193 
Some consequences of gauge invariance..... - 
Masaaki Kawaguchi and Nobumichi Mugibayashi 8 (1952), 212 
A note on the S-matrix in the theory of the non-local interaction. (L)...... 
TacQuchi OF (1952)e5 255 
Isotopic spin of nucleons and leptons and anti-particle coordinate. (L)...--. 
T. Hamada and M. Sugawara > BULOS2)) eo 
Analytical representation of spin. (L)....-. T. Yamamoto $8 (1952), 258 
Non-local field and non-local interaction. (L)...... Y. Katayama 8 (1952), 381 
On Yukawa’s theory of non-local field. (L)...... 
H. Shimazu and O. Hara 8 (1952), 385 
On Lagrangian formalism. ..... Kazuhiko Nishijima 8 (1952), 401 
On the interaction representation. (L)...... 
Y. Takahashi and H. Umezawa $8 (1952), 493 
Principle of detailed balance in quantum field theory. (L)...... 
K. Goto 8 (1952)2056o 
On the convergence of the S-matrix series. (L)...... S. Hori 8 (1952), 569 
On the corpuscular aspect of quantum theory of field. (L)...... 
M. Namiki and Y. Suzuki 8 (1952), 572 
A note on the gauge transformation in the theory of non-local interaction of 
the) fields. lL act we S. Ozaki, S. Nagata and Y. Okamura 8 (1952), 575 
On the structure of the interactions of the elementary particles, III— On the 
renormalizable field theory—...... 
Susumu Kamefuchi and Hiroomi Umezawa 8 (1952), 579 
On the equivalence of the particle formalism and the wave formalism of meson, 
Tek ae Zensuke Tokuoka and Hajime Tanaka & (1952), 599 
The equation of motion of a spinning particle in a meson field. (L)...... 
R. C. Majumdar, S. P. Pandya and S. Gupta 8 (1952), 670 
On the interaction of the second kind. (L)...... 
S. Kamefuchi and H. Umezawa 8 (1952), 675 
The general theory of the interaction representation, I—The local field—...... 
Yasushi Takahashi and Hiroomi Umezawa 9 (1953), 14 
New description of field. (L)...... Y. Takano ..9 (1953)>°86 
On Yukawa’s theory of non-local fields, II—The interaction of non-local fields— 
ee Osamu Hara and Haruo Shimazu 9 (1953), 137 
Difficulty of divergence of the perturbation method in the quantum theory of 
feld(L)) puthlbe te R. Utiyama and T. Imamura 9 (1953), 181 


Subject Index 


On the relativistic two-body problem. (L)...... S. bloat AGi953), 
Difficulty of divergence of the perturbation method in the quantum field theory 
Sees take Ryoyu Utiyama and Tsutomu Imamura 9 (1953), 
The penet) theory of the interaction representation, 1I—General fields and inter- 
actions—...... Hiroomi Umezawa and Yasushi Takahashi WAVERED 
On the structure of the interaction of the elementary particles, IV —On_ the 
interaction of the second kind—...... 
Susumu Kamefuchi and Hiroomi Umezawa 9 (1953), 
The theory of the structure of elementary particles. (L)...... 
©. Hara and T. Marumori 9 (1953), 
The theory of the interactions with higher derivatives. (L)....-. 
Y!._Keatayama’™ 9°°(1953)y 
On the convergence of the perturbation method in the quantum field theory 
he ee Ryoyu Utiyama 9 (1953), 
On the quantum theory of fields...... Dominique Rivier 9 (1953), 
Theory of the interactions with higher derivatives and its application to the 
non-local interaction. ..... Yasuhisa Katayama 10 (1953) 
New description of field— Classical field—.(L)....-. 
Y. Takano and I. Suzuki 10 (1953), 
On the conservation of heavy particles. (L)....-. 
O. Hara, T. Marumori, Y. Ohnuki and H. Shimodaira 10 (1953), 
On the constants of motion for the case of non-localized interactions. .--- - 
Yoro Ono 10 (1953), 
On the equivalence of the particle formalism and the wave formalism of meson, 
II1—Case of interacting meson and nucleon fdds—... 
Zensuke Tokuoka 10 (1953), 
On the solution of the equation of motion. (L)....-- H. Kita 10 (1953), 
On the Heisenberg treatment of the field vatiables...... 
Ichie Watanabe 10 (1953), 
On the universal Fermi interaction. (L)..-.-. 
O. Hara, T. Marumori, Y. Ohnuki and H. Shimodaira LO) (953). 
On the radiation damping and the decay of an excited state. (L)...-.-- 
M. Namiki and N. Mugibayashi 10 (1953), 


On the fundamental equation for the nucleon.....-- 
Takao Okabayashi 10 (1953). 


Hamiltonian formalism in non-local field theories... .- - 
Chushiro Hayashi 10 (1953), 
Many-body problem in quantum field theory, I...--- 
Kazuhiko Nishijima 10 (1953), 


On the inverse power expansion of the Svacly*, 7 J] and the Green-functions. 


(Leica Se Hori —..10°.(1953), 


The photon self-energy problem and microscopic space-time structure. Ca) :c= 
T. Kimura 10 (1953), 


fp oul 


110 


114 


IDS) 


37 
953) \l 


Bal 


470 


474 


499 


53)5) 


549 


SWS 


577, 


14 Subject Index 


Field Theory, General (Continued) 


Analytical representation of general spin. (L)...--. T. Yamamoto 10 (1953), 
On the transition matrix and the Green function in the quantum field theory 
ee: Sho Tanaka and Hiroomi Umezawa 10 (1953), 
S. Okubo 10 (1953), 
On the relation between non-local Urmaterie field and irreducible local field. (L) 
eee: Y. Ohnuki and O. Hara 10 (1953), 
Some remarks on the mass spectrum and non-local interaction. (L)...... 
H. Goto 10,.(1953)4 
Note on the second kind interaction...... Susumu Okubo 11 (1954) 
Mass spectrum of elementary particles, I —Eigenvalue problem in space-time— 
Eat Hiroshi Enatsu 11 (1954), 
Bound states and S-matrix in quantum field theory... ... 
Shinzo Nakai 11 (1954), 
On field equations with non-local interaction. (L)...... 
C. Hayashi 11 (1954), 
On gauge invariance and the structure of elementary pariicles...... 
Yasushi Takahashi ll (1954), 
On the structure of the interaction of the elementary particles, V —Interaction 
of the second kind and non-local interaction—...... 
Susumu Kamefuchi Ll) (1954)% 
On the construction of S-matrix in Lagrangian formalism. .... . 
Tsutomu Imamura, Shigenobu Sunakawa and Ryoyu Utiyama ll (1954), 
The generalization of Stueckelberg formalism in the theory of quantized field 
Minoru Hamaguchi 11 (1954), 
Composite states of two fermions through Fermi-type interaction. (L) 


H. Katsumori I1 (1954), 

A formulation of field theory in Hilbert SPARE. yon: Giiti Iwata 11 (1954), 
A remark on the infinities due to the new complex poles of modified propagators. 
(eA eee R. Utiyama and T. Imamura 11 (1954), 


Hiroshi Suura 12 (1954) 
Some remarks on the charge conjugation. ..... Sho Tanaka 12 (1954) 
On the construction of potential in field theor yes | see 


Nobuyuki Fukuda, Katuro Sawada and Mituo Taketani 12 (1954), 


On a treatment of many-particle systems in quantum field theory 


An attempt to the unified description of elementary particles... .. . Osamu Hara, 
Toshio Marumori, Yoshio Ohnuki and Hajime Shimodaira 12 (1954), 
Wave equations with new degree of freedom...... Ken-iti Goto 12 (1954), 


Many-body problem in quantum field theory, II...... 


Kazuhiko Nishijima 12 (1954), 
Mass spectrum of elementary particles, II...... Hiroshi Enatsu 12 (1954), 


a7 9 


617 


692 


697 


698 


Fat 


2 


U9 


226 


Feil 


273 


291 


461 


505 
537 


606 


» 49 
eee 


156 


177 
208 


279 
363 


Subject Index 


On the time reversal in the quantized field theory 


Hiroomi Umezawa, Susumu Kamefuchi and Sho Tanaka 12 (1954), 
Potential in quantum field theory. (L)...... T. Imamura 12 (1954), 
On some notes on the so-called G. Feldman’s modified propagator. (L)....-- 

Y. Miyatake 12 (1954), 
Diagonalization of Hamiltonian and Tamm-Dancoff equation... ... 
Susumu Okubo 12 (1954), 
Velocity-dependent potential and gauge invariance of the first kind. (L)...... 
Gait Chance 125 (1954), 
On the meaning of the solution to the one-body Dirac equation. ..... 
Smio Tani and Kazuo Yamazaki 12 (1954), 
Kinematical investigation of the S-matrix...... 
Masaaki Kawaguchi 12 (1954), 
A remark on convergence factor. (L)...... Ni Its” 12°(1954), 
On the equivalence theorem. (L)...... Y. Takahashi 13 (1955), 
On the structure of Dirac wave function. (L).....-. T. Takabayasi 13 (1955), 
Wave equations in conformal space —Wave equation for nucleon—.(L)...... 
Y. Murai 13 (1955), 
An example of five-dimensional field. (L)...... T. Yamamoto 13 (1955), 
On the consistency of the quantum field theory based on the renormalization 
hypothesis. (L)...... T. Yoshimura 13 (1955), 
Many-body problem in quantum field theory mL Lina 
Kazuhiko Nishijima 13 (1955), 
On the Jauch field. (L)....-- S. Kamefuchi and S. Tanaka 13 (1955), 
A tematk on the interaction of the second kind. (L)..-.--. 
T. Yoshimura 13 (1955), 
Note on the bound state problem. (L)...--- T. Okabayashi 13 (1955), 
Point transformation and its application...... Shinzo Nakai 13 (1955), 
Some remarks on Lee’s model in renormalizable field theory. (le ease 
Y. Munakata 13 (1955), 
The relation between Jordan’s non-localized theory and Pais-Uhlenbeck’s theory. 
5): oe Y. Miyatake 13 (1955), 
Adiabatic process and the stationary state....-. Hajime Tanaka 13 (1955), 
On the theories of higher derivative and non-local couplings, I...-.-- 
Tosiya Taniuti 13 (1955), 
Products of improper operators and the renormalization problem of quantum 
field theory....-- Werner Giittinger 13 (1955), 
On the wave equation for spin 1 in Hamiltonian form. (L)....-- 


I. Fujiwara 14 


Note on the Lehmann’s modified propagators. (L)..---- 
K. Hiida and M. Sawamura 14 


(1955), 


(1955), 


15 


16 Subject Index 


Field Theory, General (Continued) 
On the mass reversal in the quantized field theory. (L)....-- 
T. Ouchi, K. Semba and M. Yonezawa 14 (1955), 172 


Solutions of a Bethe-Salpeter equation for scattering states...... 


Kazuhiko Nishijima 14 (1955), 203 


On the Jauch field...... Susumu Kamefuchi and Sho Tanaka 14 (1955), 225 
Some remarks on the applicability of the field theory from the standpoint of 
the distribution analysis. (L).....-. H. Wakita 14 (1955), 260 


Relativistic wave equations with maximum spin two...... 
Toshihiko Tsuneto, Tetu Hirosige and Izuru Fujiwara 14 (1955), 267 
Note on the non-perturbation-approach to quantum field theory. (L)....-- 
T. Goto and T. Imamura 14 (1955), 396 
An exactly soluble example in quantum field theory. (L)....-.. 
S. Machida 14 (1955), 407 


The self-energy of the scalar nucleon...... Koichi Mano 14 (1955), 435 
Scattering matrix in the Heisenberg representation for a system with bound states 
sient § bas Abraham Klein 14 (1955), 580 


Quantum Electrodynamics 


On a relativistically invariant formulation of the quantum theory of wave field, 
Liters Sin-itiro Tomonaga I (1946), 27 
The self-energy of the electron and the mass difference of nucleons. (L)...... 
Shoichi Sakata and Osamu Hara 2 (1947), 30 
On the elimination of the auxiliary condition in the quantum electrodynamics. 
GX \ aries Y. Miyamoto and S. Tomonaga 2 (1947), 95 
Correlation between mutual interactions of elementary particles. (A)...... 
S. Sakata 2 (1947), 99 
On a relativistically invariant formulation of the quantum theory of wave fields, 
LL ores Fc Ziro Koba, Takao Tati and Sin-itiro Tomonaga 2 (1947), 101 
The theory of the interaction of elementary particles... ... 
Shoichi Sakata 2 (1947), 145 
On a telativistically invariant formulation of the quantum theory of wave fields, 
11I—Case of interacting electromagnetic and electron fields—...... 
Zito Koba, Takao Tati and Sin-ichiro Tomonaga 2 (1947), 198 
Correction due to the reaction of ‘‘ cohesive force field” for the elastic scattering of 
an Jeléctron. ICL) aie’, 2 D. Ito, Z. Koba and S. Tomonaga 2 (1947), 216 
Errata to the above letter. (L)...... : 
D. Ito, Z. Koba and S. Tomonaga 2 (1947), 217 
Application of the “ self-consistent”? subtraction method to the elastic scattering 
Of ‘an}.électronsu(L)c!, ees Z. Koba and S. Tomonaga 2 (1947), 218 


Subject Index 17 


On a telativistically invariant formulation of the quantum theory of wave fields, 
TV —Case of interacting electromagnetic and meson fields —...... 
Suteo Kanesawa and Sin-itiro Tomonaga 3 (1948), 1 
Note on the collision energy loss of fast charged particle... ... 
Kugao Nakabayashi 3 (1948), 82 
On the infrared catastrophe in the problem of electron scattering. (L).....- 
sees (19485095 
Radiative corrections for Compton scattering. (L)...... 
Z. Koba and G. Takeda 3 (1948), 98 
Auxiliary condition and gauge transformation in the “ super-many-time theory,” I 
“cea ae Zito Koba, Yasuharu Ooisi and Muneo Sasaki 3 (1948), 141 
The theory of interaction of elementary particles, I1—The electromagnetic 
self-energy of the elementary particles—...... Osamu Hara 3 (1948), 188 
Radiative corrections in e for an arbitrary process involving electrons, positrons 
and light quanta. (L).....- Z. Koba and G. Takeda 3 (1948), 203 
On the level shift of hydrogen atom. (A)...... 
K. One and Y. Nambu 3 (1948), 207 
Infrared catastrophe and field reaction in general processes of quantum electro- 
dynamics. (A)....-- Z. Koba 38 (1948), 208 
On the level-shift due to radiation reaction. (A)....-- 
T.. Tati and S. Tomonaga 3 (1948); 211 
Corrections due to reactions of “cohesive force field” to elastic scattering of an 
electron. (A)... .... 7Z. Koba, K. Ito and S. Tomonaga 3 (1948), 211 


On the electromagnetic self energy of a moving electron. (Aji sss 


Y. Tanikawa and O. Hara 3 (1948), 213 


On the negative energy photon. (A)..---- K. Sawada 3 (1948), 214 
Auxiliary condition and gauge transformation in the “ super-many-time theory,” 
MPS Ste, Eater Ziro Koba, Yasuharu Ooisi and Muneo Sasaki 3. (1948), 229 


Cottections due to the reaction of “cohesive force field” to the elastic scattering 


of an electron. I1...... 
Daisuke Its, Ziro Koba and Sin-itiro Tomonaga 3 (1948), 276 
On tadiation reactions in collision processes, I....-- 
Ziro Koba and Sin-itiro Tomonaga 3 (1948), 290 


On the infrared catastrophe in the problem of electron scattering...--- 
Takasi Sebe 3 (1948), 304 


The electromagnetic shift of energy levels. (Ljtaviens 
O. Hara and T. Takano 3 (1948), 316 


The problem of vacuum polarization. (ds oat 
H. Umezawa, J. Yukawa and E. Yamada 3 (1948), 317 


Reactive corrections for the elastic scattering of an electron. (L)...--- 


S. Endo, T. Kinoshita and Z. Koba 3 (1948), 320 


18 Subject Index 


Quantum Electrodynamics (Continued) 


Corrections due to the reaction of “ cohesive force field” to the elastic scattering 
of an electron, II...2.- 
Daisuke Ito, Ziro Koba and Sin-itiro Tomonaga 3 (1948), 325 
A self-consistent subtraction method in the quantum field theory, I...... 
Takao Tati and Sin-itiro Tomonaga 3 (1948), 391 
Radiation reaction in collision process, I]—Radiative corrections for Compton 
Scattering—...... Zito Koba and Gyo Takeda 3 (1948), 407 
The problem of vacuum polarization (continued). (L)...... 
H. Umezawa and E. Yamada 3 (1948), 456 
Theory of the interaction of elementary particles, IV,—The problem of vacuum 
poralization(1)—...... 
Hiroomi Umezawa, Jiro Yukawa and Eiji Yamada 4 (1949), 25 
A self-consistent subtraction method in the quanium field theory, II,.... 
Hiroshi Fukuda, Yonezi Miyamoto and Sin-itiro Tomonaga 4 (1949), 47 
Radiation reaction in collision process, III,—First radiative correction for an 
arbitrary process including electrons, positrons and light quanta—...... 
Zito Koba and Gyo Takeda 4 (1949), 60 
Note on the self-energy problems... .. . 
Katuro Sawada, Syuji Takagi and Minoru Kobayasi 4 (1949), 71 
The level shift and the anomalous magnetic moment of the electron. ..... 
Yoichiro Nambu 4 (1949), 82 
Semi-classical derivation of the anomalous magnetic moment of the electron. (L) 
et Z. Koba 4 (1949), 98 
Effect of the C-meson field on the anomalous magnetic moment of the electron. 
CL). a4 Z. Koba, Y. Nambu and T. Tati 4 (1949), 99 
Reactive corrections for elastic scattering of an electron. (L), Errata...... 
S. Endo, T. Kinoshita and 'Z. Koba 4 (1949), 100 
On the energy level shifts of atoms due to the interaction between the electron 


and the electromagnetic field. ..... 


Osamu Hara and Takasi Takano 4 (1949), 103 
Theory of the interaction of elementary particles, IV,—The problem of vacuum 
polarization (2)—...... 
Hiroomi Umezawa, Jiro Yukawa and Eiji Yamada 4. (1949), 113 
A self-consistent subtraction method in the quantum field theory, II 


F's 6 le site te 


Hiroshi Fukuda, Yonezi Miyamoto and Sin-itiro Tomonaga 4 (1949), 121 
Radiation reaction in collision process, III,—First radiative correction for an arbitrary 


process including electrons, positrons and light quanta—...... 


Zito Koba and Gyo Takeda 4. (1949), 130 


Pri la kalkulado de elektromagnetaj fenomenoj per kampo de neutraj_vektor- 
mezonoj kun neglektebla maso...... F. J. Belinfante 4 (1949), 165 


Subject Index 19 


Smio Tani 4 (1949), 209 
Reactive corrections for the elastic scattering of an electron...... 
Shinji Endo, Toichiro Kinoshita and Ziro Koba 4 (1949), 218 
On the 7-decay of neutral meson. (L)...--. 
H. Fukuda and Y. Miyamoto 4 (1949), 235 
Theory of the interaction of elementary particles, V—The problem of’ vacuum polari- 


Note on the formal solution of the Tomonaga-Schwinger equation 


zation (3)—...... Hiroomi Umezawa and Eiji Yamada 4 (1949), 251 
Note on the finite extension of electron....-. Katuro Sawada 4 (1949), 275 
Semi-classical treatment of the reactive corrections, [—The anomalous magnetic 

moment of the electron—....-. Zito Koba 4 (1949), 319 


On the 7-decay of neutral meson... --- 
Hiroshi Fukuda and Yoneji Miyamoto 4 (1949), 347 
General formulae appearing in the problem of the vacuum polarization. (L)..-.-- 
H. Umezawa and R. Kawabe 4 (1949), 368 
Vacuum polarization due to various charged particles. (L)..---- 
H. Umezawa and R. Kawabe 4 (1949), 369 
The self-energy of a Dirac particle and its relativistic covariance. (L)..---- 
R. Kawabe and H. Umezawa 4 (1949), 370 
On the gauge-difficulty in the y-decay of the neutral scalar meson. (i) ses 
D. Its and T. Miyazima 4 (1949), 380 
External vacuum polarization. (L)...--- Z. Koba 4. (1949), 382 
Application of Pauli’s regulator to the j-decay of neutrettos. (yee 
H. Fukuda, Y. Miyamoto, T. Miyazima and S. Tomonaga 4 (1949), 385 
Some general formulae relating to vacuum polarization. ....-- 
Hiroomi Umezawa and Rokuo Kawabe 4 (1949), 423 
Vacuum polarization due to various charged particles. ...-. 
Hiroomi Umezawa and Rokuo Kawabe 4 (1949), 443 
The self-energy of a Dirac particle, and its relativistic covatiance...--- 
Rokuo Kawabe and Hiroomi Umezawa 4 (1949), 461 
Applicability of Pauli’s regulator to the 7-decay of neutrettos....-- 
H. Fukuda, Y. Miyamoto, T. Miyazima, S. Tomonaga, S. Oneda, 
S. Ozaki and S. Sasaki 4 (1949), 477 
A note on the self-energy and self-stress. (L) estes K. Sawada 4 (1949), 568 
Note on the vacuum polarization. (L).-..--- G. Takeda 4 (1949), 573 
Five dimensional approach to regularized quantum electrodynamics. -.-- - 
Yasuhisa Katayama, Katuro Sawada and Shuji Takagi L950) sans 
The use of the proper time in quantum electrodynamics, I....-- 
Yoichiro Nambu 5 (1950), 82 
Note on the self-energy and self-stress, I... --- Katuro Sawada 5 (1950), 117 


On the integrability condition of Tomonaga-Schwinger equation. CLs aes 
7, Kooba. 0. (1950),-139 


20 Subject Index 


Quantum Electrodynamics (Continued) 


A remark on the problem of gauge invariancy. (L)..-... 
H. Umezawa and R. Kawabe 5 (1950), 153 


Note on the self-energy and self-stress, Il... ... Katuro Sawada 3 (1950), 236 
Problems of ambiguity in quantum field theory. ..... 
Yasuhisa Katayama 5 (1950), 272 
Relativistic covariance in the quantum electrodynamics. (L)...... 
J. Yukawa, N. Oda and H. Umezawa 5 (1950), 320 
Note on five-dimensional space and the self-energy of electron. (L)...... 
Y. Katayama and S. Takagi 5 (1950), 336 
On mixed field theory and vacuum polarization. (L)...... 
S. Kanesawa 5 (1950), 492 
The reversal of time and the quantization of the longitudinal field in quantum 
electrodynamics. ..... K. Bleuler and W. Heitler 5 (1950), 600 
Canonical theory of quantum electrodynamics... .. . 
Kodi Husimi and Ryoyu Utiyama 5 (1950), 718 
On the problem of gauge-invariancy and Divergence in the theory of elementary 
Particles, © Laren ote Hiroomi Umezawa and Rokuo Kawabe 5 (1950), 769 
The covariant theory of radiation damping, I—General formalim—...... 
Nobuyuki Fukuda and Tatuoki Miyazima 5 (1950), 849 


On the positron theory of vacuum. (L)...... Y. Katayama 5 (1950), 906 
Note on the infrared catastrophe. (L)...... T. Kinoshita 5 (1950), 1045 
Note on the energy-momentum tensor. (L)...... Y. Katayama 5 (1950), 1054 


On the problem of covariance in quantum electrodynamics, I...... 
Jiro Yukawa and Hiroomi Umezawa 6 (1951), 112 
On the problem of covariance in quantum electrodynamics, II....... 
Jiro Yukawa and Hiroomi Umezawa 6 (1951), 197 
On the Cetenkoy radiation...... Tosiya Taniuti 6 (1951), 207 
On the mass of cohesive meson and the mass difference of nucleons. (L)...... 
H. Enatsu and P. Y. Pac 6 (1951), 261 
On the positron theory of vacuum...... Yasuhisa Katayama 6 (1951), 309 
On gauge invariance and equivalence theorems... ... 
Zito Koba, Nobumichi Mugibayasi and Shinzo Nakai 6 (19571) 4322 
On the mass of cohesive meson and the mass difference of nucleons, II. (L) 
CRA ARs H. Enatsu and P. Y. Pac 6 (1951), 435 
The vacuum in quantum electrodynamics... .. . 
Hiroomi Umezawa and Susumu Kamefuchi 6 (1951), 543 
Note on the longitudinal and scalar photons... .. . Ryoyu Utiyama, 
Tsutomu Imamura, Sigenobu Sunakawa and Tero Dodo 6 (195195587 
On the interaction of cohesive field. (Lae K. Sawada 6 (1951), 626 


Subject Index 21 


On the mass difference of nucleons and the cohesive mesons. .... . 
Hiroshi Enatsu and Pong Yul Pac 6 (1951), 665 
Transformation function in quantum electrodynamics. (L).....-. 
Ye Katayama, 7) (1952), 265 
On the Green-functions of the quantum electrodynamics. (L)....-. 
R. Utiyama, S. Sunakawa and T. Imamura 7 (1952), 328 
Note on the physical connection between electron’s electromagnetic mass and its 
charge. (LL)... :- - K. Baba 7 (1952), 328 
On the renormalization theory of the interaction of electrons and photons. .-.-. 
Gyo Takeda 7 (1952), 359 
On the renormalization in quantum electrodynamics... .-. 
Susumu Kamefuchi and Hiroomi Umezawa 7 (1952), 399 
On the role of longitudinal and scalar photons. (L)..---- 
T. Kimura and Y. Miyachi 7 (1952), 419 
Vacuum polarisation by spin one particles. (L)..---- 
James McConnell 7 (1952), 421 
On the well-ordered S-matrix.....- Shoichi Hori 7 (1952), 578 
Note on the non-relativistic limit of the Compton scattering. (L)..-.-- 
S. Goto 7 (1952), 585 
Remark on the self-energy problem of the photon. (L).-..-- 
O. Hara and H. Shimazu 7 (1952), 591 
Convergence problem in quantum electrodynamics. (L)..-.-- 
Y. Katayama and K. Yamazaki 7 (1952), 601 
On the theory of the Green-functions in quantum-electrodynamics. .-.- . 
Ryoyu Utiyama, Shigenobu Sunakawa and Tsutomu Imamura 8 (1952), a7, 
A new attempt on the self-energy problem of the photon. ...-. 
Osamu Hara and Haruo Shimazu 8 (1952), 265 
The effect of damping on radiative corrections to electron scattering and the 
problem of infra-red catastrophe. ...-- 
R. C. Majumdar and A. N. Mitra 8 (1952), 479 
On gauge invariance in electrodynamics and the self-energy problems of the 
photon. (L)-.---- O. Hara and H. Okonogi 9 (1953), 184 
New formulation of one-body problem in quantum electrodynamics... -- - 
Mikio Namiki and Yoshio Suzuki 9 (1953), 223 
On the gauge invariance of the neutral vector meson theory... --- 
R. J. Glauber 9 (1953), 295 
On the transition amplitude in quantum electrodynamics. ..-- - 
Shoichi Hori 9. (1953), 299 
Electromagnetic shifts of energy levels and C-meson hypothesis. (L)------ 
©. Hata ~ 9° (1953), 322 
On gauge invariance in electrodynamics and the self-energy problem of the 
Osamu Hara and Hisaichiro Okonogi 10 (1953), 191 


22 Subject Index 


Quantum Electrodynamics (Continued) 


On the gauge invariancy and the structure of elementary particle. (L)...... 
Y. Takahashi 10 (1953), 366 
Effect of electromagnetic radiation on Lamb shift. (L)....-.. 
I. Singh 10 (1953), 476 
The photon self-energy problem and microscopic space-time structure. (L)...... 
T. Kimura * 10 (1953), 577 
Note on the neutral vector meson theory. (L)...... 
R. J. Glauber 10 (1953), 690 
On the Green-functions of many-electron problem...... 
Shinzo Nakai 11 (1954), 155 
Renormalization of two-electron Green-function...... 


Sigenobu Sunakawa, Tsutomu Imamura and Ryoyu Utiyama 12 (1951). 642 


‘Oo 
iS) 
<2 


Effect of radiation on the self-energy of an electron. (L)...... 
D. S. Kothari and F. C. Auluck 13 (1955), 100 
On the renormalization of Heisenberg treatment... ... 
Ichie Watanabe 14 (1955), 151 
On quantum electrodynamics without subsidiary conditions... . 


Shozi Ozaki 14 (1955), 511 


Meson Theory 


On the interaction between vector mesons and nucleons 


Shoji Ozaki 1 (1946), 56 
On the effect of the field reactions on the interaction of mesotrons and nuclear 
paricles alae eet. Sin-itiro Tomonaga 1 (1946), 83 
A note on the method of radiation damping and its application to the photo- 
mesonic process... ... 
Minoru Kobayasi and Kuninosuke Imaeda 1 (1946), 102 
On the effect of the field reactions on the interaction of mesotrons and nuclear 


Pacts olen oe Sin-itiro Tomonaga 1 (1946), 109 
On the effect of the field reactions on the interaction of mesotrons and nuclear 
particles, IIIs... Sin-itiro Tomonaga 2 (1947), 6 


On the effect of the field reactions on the interaction of mesotrons and nuclear 


parties, IV ave ou Sin-itiro Tomonaga 2 (1947), 63 


On the meson pair theory of nuclear forces, II. (A) 


ate «| ee 


S. Noma 2 (1947), 92 
Note on the scattering of a meson on colliding with a nucleon. (A) 


S. Tomonaga 2 (1947), 96 
Modified meson pair theory. (L)...... S. Noma 2 (1947), 159 
On the mesic self-field around a necleon...... Kugao Nakabayashi 2 (1947), 163 
On the interaction of mesons with the gravitational field, IT 


ete where 6 


Ryoyu Utiyama 3 (1948), 14 


Subject Index 


(On Wentzel’s method in the meson theory 


Tatuoki Miyazima, Takao Tati and Sin-itiro Tomonaga 


‘On the classical model’ of the bremsstrahlung of che vector meson. 


S. Hayakawa and Y. Miyamoto 
On the meson pair theory of nuclear forces, III. (A)...... 
H. Enatsu and S. Noma 
On the meson pair theory of nuclear forces, IV. (A)...... 
S. Noma and S. Hiroishi 
Absorption and decay of mesons in the pair theory. (A)...... 
S. Noma 
Divergence difficulty and mixed meson theory, I... .Gentaro Araki 
Reaction of radiation field on meson. (L)...... 
K. Baba and S. Kanesawa 
Supermultatempa teorio por mezonaj kampoj. (L)...... 
F. J. Belinfante 
Divergence difficulty and mixed meson theory, II...... 
Gentaro Araki 
Reaction of meson field on nucleon. (L)...... K. Baba and D. Ito 


Cage. Se S. Kanesawa 
On the electromagnetic self-energy of meson. (L)...... 
S. Hanawa and S. Kanesawa 


On the life of the neutral meson. (L)...... S. Hayakawa 


Selection rule for meson problem. (L)....-. 


H. Fukuda and Y. Miyamoto 


On the gauge-difficulty in the 7-decay of the neutral scalar meson 
Daisuke Ito and Tatuoki Miyazima 


Reaction of meson field on nucleon. (L)...... Jl Gi) 


The covariant formalism of the theory of damping. (L)..---. 
T. Miyazima, M. Sasaki, R. Suzuki and N. Fukuda 


On the electromagnetic properties o mesons. (L)....-.. 


T. Kinoshita and Y. Nambu 


Radiative corrections to decay processes, I —The meson decay—.... 


Shigeo Hanawa and Tatuoki Miyazima 


Ww Ww 


3 


(1948), 
(1948), 
(1948), 


(1948), 
(1948), 


(1948), 


(1948), 


23 


443 


460 


4 (1949), 34 
4. (1949), 95 
On the meson pair theory of nuclear forces in the interaction representation. 
4 (1949), 238 


(1949), 
(1949), 


(1949), 


(1949), 
(1949), 


5 (1950), 


On the interaction of mesons with the electromagnetic field, I...... 


- Toichiro Kinoshita 
On the interaction of mesons with the electromagnetic field, II... 

Toichiro Kinoshita and Yoichiro Nambu 
On the anomalous magnetic moment il sae = 55 4 Yoro Ono 


On the interaction of mesons and nucleons..... . Hiroshi Enatsu 


(1950), 
(1950), 
(1850), 
(1950), 


(1950), 
(1950), 


On the equivalence of pseudoscalar and pseudovector coupling constants in pseudo- 


scalar meson theory. (L)....-- M. Sugawara and Y. Ono 


Note on the classical equations of motion of nucleons. (L)...... 
H. Kanazawa 


5 


(1950), 


385 
386 


389 


492 
566 


ithe, 
307 
459 
473 


749 
861 
883 


901 


5 (1950), 1050 


24 


Subject Index 


Meson Theory (Continued) 


On the gauge invariance and equivalence theorems. ...- - 
Zito Koba, Nobumichi Mugibayashi and Shinzo Nakai 6 (1951); 322 
On the meson cloud around the nucleons. (L)....-. 
H. Umezawa, Y. Takahashi and S. Kamefuchi 6 (1951), 426 
Generalized Furry’s theorem for closed loops. (L)....-.- 
K. Nishijima 6 (1951), 614 
On the self-energies of mesons... ... 
Kazuo Yamazaki and Hiroshi Enatsu 6 (1951), 731 
Note on the Bloch-Nordsieck’s method...... 
Gyo Takeda, Yasutaka Tanikawea, Tosiya Taniuti and KeiitiSaeki 6 (1951), 994 
Generalized Furry’s theorem for closed loops, II. (L)...... 
K. Nishijima 6 (1951), 1027 
On the equivalence principle. (L)...... 
T. Dodo and R. Utiyama 7 (1952), 589 
Tomonaga approximation in meson theory. (L)...... H. Hasegawa $8 (1952), 494 
On the scattering problem in pseudo-scalar meson in pseudo-vector coupling... .. . 
Katuro Sawada 9 (1953), 455 
Scattering problem in the intermediate-coupling theory, I....... 
Zito Maki, Masatomo Sato and Sin-itiro Tomonaga 9 (1953), 607 
Nonlinear pseudoscalar meson theory. (L)...... P.' Cap 103953) ae 
A remark on the strong coupling approximation in meson-nucleon scattering 
eee Zito Maki and Masatomo Sato 10 (1953), 386 
Recoil effects in the strong coupling theory...... 
Toshiyuki Toyoda 10 (1953), 415 
On the many-body problem in the intermediate coupling theory, I....... 
Takao Tati 10 (1953), 421 


On a covariant generalization of Tamm-Dancoff approximation for pion-nucleon 


SCAtEfING. o ULayaa. 5 a K. Itabashi 11 (1954), 227 
Renormalization in generalized Tamm-Dancoff approximation for pion-nucleon 
Scattering. (li)'s 2 canes K. Itabashi Lis 1654)5 2228 


The classical equations of a point particle in a symmetric meson field ...... 

R. C, Majumdar, S. Gupta and S. K. Trehan 12 (1954), 31 

On the renormalization in Tamm-Dancoff approximation for one-nucleon problem, 
I—A covariant generalization of the Tamm-Dancoff method— ...... 
Kiyomi Itabashi 12 (1954), 494 

On the renormalization in Tamm-Dancoff approximation for one-nucleon problem, 

I1.—Subtraction of divergences in the generalized LTamm-Dancoff equations— 
rhage t re Kiyomi Itabashi 12 (1954), 585 


Zero-energy mesonic processes and renormalization in D.T.G.’s formalism. (L) 


Pea? S. Chiba and M. Namiki 12 (1954), 693 


Subject Index 25 


Zeto-energy mesonic processes and renormalization in Schwinger’s formalism. (L) 


er Ba, M. Namiki, S. Chiba and S. Hanawa 12 (1954), 694 
Ward’s identity in neutral scalar meson-nucleon system. (L) 


Ke Pitida and Si Machida. _ 137 (1955), 219 
On the intermediate coupling theory of pseudo-scalar field and a nucleon...... 
Daisuke Ito, Yoneji Miyamoto and Yukihiko Watanabe 13 (1955), 594 
On the analysis for the proper field of a nucleon...... 
Yukihiko Watanabe 13 (1955), 603 
Double meson production in the intermediate-coupling theory, I...... 
Akira Komatsuzawa, Yasuo Munakata and Hiroichi Hasegawa 14 (1955), 65 
Connection of the strong coupling theory with the weak coupling theory in the 
bound meson problem—The symmctrieal scalar theory—...... 
Smio Tani and Wataro Watari 14 (1955), 243 
On the Heisenberg’s non-linear meson equation. (L)....-. 
T. Taniuti 14 (1955), 408 
Recoil effects in the strong coupling theoty, II...... 
Toshiyuki Toyoda 14 (1955), 473 


Situation of Rarita-Schwinger particle as a model of nucleon isobar. (L)....-- 
D. Ito and S. Minami 14 (1955), 487 


Low energy limits of photon-nucleon and pion-nucleon collisions... .-. 


Sigeo Hanawa, Mikio Namiki and Shin Chiba 14, °(1955) 0591 


Elementary Particle Interaction 


On the correlations between mesons and Yukawa particles...... 


Shoichi Sakata and Takesi Inoue 1 (1946), 143 
On the decay of the charged meson. (L).-..--- Yasuiaka Tanikawa 2 (1947), 31 


The theory of the interaction of elementary particles, 1 —The method of the 
theory of elementary particlesp— = + ++ ++ Shoichi Sakata 2 (1947), 145 


On the cosmic-ray meson and nuclear meson. (L).----- 
Y. Tanikawa 2 (1947), 220 


The theory of interaction of elementary particles, II —The electromagnetic self-energy 
of the elementary particles ss a ee Osamu Hara 3 (1948), 188 
Note on the two meson hypothesis. (L)-.---- S. Hayakawa 3 (1948), 200 


On the correlation between Yukawa particle and meson, LOCA a) ae. 2 
S. Sakata 3 (1948), 212 


On the nature of the mesotron. (A)..---- H. Yukawa 3 (1948), 217 


On the relations between the cosmic-ray mesons and nuclear mesons. I. (L) 
Sa ete Y. Tanikawa 3 (1948), 314 


On the relations between the cosmic-ray mesons and nuclear mesons. II. (L) 
Y. Tanikawa 3 (1948), 315 


On the correlation between Yukawa particle and meson. (L)....-- 
T. Inoue and S. Ogawa 3 (1948), 319 


The theory of the interaction of elementary particles, III_——On the nature of the 
C meson— ...+6. Osamu Hara and Makoto Tatsuoka 3 (1948), 369 


26 


Subject Index 


Elementary Particle Interaction (Continued) 


On the 7-decay of neutral meson. (L) 


On 


On 
On 


On 
On 


H. Fukuda and Y. Miyamoto 4 (1949), 235 
On the 7-decay of neutral meson...... 
Hiroshi Fukuda and Yoneji Miyamoto 4 (1949), 347 
The half-life of radioactive decay of free neutron. (L).....-.- 
N. Shono and H. Hagihara 4 (1949), 364 
On the gauge-difficulty in the 7-decay of the neutral scalar meson. (L)...... 
D. Ito and T. Miyazima 4 (1949), 380 
Application of Pauli’s regulator to the 7-decay of neutrettos. (L)....-. 
H. Fukuda, Y. Miyamoto, T. Miyazima and S. Tomonaga 4 (1949), 385 
The three quanta disintegration of the neutral meson. (L)....-. 
H. Fukuda and Y. Miyamoto 4 (1949), 392 
On the self-energy of the neutretto. (L)...... Y. Katayama 4 (1949), 396 
Applicability of Pauli’s regulator to the 7-decay of neutrettos....... H. Fukuda, 
Y. Miyamoto, T. Miyazima, S. Tomonaga, S. Oneda, S. Ozaki and S. Sasaki 
4 (1949), 477 
On the gauge-difficulty in the 7-decay of the neutral scalar meson...... 
Daisuke Ito and Tatuoki Miyazima 4 (1949), 492 
On the mu-meson capture...... 
Mituo Taketani, Muneo Sasaki and Seitaro Nakamura 4 (1949), 552 
The observability of the C-meson...... Syuzo Ogawa 5 (1950), 72 
On the /-meson decay. (L)...... S. Ogawa and S. Kamefuchi 5 (1950), 311 
A note on the C-meson hypothesis. (L)...... T. Kinoshita 3 (1950), 335 
On the new mode of interaction between spinor fields. ..... 
S. Ozaki, S. Oneda and S. Sasaki 5 (1950), 491 
On the applicability of the method of the mixed fields in the theory of the 
elementary particles...... 
Shoichi Sakata and Hiroomi Umezawa 5 (1950), 682 
On the method of the theory of elementary particles. ..... 
Mitsuo Taketani, Seitaro Nakamura and Muneo Sasaki 5 (1950), 730 
Analysis on the two meson theory...... 
S. Nakamura, H. Fukuda, K. Ono, M. Sasaki and M. Taketani 3 (1950), 740 
the mass of cohesive meson and the mass difference of nucleons. (LYS isa 
H. Enatsu and P. Y. Pac 6 (1951), 261 
the self-energies of nucleons. (L)...... H. Enatsu 6 (1951), 434 
the mass of cohesive meson and the mass difference of nucleons, II. (L) 
nS ere H. Enatsu and P. Pac 6 (1951), 435 
the self-energies of nucleons... ... Hiroshi Enatsu 6 (1951), 643 
the mass difference of nucleons and the cohesive mesons...... 
Hiroshi Enatsu and Pong Yul Pac 6 (1951). 665 


Subject Index 27, 


On the short /-meson tracks from 7-meson decays. (L)...... 
T. Nakano, J. Nishimura and Y. Yamaguchi 6 (1951), 1028 
Excited states of elementary particles and quantization of elementary particles. 
(le er ense M. Sugawara 7 (1952), 599 
On the natural decay of the free neutron...... 
Sho Tanaka and Moto Ito 9 (1953), 169 
On some properties of the interactions between elementary particles... ... 


Sadao Oneda 9 (1953), 327 
On the families of spinor fields. (L)...... 


S. Oneda and H. Umezawa 9 (1953), 685 


Some comments on the theory of V-particle. (L)...... KeOnowe lO, (1953), 411 
A speculation of V-spin...... DanC. ePeaslee, PHLO 11953), 227 
On the theory of /?-decay. (L)...... Y. Tanikawa and K. Saeki 10 (1953), 232 


On the interaction forms of the beta-decay. (L)...... 
Y. Tanikawa 10 (1953), 361 
On the weak universal boson-fermion interaction. (L)......- 
S. Ogawa, H. Okonogi and S. Oneda 11 (1954), 330 
An empirical “charge dependence” relation to the rest-masses of elementary 
particles. (1.) 7 22-2 S. Yoshikawa and T. Hasebe 12 (1954), 403 
On the universality of the weak Boson-Fermion interaction. ....- - 
Kenzo Iwata, Shuzo Ogawa, Hisaichiro Okonogi, Bunji Sakita 
and Sadao Oneda 13 (1955), 19 
On the competition between decay and capture of the unstable particles due to 
the weak interactions...... Shuzo Ogawa 13 (1955), 367 


Electromagnetic Theory and Electron Theory 


Quantum mechanics of circularly polarized photons, I —General theory—.....- 
Gentaro Araki 1 (1946), 125 

Quantum mechanics of circularly polarized photons, II —Application to the normal 
Zeeman effect—.....- Gentaro Araki 2 (1947), 1 


Quantum mechanics of circularly polarized photons. (A)....-- 
Gi Ariki 2aGo4) eos 


On the classical theory of the electron, I....-. Ryoya Utiyama 3 (1948), 114 


On the theory of elliptically polarized photons. Cyn 
G. Araki 3 (1948), 214 


On the classical theory of the electron, H..---- Ryoyu Utiyama 3 (1948), 219 
On the Cerenkov radiation....-- Tosiya Taniuti 6 (1951), 207 


28 Subject Index 
yu Mesons 
On the existence of light nuclear mesons. CL} Ceres 
M. Sasaki, S. Nakamura and S. Hayakawa 3 (1948), 454 
Remark on the energy distribution of disintegrated //-mesons. (ho) eae a 
S. Hayakawa and J. Nishimura 4 (1949), 577 
On the /-meson decay. (L).....-- S. Ogawa and S. Kamefuchi 5 (1950), 311 
Interaction of s-meson with matter, I —Nuclear excitation by electromagnetic 
interaction—...... Toshinosuke Muto and Makoto Tanifuji 6 (1951), 27 
Nuclear interaction of //-meson...... 
Hiroshi Fukuda, Yoichi Fujimoto and Masatoshi Koshiba 6 (1951), 788 
On the short /-meson tracks from 7-meson decays. (L)......- 
T. Nakano, J. Nishimura and Y. Yamaguchi 6 (1951), 1028 
The burst production by the “meson. (L)...... 
H. Komori, K. Miyanaga and S. Ogawa 1 (1952) 122 
Interaction of #-meson with matter, I1—Spontaneous decay of negative /-meson— 
DRS Toshinosuke 
Muto, Makoto Tanifuji, Kenzo Inoue and Takeo Inoue 8% (1952), 13 
On the spin of the //-meson...... Kenzo Iwata 10 (1953), 451 


The anomalous magnetic moment of the /-meson. (L) 


S. Hirokawa, H. Komori and S. Ogawa 14 (1955), 494 


z Mesons, General; (see Meson Theory) 


Magnetic moment and virtual dissociation of nuclear particle 


Gentaro Araki 1 (1946), 1 

On the lifetime of the neutral meson. (L)...... Yasutaka Tanikawa 2 (1947), 31 
On the quantum theory of radiation damping and the lifetime of the meson 

stall. 2% Yasutaka Tanikawa 3 (1948), 38 

Note on Tanikawa’s theory of damping. (L)...... H. Enatsu 3 (1948), 96 


Note on the two meson hypothesis. (L)...... S. Hayakawa 3 (1948), 200 
Effect of the radiation field on the meson decay. (A) 


T. Miyazima 3 (1948), 212 
On the correlation between Yukawa particle and meson, II. (A) 


S. Sakata 3 (1948), 212 

On the nature of the mesotron. (A)...... H. Yukawa 3 (1948), 217 
On the coupling constant of charged meson in the non-symmetrical theory. (A) 

Ae Yr Odae"S 2(1948).0 217 


the relations between the cosmic-ray mesons and nuclear mesons, I (L) 


On 
eee Y. Tanikawa 3 (1948), 314 


the relations between the cosmic-ray mesons and nuclear meson, II (L) 


es Y. Tanikawa 3 (1948), 315 


On 


Subject Index 


On the correlation between Yukawa particle and meson. (L)...... 
T. Inoue and S. Ogawa 3 (1948), 
On the neutral meson...... Mituo Taketani 3 (1948), 
On the 7-decay of neutral meson. (L)....-- 
H. Fukuda and Y. Miyamoto 4 (1949), 
Noie on the interaction representation in case of meson field interacting with 
electromagnetic field. (L)...... S. Kanesawa 4 (1949), 
On the 7-decay of neutral meson...... 
Hiroshi Fukuda and Yoneji Miyamoto 4 (1949), 
On the gauge-difficulty in the 7-decay of the neutral scalar meson. (Ls) aachonnees 
D. Ito and T. Miyazima 4 (1949), 
Selection rule for meson problem. (L)...--- 


H. Fukuda and Y. Miyamoto 4 (1949), 


On the electromagnetic properties of mesons. (L)..---- 


T. Kinoshita an¢é Y. Nambu 5 (1950), 

On the anomalous magnetic moment of meson...... Yoro Ono 5 (1950), 
Selection rules for decays of z-mesons and V-particles...... 

Tetsuo Hamada and Masao Sugawara 8 (1952), 


Effect of nucleon excited state on magnetic moment anomaly...... 
Tetuo Hamada 10 (1953), 
Pion-nucleon scattering and nucleon isobar... .-- - 
Akira Kanazawa and Masao Sugawara 10 (1953), 
Damping effect in the gamma-decay of a neutral pion. (L)..-.-. 
J. Iwadare and K. Nishijima 125 (1954); 
Effect of the Pauli moment on the 7-decay of neutral meson. (L).----- 
H. Katsumori 12 (1954), 
A generalization of the Foldy transformation in Ps-Ps meson theory. (L)....-- 
P. Y. Pac, Smio Tani and Kazuo Yamazaki 12 (1954), 
A note on the damping of pair formation in pseudoscalar meson theory. (L) 


Ti amadasand, Y.uShobow 13 1 (1955), 


z Mesons, Reactions 


On the classical model of the meson production in the collision between nucleons. 
CA one S. Hayakawa and Y. Miyamoto 3 (1948), 
Remarks on the experiments of the scattering of meson...... 

S. Hayakawa 3 (1948), 

On the interaction between a negative meson and a proton. (A)....-. 
O. Hara and H. Umezawa 3 (1948), 
On the beta-disintegration possibility accompanying with the capture of a negative 
meson by a nucleus. (A)..---- Y. Tanikawa 3 (1948), 


29 
al) 
349 
DX) 
236 
347 
380 
389 


307 
861 


363 
309 
Boo 
108 
241 
689 


102 


209 
210 
212 


28 


30 


Subject Index 


zx Mesons, Reactions (Continued) 


On the multiple production of meson. (L)-...-- S. Hayakawa 3 (1948), 
On the multiple production of mesons (L)..-.-- 
K. Sawada and S. Takagi 4 (1949), 
On the production of 7-mesons in nucleon-nucleon collisions... .. . 
Shuji Takagi 4 (1949), 
Remarks on the nuclear disintegration by meson capture. (L)....-. 
Y. Fujimoto, S. Hayakawa and Y. Yamaguchi 4 (1949), 
Nuclear disintegration by 7-meson capture. (L).....- 
Y. Fujimoto, S. Hayakawa and Y. Yamaguchi 4 (1949), 
Meson production by X-ray. (L)...... 
Z. Koba, T. Kotani and S. Nakai 5 (1950), 
Note on the interaction of meson with nucleon. (L)...... 
S. Hayakawa 5 (1950), 
The determination of the multiplicity and the spectrum of the meson produced 
by the nucleon-nucleon collision. (L)...... S. Ogawa 95 (1950), 
Meson production by X-ray. Errata (L)....-.. 
Z. Koba, T. Kotani and S. Nakai 5 (1950), 


The fast protons in 7-meson stars. (L)...... 


Y. Fujimoto, K. Takayanagi and Y. Yamaguchi 5 (1950), » 


On the production of 7-rays accompanied by the absorption of z-meson by a 


proton... (lL) e ge. a S. Ogawa and E. Yamada 5 (1950), 5 


Production of scalar and pseudoscalar mesons by photons...... 

Gentaro Araki 5 (1950), 
High energy nuclear evenis...... R.: Fermi 5 (1950), 
On the scattering of Z-mesons by nucleons. ..... 


J. Ashkin, A. Simon and R. E. Marshak 5 (1950), 


Production of <-mesons in nucleon-nucleon collisions near the threshold energy 


weyx tite. Hiroshi Fukuda and Gyo Takeda 3 (1950), 
Effect of nuclear binding on meson production... ... Y.. Fujimoto, 
K. Nishijima, T. Okabayashi, K. Takayanagi and Y. Yamaguchi 5 (1950), 
On the negative 7-meson capture... ... H. Fukuda, 


S. Hayakawa, K. Takayanagi G. Takeda and Y. Yamaguchi 5 (1950), 
The multiple production of mesons by high energy nucleon-nucleon collisions 
ree sr Hiroshi Fukuda and Gyo Takeda 5 (1950), 
On the production of j7-ray accompanied with the absorption of 7-meson by a 
proton tl pene Syuzo Ogawa and Eiji Yamada 5 (1950), 


Photo-meson production and nucleon isobar 


321 


239 


SI57/ 


O77 


Y. Fujimoto and H. Miyazawa 5 (1950), 1052 


On the absorption of negative z-meson by proton, II (L) 


E. Yamada, Y. Nagahara and S. Ogawa 6 (1951), 


131 


Subject Index 31 


Mesonic processes in two-nucleon system...... 
Yoichi Fujimoto and Yoshio Yamaguchi 6 (1951), 166 
On the production of mesons by X-rays... ... 
Ko Aizu, Yoichi Fujimoto and Hiroshi Fukuda 6 (1951), 193 
On the absorption of the negative 7-meson by deuteron...... 
Shuzo Ogawa, Eiji Yamada and Yukio Nagahara 6 (1951), 227 
Production of vector 7-mesons by high energy nucleon-nucleon collisions. (L) 
2. Ke Ida’ © 654951), 258 
On the multiple production of mesons. (L)...... 
H. Umezawa, Y. Takahashi and S. Kamefuchi 6 (1951), 428 
On the photo-meson production from heavy nuclei. (L)—Corrigenda...... 
S. Machida and T. Tamura 6 (1951), 437 
On the absorption of the negative 7-meson by deuteron. (L)..-... 
S. Ogawa, E. Yamada and Y. Nagahara 6 (1951), 444 
On the production of negative protons...... 
Mituo Taketani and Shigeru Machida 6 (1951), 559 
Photo-meson production from deuteron. ..... 
Shigeru Machida and Taro Tamura 6 (1951), 572 
The scattering of mesons by nuclear particles, I...... 
R. C. Majumdar, A. S. Apte and M. K Sundaresan 6 (1951), 737 
The phenomenological analyses of mesonic processes. .-.- 
Yoshio Yamaguchi 6 (1951), 772 
Production of charged z-meson by 7-ray —Higher order corrections—....- - 
Zito Koba, Tsuneyuki Kotani and Shinzo Nakai 6 (1951), 849 
m°-meson production by gamma-ray. Cae tea S. Minami 6 (1951), 895 
A note on the Fermi’s theory of meson production. (L)..---- 
Y. Fujimoto and T. Tamura 6 (1951) 5,901 
Meson-nucleon scattering. ...-.- 
Yoichiro Nambu and Yoshio Yamaguchi 6 (1951), 1000 
On the Z-dependence of the positive-negative ratio of the mesons produced by 
photons on nuclei. (L)------ S. Machida and T. Tamura 6 (1951), 1030 
Neutral-meson production by gamma-ray...... Shigeo Minami 7 (1952), 69 
Meson reactions in deuterium and meson-nucleon scatiering....-- 
Yoshio Yamaguchi AG's) ees 
Meson production by 7-rays from deuterium. ...- - 
Yoshio Saito, Yoiti Watanabe and Yoshio Yamaguchi 7 (1952), 103 
Note on the statistical theory of te meson showers sli )aa en — 2 
S) Takagi -7 (1952), -122 


Excitation function for meson production by j-ray------ 
Shigeo Minami 7 C1952) 58935 


The capture process of z-mesons by deuterons... ..- - 


Yoshio Matuzaki and Muneo Sasaki 7 (1952), 573 


32 Subject Index 


z Mesons, Reactions (Continued) 


On the model of V-particle and meson-nucleon scattering. (L)...-.. 
K. Sawada 7 (1952), 592 


Some remarks on the photo-disintegration of deuteron, I...... 
Yukio Nagahara and Jun Fujimura 8 (1952), 49 
The S-matrix method in pion reactions...... 
Tadao Nakano and Kazuhiko Nishijima 8 (1952), 53 
An interpretation of the meso-disintegration of the deuteron in terms of the 
strong coupling meson theory. (L).....-.- 
S. Matsuyama and H. Miyazawa 8 (1952), 140 
Pion reactions in one nucleon system and nucleon isobars. .... . 
Shigeo Minami, Tadao Nakano, 
Kazuhiko Nishijima, Hisaichiro Okonogi and Eiji Yamada 8 (1952), 531 
m-D scattering and strong coupling theory. (L)...... 
H. Miyazawa and S. Matsuyama 8 (1952), 573 
On the -P* scattering o(L) 22% K. Ono 8 (1952), 676 
Meson nucleon scattering. (L)...... S. Goto 9 (1953), 91 
Photo positive pion production. (L)...... 
M. Takasu, S. Goto, J. Fujimura and R. Kawabe 9 (1953), 92 
The scattering of gamma-ray by nucleon and nucleon isobars...... 
Shigeo Minami 9 (1953), 108 
On the reaction of the mesonic proper field... ... 
Shigeo Goto, Rokuo Kawabe and Masashi Takasu 9 (1953), 312 
On the scattering problem in pseudo-scalar meson in pseudo-vector coupling... . 
Katuro Sawada 9 (1953), 455 
On the pion-nucleon scattering. (L)...... Y. Miyachi 9 (1953), 469 
Meson-deuteron reaction and nucleon isobars..... . 
Sadahiko Matsuyama and Hironari Miyazawa 9 (1953), 492 
The z-nucleon scattering and the damping effect. (L)...... 
K. Hasegawa and S. Azuma 10 (1953), 240 
Pion-nucleon scattering and nucleon isobar... .. . 
Akira Kanazawa and Masao Sugawara 10 (1953), 399 
Fourth order calculations of meson-proton scattering in the symmetrical Ps (Ps) 
theory, (la) sere 
K. Nakabayashi, K. Hasegawa and I. Yamamura 10 (1953), 694 
Fourth order phase shifts for meson-proton scattering in the symmetrical Ps (Ps) 
theory. tLe oe 
K. Nakabayashi, K. Hasegawa and I. Yamamura 10 (1953), 696 
Fermi’s theory of the generation of pions and the partition theory of numbers. 
rh i F. C. Auluck and D. S. Kothari 11 (1954), 120 
Note on meson-nucleon interaction. (Bea S. Minami (195 4 ais 


Subject Index 


Shigeo Minami 11 (1954), 
On the renormalization of Salpeter-Bethe kernel of meson-nucleon system in the 
Biatoe bral foe ola) sca 3s T. Yoshimura 11 (1954), 
Kinematical studies of pion-nucleon interactions. (L)...... 
S. Hayakawa, M. Kawaguchi and S. Minami I11 (1954), 
Renormalization in the covariant treatment of pion-nucleon scattering. (L).-- - 
S. Chiba 11 (1954), 
Covariant subtraction of “ overlapping divergences ” appearing in the pion-nucleon 
scattering. (L)...:.. D. Ito and H. Tanaka IL1 (1954), 
On Fermi’s theory of high energy nucleon-nucleon collisions. (Lys ee te 
Vv. S. Nanda 11 (1954), 
Pion-nucleon scattering by Tamm-Dancoff method. (pet Pe 
K. Ishida and A. Takahashi 11 (1954), 
Theoretical analysis of pion-nucleon scattering... --- Nobuyuki Fukuda, 


Shigeo Goto, Susumu Okubo and Katuro Sawada 12 (1954) 


On the effective Hamiltonian for pseudoscalar meson with pseudoscalar coupling 


An invariance theorem for cross sections of meson-nucleon scattering 


with nucleon...... Tomoya Akiba and Katuro Sawada 12 (1954) 
On the variational solution of Bethe-Salpeter equation in pion-nucleon scattering. 
Cs eine 2 272 D. Ito and H. Tanaka 12 (1954), 


The effects of heavy particles on 7-meson-proton scattering... --- 
Shigeaki Hatano, Tadashi Kaneno and Mitsuo Shindo 12 (1954), 
Meson production in meson-nucleon collisions. (L)..---- 
Y. Miyachi 12°(1954); 
Kinematical investigations of meson-nucleon reactions. ..... 
Satio Hayakawa, Masaaki Kawaguchi and Shigeo Minami 12 (1954), 


Renormalization in the covariant treatment of pion-nucleon scattering... -- 


Shin Chiba 12 (1954), 

Zeto-energy mesonic processes and renormalization in D.T.G.’s formalism. (L) 
© "Chibatand M. Namiki ~12° (1954), 

Zero-energy mesonic processes and renormalization in Schwinger’s formalism. (L) 
i Ae M. Namiki, S. Chiba and S. Hanawa 12 (1954), 

The cut-off method in meson theory. ----- Shigeo Goto 12 (1954), 


Pion-nucleon scattering in the Tamm-Dancoff approximation PS 


Shin Chiba, Miwae Yamazaki and Nobuyuki Fukuda 12 (1954), 


On the relation between meson-nucleon scattering and photomeson production 


Masaaki Kawaguchi and Shigeo Minami 12 (1954), 


On Fermi’s theory of multiple production. (L)------ 
Ono and Ky Corde te 41955); 


A tentative analysis of 7-27 process. (Li \evgietisee 2 


D. Ito and S. Minami 13 (1955), 


33 


ANE) 


224 


332 


494 


501 


6605 


6ii 


y» US 


py 


105 


167 


243 


33595) 


481 


693 


694 
699 


767 


789 


101 


108 


34 Subject Index 


z Mesons, Reactions (Continued) 


On double pion production in nucleon-nucleon collision. (L)...... 


D1 ) 13 acioss 
The D-wave contribution to pion-nucleon scattering... .. - 
Taiji Yamanouchi and Nobuyuki Fukuda 13 (1955), 


Elastic production of neutral photo-pions in helium. (L)...... 


Y. Yamaguchi 13 (1955), 

Phenomenological analysis of elastic 7-p scattering at 1.4 Bev....... 
Daisuke Ito and Shigeo Minami 14 (1955), 
On the angular distribution of double pion production in pion-nucleon collisions 
eur ek WBS, eo Daisuke Ito and Shigeo Minami 14 (1955), 


Low energy limits of photon-nucleon and pion-nucleon collisions... .. . 


Sigeo Hanawa, Mikio Namiki and Shin Chiba 14 (1955), 


Electromagnetic Properties of Nucleons 


Magnetic moment and virtual dissociation of nuclear particle. ..... 


TZ 


200 


459 


198 


482 


354 


Gentaro Araki 1 (1946), 1 


On the electromagnetic properties of nucleons, I...... 
Minoru Kobayasi and Eizo Kanai 1 (1946) 
On the modification of the Hamiltonian of a nuclear particle due to its virtual 
dissociationay (1s)s. wae ae Gentaro Araki 2 (1947) 

On the electromagnetic properties of nucleons, II...... 
Eizo Kanai, Minoru Kobayasi and Shigeo Kokaji 2 (1947), 


On the electromagnetic properties of nucleons, III...... 


Eizo Kanai and Minoru Kobayasi 2 (1947), 
Magnetic moment of nucleon. (L)...... K. Sawada 4 (1949), 
On the magnetic moment of nucleon...... Katuro Sawada 4 (1949), 


On the electromagnetic properties of nucleons. (6 eee 


M. Taketani, S. Machida and T. Tamura 5 (1950), 


Anomalous magnetic moment of the nucleon. (L) 


E. Yamada 5 (1950), 


On the anomalous magnetic moment of nucleon in vector and pseudovector 


meson theory. (L)...... S. Hori and K. Sawada 5 (1950), 
Radiative corrections to anomalous magnetic moment of nucleon in pseudoscalar 
meson theory; (Li) caus ane K. Nakabayasi and I. Sato 6 (1951), 
Meson current around the nucleon. (ee oe Y. Takahashi 6 (1951), 
Phenomenological explanation of magnetic moments of nucleons in terms of the 
excited states of nucleons. ..... Masao Sugawara 8 (1952), 


Anomalous magnetic moment of nucleon and nucleon isobar 


9 Tel w eee a 


Akira Kanazawa and Masao Sugawara 11 (1954), 


» 2 


ek 


151 
19 
383 
232 


150 


549 


25 


Subject Index 35 


A remark on neutron-proton mass difference. (L)...... 


Y. Oishi and H. Katsumori 12 (1954), 109 
A note on photon-nucleon scattering. (L)...... Y. Yamaguchi 12 (1954), 111 
Effect of the Pauli moment on the 7-decay of neutral meson. (L).....- 
H. Katsumoti 12 (1954), 241 
Radiative corrections to the anomalous magnetic moment of the nucleon in 
pseudoscalar meson theory. Corrigenda (L)...... 
K. Nakabayasi, I. Sato and T. Akiba 12 (1954), 250 
On the analysis of the anomalous magnetic moment of the nucleon in the second 
order calculations. (L)...... 
K. Hasegawa, S. Matsuyama and T. Akiba 12 (1954), 548 
A classical treatment of the scattering of electromagnetic waves by nucleons. (L) 


See I. Sato and Y. Ichikawa 12 (1954), 812 


On the electron-neutron interaction. (L)...... M. Yamada 13 (1955), 124 
A note on the static approximation of the nucleon anomalous magnetic moment. 
CIE) Bis, <2 A. Kanazawa 14 (1955), 397 


Nuclear Forces and Deuteron Problems, Meson Theoretical 


On the meson pair theory of nuclear forces, 1..... - Susumu Noma 1 (1946), 71 
On the meson pair theory of nuclear forces, II.....- Susumu Noma 3 (1948), 54 


On the meson pair theory of nuclear forces, III. CAjp ees . 
H. Enatsu and S. Noma 3 (1948), 215 


On the meson pair theory of nuclear forces, IV. (A) teten.” 
S. Noma and S. Hiroishi 3 (1948), 216 


On the theory of nuclear force. (L)..---- M. Sugawara 3 (1948), 442 
On the meson theory of nuclear forces... ..- Gentaro Araki 4 (1949), 193 
Note on the deuteron problem of the mixed meson theory of pseudovector and 
pseudoscalar fields. (L).----- S. Hiroishi and H. Tanaka 4 (1949), 231 
On the nuclear forces. (L).----- H. Enatsu 4 (1949), 572 
On the nuclear forces....-..- Hiroishi Enatsu 5 (1950), 102 


On the concept of the nuclear potential. (L).----- 
K. Baba, D. Ito, T. Miyazima and M. Sasaki D195 0) meloo 


Non-singular tensor force in pseudoscalar meson theory. (yes a. 
S. Endo and S. Tani 5 (1950), 310 
Derivation of the interaction potential from field theory.) (Liana 
YY. Nambu .S..(1950)> 321 
On the concept of the nuclear potential. (L) ; Errata...... 
K. Baba, D. Ito, T. Miyazima and M. Sasaki §_9°(1950), 339 


Ground state of deuteron according to pseudoscalar meson theory.” (L):. s22 2: 


G. Araki and Y. Mori 5 (1950), 505 


36 


Subject Index 


Nuclear Forces and Deuteron Problems, Meson Theoretical (Continued) 


Meson fields and nuclear forces...... L. Rosenfeld 5 (1950), 519 
The Yukawa theory of nuclear forces in the light of present quantum theory 
of wave fields...... W. Heisenberg 5 (1950), 523 


Nuclear saturation phenomena deducible from pair theories...... 
G. Wentzel 5 (1950), 584 
Force potential in quantum field theory...... Yoichiro Nambu 5 (1950), 614 
Remarks on Bethe’s neutral theory of nuclear force... ... 
Masao Sugawara 95 (1950), 920 
Pseudoscalar meson theory and ground state of deuteron...... 
Gentaro Araki and Yukio Mori 6 (1951), 188 
On the nuclear potential in the meson theory. (L)...... Y., Ataka"" GPCESS17; 230 
Effect of nucleon recoil on nuclear forces... ... Gentaro Araki 6 (1951), 379 
On the method of the theory of nuclear forces...... 
M. Taketani, S. Nakamura and M. Sasaki 6 (1951), 581 
On the exchange current. (L)...... Y. Ataka 6 (951) Ge 
On the nuclear forces and the ground state of deuteron. (L)...... 
M. Taketani, S. Onuma and S. Koide 6 (1951), 635 
Meson theory of nuclear forces. (L)...... 
M. Taketani, S. Machida and S. Onuma 6 (1951), 638 
Deviations of nuclear magnetic moments from the Schmidt lines... ... 
Hironari Miyazawa 6 (1951), 801 
On the adiabatic nuclear potential, I...... Kazuhiko Nishijima 6 (1951), 815 
On the fourth-order nuclear potential. (L)...... 
S. Machida, S. Onuma and M. Taketani 6 (1951), 904 
On the adiabatic nuclear potential, II...... Kazuhiko Nishijima 6 (1951), 911 
Divergences arising from nuclear forces. (L)...... 
T. Nakano and K. Nishijima 6 (1951), 1024 


The meson theory of nuclear forces, I—The deuteron ground state and low energy 
neutron-proton scattering—...... 


Mitsuo Taketani, Shigeru Machida and Shoroku O-numa 7 (1952), 45 


Remarks on the adiabatic nuclear potential 


Shigeru Machida and Kazuhiko Nishijima 7 (1952), 57 


Non-additivity of nucleon magnetic moment in the deuteron 


Hironari Miyazawa 7 (1952), 207 
T. Hamada and M. Sugawara 9 (1953), 555 
On the effects of excited states of nucleons upon static nuclear potential in 


symmetrical pseudoscalar meson theory, I— Derivation of nuclear potential and 
qualitative conclusions— 


Remarks on Lévy’s fourth order potential. (L) 


Tokuji Matsumoto, Tetuo Hamada and Masao Sugawara 10 (1953), 199 
On the nuclear saturation 


Syuzo Ogawa and Toshio Marumori 10 (1953) 2265 


Subject Index 37 


Nuclear forces in pseudoscalar meson theory...... Iwao, Sato... 10. (1953));,.323 
On the many-body problem in the intermediate coupling theory, I 


Takao lati’ "LO “C1953), 421 
Note on the meson theory of nuclear force. (L)...... S. Fujii, J. Iwadare, 
S. Otsuki, M. Taketani, S. Tani and W. Watari 10 (1953), 478 
The meson theory of nuclear forces, I] —High energy nucleon-nucleon scattering — 
Me Se S. Fujii, 
J. Iwadare, S. Otsuki, M. Taketani, S. Tani and W. Watari 11 (1954), 11 
The effect of the mass differences between charged and neutral pions on the 
nuclear foace. (L)...-.- Au SUGIEs palsls GL954)5 333 
Electromagnetic properties of deuteron. (L)...-... 


I. Sato and K. Itabashi 12 (1954), 100 


Diagonalisation of Hamiltonian. (L)...... S. Okubo 12 (1954), 102 
Reformulation of Brueckner-Watson method by means of canonical transformations. 
Ene ars ei S. Tani 12 (1954), 104 


On the construction of potential in field theory...... 
Nobuyuki Fukuda, Katuro Sawada and Mituo Taketani 12 (1954), 156 
Phenomenological analysis of the meson theory of nuclear force...... 
Shoichiro Otsuki and Saburo Fujii.....- 12 (1954), 521 
A remark on Tamm-Dancoff approximation. (L)...... 
T. Okabayashi 12 (1954), 545 
On the multiple scattering phase shifts and the nuclear force— Scalar pair theory— 
(Is) wise K. Hasegawa and S. Azuma 12 (1954), 546 
On the effects of excited states of nucleons upon static nucear potential in 
symmetrical pseudoscalar meson theory, II —Numerical results on deuteron 
problemn—.....- Tokuji Matsumoto and Masao Sugawara 12 (1954), 553 
Diagonalisation of Hamiltonian and Tamm-Dancoff equation....-- 
Susumu Okubo 12 (1954), 603 
Meson theoretical potentials in triplet odd state. (ds) 2ine. 
S. Otsuki and R. Tamagaki 12 (1954), 806 
Spin-orbit coupling in the pseudoscalar meson theory of nuclear forces... --- 
Gentaro Araki 13 (1955), 13 
Derivation of the value of the coupling constant / from the rest energy of 
the nucleon....-- Ferdinand Cap 13 (1955), 62 
Recoil correction to the adiabatic nuclear potential. (L)....-- 
M. Shindo and K. Nishijima 13 (1955), 103 
Potential in quantum field theory. ----- Tsutomu Imamura 13 (1955), 183 
Nonadiabatic treatment of nuclear forces, I—Static limits—...... 
Junji Iwadare 13 (1955), 189 
Non-static corrections to the fourth order nuclear forces. (L).-.---- 
J. Iwadare 13 (1955), 218 


Electromagnetic properties of deuteron....-.- 
Iwao Sato and Kiyomi Itabashi PB 1955)), 348 


38 Subject Index 


Nulear Forces and Deuterou Problems, Meson Theoretical (Continued) 


Multiple scattering phase shifts and nuclear potential... ... 
Kazu Hasegawa and Shuko Azuma 13 (1955), 
On higher order corrections in the meson theory of nuclear forces... .. - 
Shigeru Machida and Kei Senba 13 (1955), 
Recoil eect and spin-orbit coupling. (L)...... SHSatag Ld -(1935%- 


Nonadiabatic treatment of nuclear forces, I] —Nonstatic corrections—...... 


360 


389 
457 


Junji Iwadare 14 (1955), 16 


On the meson-theoretical potentials... ... 
Shoichiro Otsuki and Ryozo Tamagaki 14 (1955) 
Magnetic exchange moment to order eg’ in adiabatic approximation. (L)...... 
S. Hatano 14 (1955); 
On the recoil correction to adiabatic nuclear potential... ... 
Iwao Sato, Kiyomi Itabaihi and Shinji Sato 14 (1955), 
The relativistic and exchange current corrections to the deuteron magnetic 
moment and the thermal N-—P capture cross section...... 
Masao Sugawara 14 (1955), 
Meson-theoretical potentials in N'. (L)...... 
S. Otsuki, T. Sawada and S. Suekane 14 (1955), 


“eavy Mesons and Hyperons ; (see also Elementary Particle Interactions) 


On the nature of t-meson...... 

H. Fukuda, S. Hayakawa and Y. Miyamoto 4 (1949), 

On the decay of heavy mesons, I—On Pauli’s regulator in the calculation of meson 
decay problems—...... 

Shoji Ozaki, Sadao Oneda and Seibun Sasaki 4 (1949), 

The another z-meson. (L)...... S. Hayakawa and Y. Yamaguchi 4 (1949), 

On the decay of heavy mesons, II—Case of the symmetrical interaction— 


ey 


170 


606 


388 


524 
570 


Seibun Sasaki, Sadao Oneda and Shoji Ozaki 5 (1950), 25 


Note on varitrons. (L)...... S. Hayakawa 5 (1950), 
The decay of a t* meson into z* and 2° mesons. (D) core ae 

H. Fukuda and Y. Miyamoto 5 (1950), 
The decay of a t+ meson into a 7* meson and a photon. (L) 


H. Fukuda and Y. Miyamoto 5% (1950), 
On the decay of heavy mesons, III— Case of the unsymmetrical interaction—..... . 


Sadao Oneda, Seibun Sasaki and Shoji Ozaki 5 (1950), 
On the nature of t-mesons, I....... 
Hiroshi Fukuda, Satio Hayakawa and Yoneji Miyamoto 5 (1950), 

On the decay of a heavy meson into lighter mesons, (L)...... 


S. Ozaki, S. Oneda and S. Sasaki 5 (1950), 


145 


147 


148 


165 


283 


305 


Subject Index 


On the nature of t-mesons, IT 


Hiroshi Fukuda, Satio Hayakawa and Yoneji Miyamoto 95 


On the decay of heavy meson into lighter mesons 


Shoji Ozaki 5 
On the decay of a heavy Dirac meson...... 
Hiroshi Fukuda and Satio Hayakawa 5 
On the nature of V-particles, I. I]. (L)------ 


39 


(1950), 352 
(1950), 373 


(1950), 993 


Y. Nambu, K. Nishijima and Y. Yamaguchi 6 (TOST) 701s, ole 


On a possible model of the V-particle. (L)--.--- 
K. Aizu and T. Kinoshita 6 


(1951), 630 


A model for V-particles. (L)..---- H. Miyazawa 6 (1951), 631 
Note on the theory of V-particles and c-mesons. (L)..---- 

S. Onedai - 6(1951)), 033 
V-particle as a composite one. CLES sone H. Suura 6 (1951), 893 
V-particles and nuclear phenomena. (2) ope chee S. Oneda 6 (1951), 1014 
On the model of V-particle and meson-nucleon scattering. (L)...--- 

K. Sawada 7 (1952), 592 
An empirical mass spectaum of elementary particles. (L)...--- 

Y. Nambu 7 (1952), 595 
Note on the structure of the interactions between unstable elementary pariicles. 

(8) ear S. Oneda 8 (1952), 255 


Selection rules for decays of 7-mesons and V-particles...--. 
Tesuo Hamada and Masao Sugawara 8 


Note on the law of conservation of heavy particles. (L)..---- 


S. Oneda 8 
On the «-meson. (L).----- K. Inoue 9 
Models of V-particles.----- Kazuhiko Nishijima 9 
The theory of V-particles. ..--- Ken-ichi Ono 9 


(1952), 363 


(1952), 568 
(1953), 323 
(1953), 414 
(1953), 524 


New proposal on the mass spectrum of elementary particles. (L).----- 


S. Yoshikawa and T. Hasebe 10 
On the baryon-meson-photon system. ---- - A. Pais 10 
Charge independence for V-particles. (L)------ 

T. Nakano and K. Nishijima 10 


A tentative theory of A-particles—T heory of 4-dimensional <-space—..--- 


Tadao Nakano and Ryoyu Utiyama 11 


Further comments on the proposed mass spectrum. (Ee roecamee 


S)Yoshikawavand T. Hasebe ~ "11 

On the «—y- decay-in-flight in the photographic emulsion exposed 
altitude. (L)..---- RO Niw > LL 
Some remarks on the even-odd fules (Ll) os. nae K. Nishijima 12 


The effects of heavy particles on 7-meson-proton scattering. ..--- 


Shigeaki Haitano, Tadashi Kaneno and Mitsuo Shindo 12 


(1953 )59 559 
(1953), 457 


(1953), 581 


(1954), 411 


(1954), 496 
at high 
(1954), 499 


(1954), 107 


(1954), 167 


40 Subject Index 


Heavy Mesons and Hyperons (Continued) 


Notes on the unstable particles. (L).....- 
S. Ogawa, B. Sakita and Y. Taguchi 

On the interaction of V-particles. (L)...... S. Iwao 
Charge independence theory of V-particles...... 

Kazuhiko Nishijima 
On bound A’-particles...... Ken-ichi Ono 
Some remarks on the reaction K~+d7 S}"+p...... 

Kazuhiko Nishijima 


12 
13 


13 
13 


14. 


(1954), 691 
(1955), 111 


(1955), 285 
(1955), 522 


(1955), 523 


On the interaction between hyperons and nucleons and the hyper fragments... . . . 


Kazuhiko Nishijima 


Nuclear Forces and Deuteron Problems, Phenomenological ; 


(see also Nuclear Forces and Deuteron Problems, Meson Theoretical) 


14. (1955), 527 


On the photo-disintegration of the deuteron—Pseudoscalar meson theory— (L).... 


H. Enatsu and Y. Takano 
Note on the high energy neutron-proton scattering. (L)...... 
S. Hiroishi and H. Tanaka 
On tensor force and saturation requirements... ... 
Hideo Kanazawa 
Remarks on the neutron-proton scattering with tensor force. (L) 


Y. Yamaguchi 


4 


5 


6 


6 


(1949), 375 
(1950), 134 
(1951), 126 


(1951), 439 


Effects of tensor forces on the elastic scattering of neutrons by deuterons. (L) 


Mh: H. Horie, T. Tamura and S. Yoshida 


6 


(1951), 623 


Nuclear cross sections for fast neutrons and interaction between high energy 


nucleons... .. . Kojiro Ida 
Note on the saturation properties of nuclear forces. (L)...... 
S. Endo and H. Kanazawa 
Effects of tensor forces on the neutron-deuteron scattering «.4ay. 
Hisashi Horie, Taro Tamura and Shiro Yoshida 
Photodisintegration of the deuterons at high energies... .. . 
Muneo Sasaki 


Note on the tensor interaction in triplet odd states. (L) 


S. O-numa 


7 


8 


8 


8 


8 


(1952), 269 
(1952), 252 
(1952), 341 
(1952), 557 


(1952), 576 


Charge independence of nuclear interaction and high energy nucleon-nucleon 


9 (1953), 93 
The effect of the excited states of nucleons in high energy nucleon-nucleon 


9 (1953), 94 


seattéring ss (Ty) ena J. Iwadare 


scattering. (L)ic sian . J. Iwadare 
Some remarks on the photodisintegration of deuteron, II 


Jun Fujimura 


9 


(1953) 


Subject Index 41 


On the proton-neutron interaction. (L)...... 
T. Komoda and M. Sasaki 9 (1953), 468 


On the D state probability of deuteron. (L)...... S. Machida 9 (1953), 683 
Angular distribution of the deuteron photodisintegration at moderate energies. 
Uy Rapes A. Sugie and S. Yoshida 10 (1953), 236 


Nucleon scattering by a potential...... 
Masahiko Matsumoto and Wataro Watari 11 (1954), 63 
Nucleon isobars and nuclear forces in low energy region. (L).....- 
le Rikutaeiuil 41954), 218 
A variation principle in deuteron problem. (L)...... T. Kikuta 11 (1954), 493 
On nuclear force for °S,+"D, state...... 
Masahiko Matsumoto and Wataro Watari 12 (1954), 503 
The properties of the meson theoretical potentials in Li®...... 
Shoichiro Otsuki, Tatsuro Sawada and Syota Suekane 13 (1955), 79 
Formula for differential cross section in nucleon-nucleon scattering. (L)....-- 
M. Matsumoto 13 (1955), 329 


Meson-theoretical potentials in N™. (L)..-.-- 
S. Otsuki, T. Sawada and S. Suekane 14 (1955), 606 


Nuclear Spin and Moments 


On the value of the electric quadrupole moment of the deuteron. (L)..... 3 
E. Isiguro 3 (1948), 312 
On the angular momentum of the atomic nucleus induced by its surface vibra- 
HONS i Mokichiro Nogami 3 (1948), 362 
On the neutron-proton scattering. (L)..---- 
M. Watanabe, J. Miida and M. Sato 5 (1950), 162 
Nucleon-nucleon interaction at high energies. (L)...... 
Y. Fujimoto, S. Hayakawa and Y. Yamaguchi 5 (1950), 318 
A possible explanation for the deviations of the nuclear magnetic moments from 
the Schmidt lines. (L)..-..- H. Miyazawa 6 (1951), 263 
On the exchange current. (L)..---- Y¥, Ataka -.6 (1951), 627 


Deviations of nuclear magnetic moments from the Schmidé lines......- 
Hironari Miyazawa 6 (1951), 801 


On the quadrupole moments of light nuclei...... 
Hisashi Horie and Shiro Yoshida © (1951), 829 


Non-additivity of nucleon magnetic moment in deuteron...... 
Hironari Miyazawa 


Magnetic moment of Lie Ga)aiacntes T. Komoda and M. Sasaki 


a 


(1952), 207 
(1952), 669 


ee) 


Configuration mixing and magnetic moments ofentucleinn(L) i 


A. Artima and H. Horie 11 (1954), 509 


42 Subject Index 


Nuclear Spin and Moments (Continued) 


Configuration mixing and magnetic moments of odd-nuclei...... 


Akito Arima and Hisashi Horie 12 (1954), 623 
Electromagnetic properties of deuteron... ... | 
Iwao Sato and Kiyomi Itabashi 13 (1955), 341 


Nuclear Structure 


On the angular momentum of the atomic nucleus induced by its surface vibra- 

HONs fetes Mokichiro Nogami 3 (1948), 362 
Neutron cross section and nuclear shell structure. (L).....- 

S. Yamabe and J. Sanada 5 (1950), 1049 

On the excited states of even nuclei. (L).....- 

H. Horie, M. Umezawa, Y. Yamaguchi and S. Yoshida 6 (1951), 254 
Nuclear shell model and the /3-decay schemes, I....... 

M. Umezawa, S. Nakamura, Y. Yamaguchi and M. Taketani 6 (1951), 408 


Non-additivity of nucleon magnetic moment in the deuteron...... 

Hironari Miyazawa 7 (1952), 207 
On the structure of heavy nuclei...... Osamu Miyatake 7 (1952), 285 
The jj coupling shell model...... Minoru Umezawa $8 (1952), 509 
On the D state probability of deuteron. (L)...... S. Machida 9 (1953), 683 
Note on a j-j coupling shell model...... Minoru Umezawa 10 (1953), 505 


On the lower energy levels of Li’. (L)...... 
T. Ishidzu and S. Obi 10 (1953), 690 
Generalized Reacah coefficient and its applications... ... 
Akito Arima, Hisashi Horie and Yukito Tanabe 11 (1954), 143 
On the binding energy and properties of lower energy levels of Li®...... 
Masato Morita and Taro Tamura 12 (1954), 653 
The properties of the meson theoretical potentials in Li®...... 
Shoichiro Otsuki, Tatsuro Sawada and Syota Suekane 13 (1955), 79 


On the foundation of the unified nuclear model, I 


Toshio Marumori, Jiro Yukawa and Ryokichi Tanaka 13 (1955), 442 
On the foundation of the unified nuclear model, II. (L) 
T. Marumori and E. Yamada 13 (1955), 557 


Nuclear structure as revealed by electric excitation 


Clerk Goodman 14 (1955), 95 


Separation energies and nuclear structures in light nuclei 


é c je we) 


Takao Tati 14 (1955), 107 
On the binding energies of very light nuclei. (L) 


S. Suekane and W. Watari 14 (1955), 490 
Meson-theoretical potentials in N''. (L) 


S. Otsuki, T. Sawada and S. Suekane 14 (1955), 606 


Subject Index 43 


On the relation between Hill-Wheeler’s and Bohr-Matielson’s descriptions of the 
nuclear collective modelin (2) Sine) 0.75 T. Marumori 14 (1955), 608 


Nuclear Reactions 


Y. Fujimoto and Y. Yamaguchi 3 (1948), 462 
On the photo-disintegration of the deuteron. (L)...... — Pseudoscalar meson 
theory— H. Enatsu and Y. Takano 4 (1949), 375 
High energy photo-disintegration of the «-particle. (Le see 
Y. Nishida and M. Nogami 4 (1949), 394 
On the photo-disintegration of the deuteron—Pseudoscalar meson theory—.....- 
Hiroshi Enatsu and Yoshiro Takano 4 (1949), 543 
The range and the mean free path of high energy nucleons in nuclear matter. 
1S) ane & Y. Fujimoto and Y. Yamaguchi 5 (1950), 141 
Notes on high energy nuclear evaporation. (Iesaee 
Y. Yamaguchi 5 (1950), 142 
Note on high energy induced fission of Bi. (L).----- 
Y. Yamaguchi 5 (1950), 143 


The effect of exclusion principle on the nucleon-nucleon scattering in nuclear 


On the proton-decay in cosmic-ray stars. (L) 


Tatte Sener eee Y. Yamaguchi 5 (1950) 39332 
Order of magnitude theory of the depression of Coulomb barrier height in highly 
excited nuclei. (L)...... Y. Yamaguchi 5 (1950), 501 


Notes on fluctuation in nuclear evaporation process. (L)..---- 
K. Takayanagi and Y. Yamaguchi 5 (1950), 894 
On the stars of light nuclei. (L).----- Y. Yamaguchi 5 (1950), 896 
On the nuclear stars. (L)..---- Y. Yamaguchi 5 (1950), 904 
Nuclear disintegration caused by cosmic-rays...--- ; 
Yoichi Fujimoto and Satio Hayakawa 6 (1951), 96 
Note on very large cosmic-ray stars, | let Son eas Yoshio Yamaguchi 6 (1951), 329 
Effects of tensor forces on the elastic scattering of nucleons by deuterons. (L) 
H. Horie, T. Tamura and S. Yoshida 6 (1951), 623 
On the high energy nuclear photoelectric reaction. (oar ais 
S. Yoshida 6 (1951), 1032 
Nuclear cross sections for fast neutrons and interaction between high energy 
nucleons....-- Kojiro Ida 7 (1952), 269 
Disintegration of light nuclei by o-meson capture..---- 
S. Enomoto, Y. Fujimoto, H. Horie PRGEY we lsuzuki . (1952), 923 
On the angular distribution of D+D nuclear reaction products. ...-- 
Yoshihiro Nakano 8 (1952), 39 
Effects of tensor forces on the neutron-deuteron scattering. .---- 
Hisashi Horie, Taro Tamura and Shiro Yoshida . 3 (1952), 341 


44 Subject Index 


Nuclear Reactions (Continued) 


On the “ optical method” for the scattering of high energy particles by complex 


ferlls: (QU) s atr< T. Marumori 9 (1953), 321 
Symmetric fission. (L)...... T. Sasakawa and T. Saweda 9 (1953), 324 
Deuteron stripping reaction...... Shiro Yoshida 10 (1953), 1 


Theory of rearrangement collisions. (L)...... 
Y. Fujimoto, S. Hayakawa and K. Nishijima 10 (1953), 113 
A test of charge independence by the nuclear reactions. (L)...... 
Y. Fujimoto and Y. Yamaguchi 10 (1953), 476 
An interpretation of asymmetric fission. (L).....- 
T. Sasakawa and T. Sawada 10 (1953), 585 
The formal theory of error estimation of rearrangement collisions. (L)...... 
T. Sasakawa Ls (1954)5 127 
Reduced widths from (d, p) reactions. ..... 
Yoichi Fujimoto, Ken Kikuchi and Shiro Yoshida 11 (1954), 264 
On the neutron He’ scattering. (L)...... T. Tamura ll (1954), 335 
Interpretation of the excitation of gamma-rays by 10 Mev neutrons. 
Satio Hayakawa and Ken Kikuchi 11 (1954), 513 
High energy nucleon scattering by nuclei. (L)...... 
O. Kawaguchi, M. Kawai, Y. Nishida, M. Sano and H. Ui 12 (1954), 99 


Reduced widths on collective model... .. . Shiro Yoshida 12 (1954), 141 
A formulation of the theory of alpha-particle decay from time-independent 
equations. ..... R. G. Thomas 12 (1954), 253 


On the direct interaction in nuclear reactions. (L)...... 
S. Hayakawa and T. Sasakawa 12 (1954), 401 
Elastic scattering of alpha-particles by heavy nuclei. (L)...... 
K. Izumo =12 (1954), 549 
Gamma ray energy spectrum from iron bombarded by 14-Mev neutrons. 
Satio Hayakawa and Ken Kikuchi 12 (1954), 578 
Note on the angular distribution of photo-reaction. ..... 
Masato Morita, Atsushi Sugie and Shiro Yoshida 12 (1954), 713 
Nuclear reactions at moderate energies and Fermi gas model...... 
Satio Hayakawa, Mitsuji Kawai and Ken Kikuchi 13 (1955), 415 
Th , non-mesonic photonuclear reactions initiated by high energy /-mesons. (L) 
4 S. Kaneko, T. Kubozoe, M. Okazaki and K. Takahata 13 (1955), 461 
Inelastic scattering of neutrons by rotational excitation... ... 
Satio Hayakawa and Shiro Yoshida 14. (1955),,43 
Formal theory of nuclear direct interaction in nuclear scattering. «\(L,) ic «sels : 
H. Ui 14 (1955), 75 


The Cu(n; 2n) excitation function and the knock-out process in nuclear reactions 
Shera Ryuzo Nakashima and Ken Kikuchi 14 (1955), 126 


Subject Index 45 


The cloudy crystal ball model for 14 Mev neutron reactions. (L)...... 
Seg M. Kawai, M. Nagasaki and H. Ui 14 (1955), 263 

Stripping reactions and nuclear shell model. (L)...... 

S. Okai and M, Sano 14 (1955), 399 
On quantum-mechanical nuclear dipole vibrations. (L)...... 
J. Fujita 14 -(1955), 400 
On the nuclear photo-reaction, I. (L)...... 

S. Fujii and S. Takagi 14 (1955), 402 
On the nuclear photo-reaction, II. (L)...... 

S. Fujii and S. Takagi 14 (1955), 405 
Deuteron-deuteron reaction at high-energy. (L)...... Y. Nishida 14 (1955), 495 


Beta Decays 


On the (-ray. spectrum of Cu”. (L)...... 
S. Nakamura and K. Ono 2 (1947), 158 
On the beta-disintegration possibility accompanying with the capture of a nega- 
tive meson by a nucleus. (A)...... Y. Tanikawa 3 (1948), 213 
On the theory of beta-disintegration...... Yasutaka Tanikawa 3 (1948), 338 
Some remarks on the theory of beta-disintegration. (L)....-. 
S. Takagi 3 (1948), 445 
On the beta-spectra of the Cu. (L)...... 
S. Goto, E. Kanai and M. Kobayasi 3 (1948), 449 
The half-life of radioactive decay of free neutron. (L).....- 
N. Shono and H. Hagihara 4 (1949), 364 
Radiative correction to decay processes, I. (L)...--- 
T. Nakano, Y. Watanabe, S. Hanawa and T. Miyazima 5 (1950), 338 
Radiative correction to decay processes, [I— Beta disintegration of Cl COn= een tae 
T. Nakano, Y. Watanabe, S. Hanawa and T. Miyazima 5 (1950), 1014 
Gouthe spin of neuteinog tne Ken-ichi Ono 6 (1951), 238 
On the matrix elements of the beta decay...... Mitsuo Taketani, 
Seitaro Nakamura, Ken-iti Ono and Minoru Umezawa 6 (1951), 286 
Nuclear shell model and the /?-decay schemes, I.....-- 
M. Umezawa, S. Nakamura, Y. Yamaguchi and M. Taketani 6 (1951), 408 
Zero-zero transition and electron-neutron interaction. (L)....-- 
Y. Yamaguchi 6 (1951), 442 
f-tray spectrum and ft-values in the forbidden transitions... .- - 
S. Nakamura, H. Takebe and M. Umezawa 6 (1951), 604 
On the mesonic correction to the [-decay....-. T. Kotani, S. Machida, 
S. Nakamura, H. Takebe, M. Umezawa and T. Yoshimura 6.1951), 1007 
Beta-spectrum of the third forbidden transition of Rb”...... 
Y. Tomozawa, M. Umezawa and S. Nakamura Te(4952); 327 


46 


Subject I ndex 


Beta Decays (Continued) 


Note on the forbidden transitions in beta-decay...... 
Y. Tomozawa and M. Umezawa 7 (1952), 
Radiative correction to decay processes, [ll—Forbidden beta-transitions caused by 


radiation processes—...+-- 


Shigeo Hanawa and Tatsuoki Miyazima 7 (1952), 

Notes on the decay of the neutron, I...... Tsuneyuki Koéani, 
Hisao Takebe, Minoru Umezawa and Yoshio Yamaguchi tet S5 200 
Notes on the decay of the neutron, Il.....- Tuneyuki Koiani, 


Hisao Takebe, Minoru Umezawa and Yoshio Yamaguchi 3 (195305 
Radiative correction to $-decay matrix element. (L)....-- 
S. Kamefuchi 8 (1952), 
On the #-ray angular correlations...... 
Masami Yamada and Masato Morita 8 (1952), 
On the f-7 angular correlation of Sb’, L...... 
Masato Morita and Masami Yamada $8 (1952), 
On the natural decay of the free neutron...... 
Sho Tanaka and Moto Ito 9 (1953), 


On the relations between beta-decay nuclear matrix elements.....- 


Masami Yamada 9 (1953), 
On the electron-neutrino angular correlation. ..... Masato Morita 9 (1953), 
On the theory of §-decay. (L)...... Y. Tanikawa and K. Saeki 10 (1953), 


Note on the finite nuclear size effect in beta-decay. (L) 


M. Yamada LORS S592 
Correction to the beta-decay nuclear matrix elements... .. - 


Masami Yamada 10 (1953), 
Theoretical reinvestigation of the beta-spectrum of RaH 


Masami Yamada 10 (1953), 
Interference terms of beta-ray angular correlations. (L)...... 
M. Morita 10 (1953), 
Note on coexistence of tensor and axial vector interactions in beta-decay. (L) 
Li Reads M. Morita 10 (1953), 
Effect of collective motion on beta decay. (L) ...... S. Suekane 10 (1953), 
Upper bound of the pseudoscalar coupling constant in beta-decay...... 
Jun-ichi Fujita and Masami Yamada 10 (1953), 
§-spectra of Fe, Rb”, Tc”, Cs’ and the coupling constants of scalar and tensor 
interactions in /7-decay...... 
Masato Morita, Jun-ichi Fujita and Masami Yamada 10 (1953), 
On the f-7 angular correlation of Sb’, II...... 


Masato Morita and Masami Yamada 10 (1953), 
Pseudoscalar interaction in the theory of beta-decay and RaB 


Hisao Taxebe 10 (1953), 


323 


Bor 


469 


120 


137 


431 


449 


169 


268 


345 


2352, 


241 


245 


252 


363 


364 
480 


Subject Index 


fy angular correlation of Tm’” 


Jun-ichi Fujita, Masato Morita and Masami Yamada 


Beta-ray spectra, I...... Hisao Takebe 
Beta-ray spectra, II...... Hisao Takebe 
Beta-ray spectra, IIT...... Hisao Takebe 


Beta-alpha angular correlation of Li®. (L)...... 
M. Morita and M. Yamada 


Matrix elements of [-decay for a spheroidal core model. (L).--- 


M. Nomoto 


Nuclear matrix element for §-decay and ratio of coupling constants 


Jun-ichi Fujita 


47 


11 (1954), 219 
12 (1954), 561 
129954)50 574 
12 (1954), 747 


13 (1955), 114 


13) (1955), 117 


13 (1955), 260 


On the $-7 angular correlations of Tm!” and Sb'"—VT interaction—...... 


Yusuke Kato and Masato Morita 
Explicit formulae of beta-gamma directional cotrelation.....- 
Masato Morita 


B-ray spectrum of RaE...... 
Hisao Takebe, Seitaro Nakamura and Mitsuo Taketani 


Astrophysics 


Giant stars producing energy by C-N teaction...... 
Chushiro Hayashi 


13 (1955), 276 
14 (1955), 27 


14 (1955), 317 


2 (1947), 127 


Proton-neutron concentration ratio in the expanding universe at the stages preced- 


ing the formation of the element......- Chusiro Hayasi 


5 (1950), 224 


Nuclear Spectroscopy ; (see also Nuclear Spin and Moments, Nuclear Structure) 


On the internal conversion of 7-rays in M-shells. CA reraests 
K. Tanihuji and M. Nogami 


On internal pair creation following some beta-decay. (L)..---- 


T. Nakano 
Zero-zero transitions. (L)..---- S. D. Drell and M. E. Rose 


The #-7 angular correlation PV DAS ome AG) Rae 
M. Morita and M. Yamada 


On the excited states of even-even nuclei. (Ei eee 
M. Nagasaki and T. Tamura 


Beta-alpha angular correlation Ofna. (Ls) a eae 
M. Morita and M. Yamada 


On the Gamma-transition of MUCleLs «1s c7eks Mitsuo Sano 


Cosmic Radiation 


3 (1948), 215 


6 (1951), 440 
T= (1952) 125 


10 (1953), 111 
12 (1954), 248 


13 (1955), 114 
14 (1955), 81 


Some considerations about the production of meson showers in matter. (L)..-- 


Sin-itiro —Tomonaga 


2 (1947), 90 


48 


Subject Index 


Cosmic Radiation (Continued) 


On the production of cosmic ray bursts by mesotrons, (A)...... 


I. Sato and S. Ozaki 


S. Tomonaga 
On the theory of air shower initiated by secondary soft rays. (L) 
S. Hayakawa and S. Tomonaga 


On the temperature effect of underground cosmic radiation. (L) .. 


T. Miyazima 
Cosmic-ray underground. (L)...... S. Hayakawa 
Some remarks on cosmic-ray burst. (L)...... S. Hayakawa 


On the proton-decay in cosmic-ray stars. (L)...... 

Y. Fujimoto and Y. Yamaguchi 
Interpretation of bursts in thin-walled chambers. (L)...... 

Y. Fujimoto and Y. Yamaguchi 
On the nucleon component in cosmic rays. (L)...... 


Y. Fujimoto and Y. Yamaguchi 


Phenomenological treatment on the production of cosmic-ray mesons. 


S. Hayakawa and J. Nishimura 
Cosmic-ray bursts under thick shields. (L)...... 
Y. Fujimoto, S. Hayakawa and Y. Yamaguchi 
Cosmic-ray underground, I...... 
Satio Hayakawa and Sin-itirs Tomonaga 
A preliminary treatment of nucleon cascade. (L)...... 
H. Kita and H. Hasegawa 
Three dimensional calculations of the cosmic ray intensities. I. (L) 
H. Hasegawa and H. Kita 
On the electronic component in extensive air showers. (L)...... 
Y. Fujimoto, S. Hayakawa and Y. Yamaguchi 
On the nuclear stars... ... 
Yoichi Fujimoto and Yoshio Yamaguchi 
Cosmic-ray underground, II... ... 
Satio Hayakawa and Sin-itirs Tomonaga 
On the nature of cosmic-ray bursts... ... 
Yoichi Fujimoto and Satio Hayakawa 
On the nuclear stars: Addendum. UP aire Y. Yamaguchi 
Directional distribution of extensive air showers. Ca) oan 
Y. Fujimoto, S. Hayakawa and Y. Yamaguchi 


Soft componeni in upper atmosphere. (L)...... 


S. Hayakawa and J. Nishimura 


2 (1947), 92 


Some consideration about the production of meson showers in matter. (A)... . 


2 (1947), 99 


3 (1948), 99 


3 (1948), 
3 (1948), 


3 (1948), 
4 (1949), 


4. (1949), 


4 (1949), 
4 (1949), 
4. (1949), 


4 (1949), 
4. (1949), 


4 (1949), 


4 (1949), 


199 
458 


462 


101 


381 


468 


496 


502 
509 


JA 


578 


Subject Index 49 


High energy electronic component in extensive ait showers. (L)...... 
Y. Fujimoto and S. Hayakawa 4 (1949), 579 
Neutron component in extensive air showers. (L)...... 
Y. Fujimoto, S. Hayakawa and Y. Yamaguchi 4 (1949), 579 
Note on very large cosmic-ray stats...... 
Yoichi Fujimoto and Yoshio Yamaguchi 5 (1950), 76 
A note on the mixed shower. (L)...... SieOgawa 0) (1950)74138 
On the origin of electronic rays with moderate high energy. (L)...--. 
Y. Fujimoto and S. Hayakawa 5 (1950), 144 
Excess electrons in lower atmosphere and j-decay of neutral mesons. (L)...--- 
S. Hayakawa 5 (1950), 158 
The electronic component in extensive air showers. ..... 
Yoichi Fujimoto, Satio Hayakawa and Yoshio Yamaguchi 5 (1950), 196 
The east-west effect of the cosmic-ray in the upper atmosphere. (L)...--- 
S. Ogawa and Y. Nagahara 5 (1950), 314 
A picture for cosmic-ray stars. (L)...... 
Y. Fujimoto and S. Hayakawa 5 (1950), 315 
Diffusion of the nucleon component. (L)...-.-. Y. Fujimoto 5 (1950), 316 
On the second maximum of the Rossi transition curve, I....-. 
T. Kameda and I. Miura 5 (1950), 323 
On the second maximum of the Rossi transition curve, II. (L)...--- 
I. Miura and T. Kameda 5 (1950), 325 
Interpretation of the second maximum of Rossincurve.) CL) 2... . 
S. Hayakawa and J. Nishimura 5 (1950), 326 
A remark on the transition curve of cosmic-ray showers. (L).-.--- 
J. Nishimura 5 (1950), 328 
On the east-west effect of the cosmic-radiation in the upper atmosphere... -- - 
Shuzo Ogawa end Yukio Nagahara 5 (1950), 428 
On the positive excess of the hard component in cosmic-ray. (L)..-+-- 
S. Ogawa 5 (1950), 489 
Cosmic-ray underground. (L)...--- 
S. Hayakawa, K. Mano and T. Miyazima 5 (1950), 495 
On the production of cosmic ray mesons. ...-- 
Y. Fujimoto, H. Fukuda, S. Hayakawa and Y. Yamaguchi 95 (1950), 669 
Cosmic-ray underground, III...... 
Satio Hayakawa, Koiti Mano and Tatuoki Miyazima 5 (1950), 844 
On the effect of y-ray to the cosmic-ray underground. (L).----- 
S. Ogawa and S. Miura 5) GLOS0) roo 7 


The lateral and angular distribution of cascade showers. (L)-.---- 
J. Nishimura and K. Kamata (49 50)),.7899 


Interpretation of the second maximum of Rossi curve... .-- 


Satio Hayakawa and Jun Nishimura 5 (1950), 948 


50 


Subject Index 


Cosmic Radiation (Continued) 


Nuclear disintegration caused by cosmic-rays.....- 
Yoichi Fujimoto and Satio Hayakawa 6 (1951), 96 
On the star production by cosmic-ray underground. (L)....-. 
S. Miura and S. Ogawa 6 (1951), 251 
Remarks on the production of cosmic-ray mesons. (L)....-. 
Y. Yamaguchi 6 (1951), 260 
On the accuracy of the Moliére function, I. (L)...... 
J. Nishimura and K. Kamata 6 (1951), 262 
Elektronoj ekvilibraj kun mezonoj en malalta atmosfero. (L)...... 
Y. Takahashi and T. Miyazima 6 (1951), 431 
Note on very large cosmic-ray stars, II...... Yoshio Yamaguchi 6 (1951), 529 
On the accuracy of the Moliére function, II]. (L)...... 
J. Nishimura and K. Kamata 6 (1951), 628 
Note on the cascade function for heavy elements. (L)...... 
J. Nishimura and K. Ida 6 (1951), 905 
Nucleonic components at high altitudes. (L)...... 
K. Sakihama and S. Takagi 6 (1951), 1017 
On the nucleonic components producing large cosmic-ray bursts under thick 
shields. newt, Tadashi Kameda and Masami Wada 7 (1952), 1 
The burst production by the meson. (L)...... 
H. Komori, K. Miyanaga and S. Ogawa 7 (1952), 122 
On the theory of cascade showers, I...... 
Jun Nishimura and Koichi Kamata 7 (1952), 185 
On the nucleonic components producing large cosmic-ray bursts under thick 
shield etiHrratumsi (1s) dele sal T. Kameda and M. Wada 7 (1952), 422 


Seasonal variation of large cosmic-ray bursts. (L) 


T. Kameda and M. Wada 7 (1952), 586 
The transition effect of the star production. (L)...... H. Komori 8 (1952), 134 


On the cosmic-ray bursts underground—The interaction of Z-meson with nucleon— 


ee Shuzo Ogawa 8 (1952), 205 
Slow neutrons in the cosmic radiation, I 


Yoichi Fujimoto and Taro Tamura 8 (1952) 224 
Diffusion of the nucleonic component in the atmosphere. (L) 


A. Ueda and H. Hasegawa 8 (1952), 262 
Propagation of the cosmic radiation through intersteller space. (L)...... 


S. Hayakawa 8 (1952), 571 


On the origin of primary cosmic radiation 


Tokuji Matsumoto and Masao Sugawara 9 (1953), 1 
Numerical work on the fluctuation problem of electron cascades. OE poe yan 


A. Ramakrishnan and P. M. Mathews...... 9 (1953), 679 


Subject Index 51 


Cloud chamber study of nuclear interactions in lead and carbon of secondaries 
emitted in cosmic ray penetrating showers. (L)...... 
I. Kita and O. Minakawa 10 (1953), 237 
The absolute intensity of cosmic rays at geomagnetic latitude 25° N. (L).----- 
Y. Kitamura and O. Minakawa 10 (1953), 239 
Studies on the stochastic problem of electron-photon cascades... ... 
Alladi Ramakrishnan and P. M. Mathews 11 (1954), 95 
Note on the contribution of the single scattering to the lateral structure of 
cascade showers. (L)....-- J. Nishimura and K. Kamata 11 (1954), 608 
On the plural-multiple model of high energy meson showets....-.- 
Yoshinosuke Terashima 13 (1955), 1 
Fluctuations in the number of photons in an electron-photon cascade... =) - 
Alladi Ramakrishnan and S. K. Srinivasan 13 (1955), 93 
On the penetrating showers produced in paraffin and graphite. (Li) aes 
I. Miura, T. Matano, Y. Toyoda and T. Murayama T35(1955), e1 
The energy balance of cosmic rays...--- Hiroo Komori 13 (1955), 205 
The non-mesonic photonuclear reactions initiated by high energy /4-mesons. (L) 
_...S. Kaneko, T.«Kubozoe, M. Okazaki and M. Takahata 13 (1955), 461 
A possible effect of cosmic rays on celestial chemical composition. (L)...--- 
S. Hayakawa 13 (1955), 464 
The magnetic field in the vicinity of the solar system. (L)..-.--- 
W. L. Kraushaar 14 (1955), 77 
High latitude impact zones for solar cosmic rays. (L)...--- 
W. L. Kraushaar 14 (1955), 78 
Positive temperature effect of cosmic rays..---- 


Satio Hayakawa, Kensai Ito and Yoshinosuke Terashima 14 (1955), 497 


Atomic Structure (and Spectrum) 


Elastic collision cross section of oxygen atom for slow electron.....- 
Takahiko Yamanouchi 2 (1947), 33 
Interval formula for multiplets of atomic energy tavels Pleat 
Gentaro Araki 3 (1948), 152 


Interval formula for multiplets of atomic energy levelorme LL ete ee 
Gentaro Araki 3 (1948), 262 


Analytical expression of self-consistent functions and doublet intervals for F I, 


Ne IL, Mg IV and Pile Vee oserrs Wataro Watati 4 (1949), 42 
farivalstot-Gl L.pAcli ck i1IE CalV eben. Wataro Watari 4 (1949), 312 
Triplet intervals of beryllium and calcium....-- Wataro Watari 4 (1949), 314 
tarervalseot-or LV °P levels-.7- - =" Simpei Tutihasi 4 (1949), 317 
On the eigenvalue problem of hydrogen. (L)------ G. Araki 4 (1949), 366 


Effect of nuclear motion on the fine structure of hydrogen (L)------ 


T. Ishidzu- 5 (1950), 307 


52 Subject Index i 


Atomic Structure (and Spectrum) (Continued) 


Effects of nuclear motion on the fine and hyperfine structure of hydrogen. (L) 

a eee, T. Ishidzu 5S (1950), 904 
Effects of nuclear motion on the fine and the hyperfine structure of hydrogen, I. 

AG hic: Takehiko Ishidzu © (1951), 48 
Effects of nuclear motion on the fine and the hyperfine structure of hydrogen, 

Tee Takehiko Isidzu 6 (1951), 154 
Recoil effect on electron-proton forces and inapplicability of energy law...... 


Gentaro Araki and Sigeru Huzinaga 6 (1951), 673 


Ionization of gas by electrons. ..... Julian 

K. Kripp, Tetsuo Eguchi, Masao Ohta and Shozo Nagata 10 (1953), 24 
Spin-spin and spin-other-orbit interactions...... Hisashi Horie 10 (1953), 296 
The orbit-orbit interaction. (L)...... S. Yanagawa 13 (1955), 559 


Molecular Structure (and Spectrum) 


On the interaction between nuclear-vibrational and electronic states. (L)...... 
H. Narumi and Y. Takano 5 (1950), 160 
The mutual repulsive potential between argon atoms...... 
Makoto Kunimune 5 (1950), 412 
Electronic states of C,-molecule, I—Interaction between p-electrons—...... 
Gentaro Araki, Simpei Tutihasi and Wataro Watari 6 (1951), 135 
Onithe intervals of Na’ *D%and*Gu Fry hye eee 
G. Araki and S. Tutihasi 6 (1951), 430 
Electronic states of C,-molecule, II—Effect of 2s-shells—...... 
Gentaro Araki and Wataro Watari 6 (1951), 945 
Electronic states of C,-molecule, III] —Numerical values and reduction formulas of 
integrals—...... Gentaro Araki and Wataro Watari 6 (1951), 961 
Electronic states of ethylene molecule... ... Tomokazu Murai 7 (1952), 345 
On the inelastic collision between molecules, I 


Kazuo Takayanagi 8 (1952), 111 

Interaction of 7-electrons in the acetylene molecule... ... Takashi 
Nakamura, Kimio Ohno, Masao Kotani and Katsunori Hijikata 8 (1952), 387 

On the inelastic collision between molecules, Il— Rotational transition of H,-molecule 
in the collision with another H,-molecule...... Kazuo Takayanagi 8 (1952), 497 


Electronic states of F,- and O,-molecules...... Wataro Watari 8 (1952), 524 
Calculation of heteronuclear molecular integrals 


Tomokazu Murai and Gentaro Araki 98 (1952), 615 


Molecular structure and absorption spectra of carotenoids 


ae a: se oe 


Gentaro Araki and Tomokazu Murai 8 (1952), 639 


On the inelastic collision between molecules, III— Rotational transitions in Ay-gas— 


ee Kazuo Takayanagi and Tadashi Kishimoto 9 (1953), 578 


Subject Index 53 
On the electronic structure of LiH—Atomic orbital approach with configurational 
interaction, (L)—...... K. Tomita and K. Fukui 10 (1953), 362 
Interaction between electrons in one-dimensional free-electron model with applica- 
tion to absorption spectra of cyanine dyes...... r 
Gentaro Araki and Huzihiro Araki 11 (1954), 20 


The theory of collisions between two diatomic molecules 


Kazuo Takayanagi 11 (1954), 557 
Collisions between non-spherical molecules, I —Molecular collisions in hydrogen gas 
at lower temperatures—...... 
Kazuo Takayanagi and Kimio Ohno 13 (1955), 243 
On the quenching of molecular rotation of ortho-hydrogen in solid state... .. - 
Tuto Nakamura 14 (1955), 135 
A device to avoid difficult integrals in calculations on molecular structure. (L) 


6 Oe S. Huzinaga 14 (1955), 492 
Electron Theory of Solids 


Theory of the F-centers of coloured alkali halide crystals, I—Structure of 


F-absorption bands—...... Toshinosuke Muto 4 (1949), 181 
Theory of the F-centers of coloured alkali halides, Il —Electronic structure of 
F-centers. General theory—.....- Toshinosuke Muto 4 (1949), 243 


On the lattice polarization induced by electronic motion... ..- 
Mokichiro Nogami 5 (1950), 56 
Theory of color centers in ionic crystals, I —Electronic states of F-centers in alkali 
halides—...... Teturo Inui and Yasutada Uemura 5 (1950), 252 
The conduction electron with low energy in ionic crystals. (L)...--- 
A. Morita 5S (1950), 329 
On the conception of the energy band in the perturbed periodic potential. (L) 
cen) S. Katsura, T. Hatta and A. Morita 5 (1950), 330 


in alkali halides—.....- Teturo Inui and Yasutada Uemura 5 (1950), 395 

Theory of the temperature effect of electronic energy bands in crystals...... 
Toshinosuke Muto and Seiichi Oyama 5 (1950), 833 

Theory of the temperature effect of electronic energy bands in crystal, H......- 
Toshinosuke Muto and Seiichi Oyama 6 (1951),,.61 

On the interaction of the lattice vibrations with the conduction electrons. (L) 
T. Nishiyama 6 (1951), 897 

On the electronic structures of the M-centers in alkali-halide crystals. ...-.- 

Teturo Inui, Yasutada Uemura and Yutaka Toyozawa 8 (1952), 355 

On the lattice vibration and the effective mass of conduction electrons.....- 
Hideo Kanazawa, Shoichiro Koide and Tamazi Noguchi 9 (1953), 288 

On the interaction of additive elecirons with the polarization in ionic crystals, I 
Yutaka Toyozawa, Teturo Inui and Yasutada Uemura 9 (1953), 563 


fe fa. eM at a) 16. 


54 


Subject Index 


Electron Theory of Solids (Continued) 


On the electronic polaron state. (L).....- Y.... Toyozawa,,,. 9 {1953.6 677 
On the interaction of additive electrons with the polarization in ionic crystals, I 
Yutaka Toyozawa, Teturo Inui and Yasutada Uemura 10 (1953), 57 
On the interaction of electrons with lattice vibrations... . . - 
Hideo Kanazawa 10 (1953), 275 
On the radiative interaction of phonon field with electrons, (L)....-. 
H. Kanazawa 10 (1953), 471 
On the atom-exciton interaction. (L)...... T. Obta. LO (1953)2 474 
Note on the slow electrons in a polar crystal. ..... 
Fijiro Haga 11 (1954), 449 
Some generalization of the theory of scattering with application to slow electrons 
in. polat crystals. (L) ++. ... A. Morita I1. (1954), 609 
Electronic structure of graphite and boron nitride. (L)...... 
K. Ariyama and S. Mase 12 (1954), 244 
Excitation of metal electrons by an energetic primary particle. (L)...... 
T. Shindo 12 (1954), 406 
Theory of the electronic polaron and ionization of a trapped electron by an 
CXCICOl nares Yutaka Toyozawa 12 (1954), 421 
The method of generating function applied to radiative and non-radiative transi- 
tion of a trapped electron in a crystal. (L)...... 
R. Kubo and Y. Toyozawa 12 (1954), 805 
On the multiple scattering of an electron in lattice. (L)...... 
N. Fukuda and S. Otake 13 (1955), 110 
Application of the method of generating function to radiative and non-radiative 
transitions of a trapped electron in a crystal... ... 
Ryogo Kubo and Yutaka Toyozawa 13 (1955), 160 
On the theory of plasma oscillations in metals... ... “ 


Hideo Kanazawa 1.3.(1955), 227 
Self-energy of slow polaron and variational method. (Liveas rag 


E. Haga 13 (1955), 555 


Magnetic Properties of Matter 


On the theory of ferromagnetism at 0°K...... Syohei Miyahara 2 (1947), 25 
On the angular momentum of the Fliigge’s nuclear liquid drop model. (A) 


Peis es M. Nogami 2 (1947), 92 
Remarks on the ferromagnetism of the semi-conductors. (L) 


T. Yamamoto and S. Takagi 2 (1947), 160 


Pri la teorio alojteorimaniera de feromagnetismo 


Kei Yosida kaj Syohei Miyahara 3 (1948), 74 


Subject Index 5) 


Pri la teorio de kolektivaj elektronoj de feromagnetismo 


Syohei Miyahara 4 (1949), 142 

On the relation between Heisenberg’s theory of ferromagnetism and that of 
Slater... . Kei Yoshida 4 (1949), 151 
A note on the theory of ferromagnetism... ... Haruo Shimazu 4 (1949), 160 
Theory of antiferromagnetism and antiferromagnetic resonance absorption, I 


Takeo Nagamiya 6 (1951), 342 
Theory of antiferromagnetism and antiferromagnetic resonance absorption. II... . 


Takeo Nagamiya 6 (1951), 350 
Note on the magnetic properties of the FeS,, system 


Kei Yoshida 6 (1951), 356 


eo Kei Yosida 6 (1951), 691 
A commentary to Yosida’s theory on FeS,. (L) 


On the antiferromagnetism of single crystals 
S. Miyahara 6 (1951), 1026 
Theory of some magnetic properties of cobalt tutton salts...... 
Kenjiro Kambe, Shoichiro Koide and Tunemaru Usui 7 (1952), 15 
On the antiferromagnetism of CuCl,-2H,O single crystal...... 
Kei Yosida 7 (1952), 25 


On the spin wave theory of magnetic susceptibility and resonance absorption in 


antiferromagnetic...... Tuto Nakamura 7 (1952), 539 
Anisotropy in the antiferromagnetic MnO,. (L)...--. K. Yoshida 8 (1952), 259 
On the magnetism of magnetic compounds—General treatment of the superexchange 

interaction—...... Masao Shimizu 8 (1952), 416 
On the spin wave theory of Bloch wall...... Takehiko Oguchi 9 (1953), 7 


Transition factor in superexchange interaction matrix. (L)...... 
T. Obta ~ 9(1-9538)5 85 
A theory of antiferromagnetism..... . 
Takehiko Oguchi and Yukio Obata 9" (1953)5 359 
The Heisenberg theory of ferromagnetism of the crystal constituted by the atoms 
with spin one.....- Huzio Nakano 9 (1953), 403 
On the origin of the anisotropy energy of CuCl,:2H,O....-- 
Toru Moriya and Kei Yosida 9 (1953), 663 
Interaction between spin waves and conduction electrons. (UR hee 
A. Kondoh 10 (1953), 117 
Antiferromagnetism. The kagome Ising net.....- 
Kenzi Kano and Shigeo Naya 10 (1953), 158 
On the spin-lattice relaxation at extremely low temperatures. (L)..---- 
K. Sugihara 10 (1953), 234 
On the magnetic structure of manganese antimonide. (L)......- 
K. Komatu 10 (1953), 579 


On the spontaneous magnetizations of honeycomb and kagomé Ising lattices. 
Shigeo Naya I1 (1954), 53 


56 Subject. Index 


Magnetic Properties of Matter (Continued) 


On the magnetic anisotropy energy of FeF,...... 
Kazuo Niira and Takehiko Oguchi 


11 (1954), 425 


An interpretation for the electronic conductivity and diamagnetic susceptibility 


os, K. Ariyama and S. Mase 


of graphite. (L) 


The relaxation process in ferromagnetic resonance absorption. (L) . 


T. Kasuya 


12 (1954), 246 


12 (1954), 802 


The relaxation process in ferromagnetic resonance absorption.—The effect of the 


T. Kasuya 
J. Yamashita 


conduction electron—...... 
A note on superexchange interaction. (L)...... 
Statistical models of ferrimagnetism. .... . 
Itiro Syozi and Huzio Nakano 
On the thermal conductivity of ferromagnetics. (L) 
On the para- and antiferromagnetic states of cobalt fluoride... .. . 


Tuto Nakamura and Hiroshi Taketa 
Takehiko Oguchi 


Note on the spin wave theory of antiferromagnetism...... 


A theory of antiferromagnetism, II...... 


Junjiro Kanamori and Kei Yosida 


Electrical Properties of Matter 


12 (1954), 803 
12 (1954), 808 


13 (1955), 69 
13 (1955), 119 


13 (1955), 129 
13 (1955), 148 


14. (1955), 423 


On the theory of the dielectric, piezoelectric, and elastic properties of NH,H.PO, 


Rudesynetyy Takeo Nagamiya 


The theory of the dielectric constant of ionic crystals: lentes 


Jiro Yamashita 


42 (1952 eae 


8 (1952), 280 


The quantum-statistical theory of transport phenomena, I—On the Boltzmann. 


Uehling-Ublenbeck equation—...... Hazime Mori and Syt Ono 
The quantum-statistical theory of transport phenomena, II —On 
Hazime Mori 
An interpretation for the electronic conductivity and diamagnetic 


of graphite. (L) K. Ariyama and S. Mase 


metallic conductivity—..... . 


8 (1952), 327 
the theory of 
9 (1953), 473 
susceptibility 
12 (1954), 246 


Theory of the electronic polaron and ionization of a trapped electron by an 


EXCICON AR. hy « Yutaka Toyozawa 


On the conductivity of non-polar crystals in the strong electric field, I 


Jiro Yamashita and Mitukuni Watanabe 


12 (1954), 421 


12 (1954), 443 


The theory of the dielectric constant of ionic crystals, Il —Effect of temperatures— 


Jiro Yamashita 


On interactions among ions of a BaTiO, crystal and on its 180° and 90° 


domain boundaries... ... Wataru Kinase 
On the theory of thermal conductivity of monovalent metals 


Tadao Kasuya 


12 (1954), 454 


type 
13 (1955), 529 


13 (1955) 561 


Subject Index 57 


Optical Properties of Matter 


Note on the light absorption in the insulating crystals. (L)...... 
T. Ohta 10 (1953), 472 


On the atom-exciton interacton. (L)...... T. Ohta 10 (1953), 474 
Theory of the electronic polaron and ionization of a trapped electron by an 
ExXCICON eee Yutaka Toyozawa 12 (1954), 421 


The method of generating function applied to radiative and non-radiative transi- 
tion of a trapped electron in a crystal (L)...... 
Ryogo Kubo and Yutaka Toyozawa 12 (1955), 805 
Application of the method of generating function to radiative and non-radiative 
trancitions of a trapped electron in a crystal...... 
Ryogo Kubo and Yutaka Toyozawa 16 (1955), 160 


Resonance and Relaxation in Solids and Liquids 


Note on the magnetic resonance absorption in paramagnetic salésy o( 12) pecwre ss 
K. Yoshida 5 (1950), 1047 
Theory of antiferromagnetism and antiferromagnetic resonance absorption, I... . 
Takeo Nagamiya 6 (1951), 342 
Theory of antiferromagnetism and antiferromagnetic resonance absorption, II... . 
Takeo Nagamiya 6 (L951) 320 
Microwave resonance in ferrimagnetic substance. (L)....-. 


N, Tsuya ~¢ (1952), 263 


Theory of the antiferromagnetic resonance absorption in CuCl,-2H,O.....-. 
Kei Yoshida 7 (1952), 425 
On the spin wave theory of magnetic susceptibility and resonance absorption in 
antiferromagnetics...--- Tuto Nakamura 7 (1952), 539 
The state of solid methane as inferred from nuclear magnetic resonance. (L) 
K. Tomita 8 (1952), 138 
Theory of the nuclear magnetic relaxation in crystalline solids, 1.—Direct process— 
etek Toshinosuke Muto and Mitsukuni Watanabe 8 (1952), 231 


Temperature effect on the paramagnetic resonance in ctystals.....- 
Kenjiro Kambe and Tunemaru Usui 8 (1952), 302 


On the equivalence of moment method and Fourier transform method in the 


Ps wh 


theory of spectral line shape. (ly) ates we I. Yokota 8 (1952), 380 
A tentative interpretation of Bickford’s observation of the resonance absorption 
in magnetite below its transition point tee «: Takeo Nagamiya 10 (1953) 72 


On the spin-lattice relaxation at extremely low temperature. (Ia)ananen 
K. Sugihara 10 (1953), 234 


Theory of antiferromagnetic resonance in ‘CuCle2H,Qeaves : 
Takeo Nagamiya U1 (195+), 309 


58 


Subject Index 


Resonance and Relaxation in Solids and Liquids (Continued) 


On the spin wave field theory and its application to the microwave resonance 


Noboru Tsuya 12 (1954), 1 
The relaxation process in ferromagnetic resonance absorption. (L)....-- 
T. Kasuya 12 (1954), 802 
The relaxation process in ferromagnetic resonance absorption —The effect of the 
conduction electron— T. Kasuya 12 (1954), 803 


Mechanical Properties (Elasticity and Plasticity) 


Note on the theory of the frequency spectrum of crystalline solid....... 
Tuto Nakamura 5 (1950), 213 
On the theory of the dielectric, piezoelectric, and elastic properties of NH ,H.PO, 
RN seg Takeo Nagamiya 7 (1952), 275 
On the determination of the elastic spectra of solids from specific heat data 
Sea Wolfgang Kroll $8 (1952), 457 
A note on the elastic frequency distribution function of crystal. (L)...... 
S. Huzinaga 9 (1953), 678 
Theory of normal modes of vibration of crystal... ... 
Sadaaki Yanagawa 10 (1953), 83 
On the elastic frequency distribution function of simple crystals... ... 
Sigeru Huzinaga and Tasuke Hasino 10 (1953), 279 
Chain configurations and rubber elasticity. (L)...... E. Teramoto I1 (1954), 604 


Statistical Mechanics and Thermodynamics 


The propagation of order in crystal lattices... ... Haruo Shimazu. 4 (1949), 201 
Density matrix and new configuration space. (L) 


T. Nishiyama 5 (1950), 135 
Integral equations between distribution functions of molecules 


> « © “are fe 


Syu Ono 5 (1950), 822 
An algebraic theory of the density matrix, I 


Kodi Husimi and Toshiyuki Nishiyama (1950), 909 
An algebraic theory of the density matrix, II 


Toshiyuki Nishiyama 6 (1951), 1 
Note on many Fermion problems. ..... Toshiyuki Nishiyama 6 (1951), 366 
Statistical thermodynamics of solutions of electrolytes and non-electrolytes 


Syu Ono 6 (1951), 447 
Point of codensation and the volume dependency of the cluster integrals 


Shigetoshi Katsura and Hisaaki Fujita 6 (1951), 498 
On the zero point entropy of methane crystals 


Takeo Nagamiya 6 (1951), 702 


Subject Index 59 


The quantum mechanics of assemblies of interacting particles. (L)...... 
T. Matsubara 6 (1951), 899 
On the hydrodynamics of degenerating Bose-Einstein gases...... 
Sadao Nakajima 6 (1951), 980 
On the rate of irreversible production of entropy...... 
Natsuki Hashitsume 7 (1952), 225 
Statistical mechanics of cooperative phenomena. ..... 
Tuto Nakamura 7 (1952), 241 
The asymptotic expression for the structure function of interacting particles. (L) 
he sage Hi, Matsuda" "G6 (1952), 136 
The quantum-statistical theory of transport phenomena, I —On the Boltgmann- 
Uebling-Uhlenbeck equation—...... Hazime Mori and Syu Ono 8 (1952), 327 
A statistical theory of linear dissipative systems... ... 
Natsuki Hashitsume 8 (1952), 461 
Variational principle in hydrodynamics. .... . Flirosi site, De G953) 117 
The statistical mechanics of time-dependent phenomena. (L)...... 
H. Mori 9 (1953), 470 
The quantum-statistical theory of transport phenomena, II—On the theory of 
metallic conductivity—...... lazime Mori 9 (1953), 473 
Statistical mechanics of general Brownian motions underlying irreversible processes 
ae oe Tsunenobu Yamamoto 10 (1953), 11 
Statistical theory of hindered rotation in molecular crystals, Il —Quantum effects— 
ee *. Tuto Nakamura 10 (1953), 95 


The statistical quantum mechanics of time-dependent phenomena and_ viscosity. 


($s) ere T. Sasakawa 10 (1953), 116 
The distribution function of degenerating ensemble— An addition to “ generalization 
Of statistics “—.04)) oar: T. Okayama 10 (1953), 583 


A method in quantum statistical mechanics, I.—General theory—...... 
Hiroshi Ichimura 11 (1954), 374 


A method in quantum statistical mechanics, Il—The degenerate Fermi-Dirac 


HSSEMID LY —odaye = S, Hiroshi Ichimura 11 (1954), 385 
A method in quantum statistical mechanics, IIJ].—Virial expansion for the quantum 
OE eae Hiroshi Ichimura 11 (1954), 519 


Statistical mechanics of surface tension of curved interface, I....... 
Tomio Segawa and Ei Teramoto 11 (1954), 528 
The quéntum-statistical theory of transport phenomena, I] —Coarse-grained phase- 
space distribution functions—...... Syu Ono 12 (1954), 113 
A hydrodynamical description of many Bose particle systems...... 
Toshiyuki Nishiyama 12 (1954), 265 
Remarks on quantum hydrodynamics. ...- - Hirosi Its 13 (1955), 543 


On the theory of thermal conductivity of monovalent metals... ... 


Tadao Kasuya 13 (1955), 561 


60 


Subject I: ndex 


Statistical Mechanics and Thermodynamics (Continued) 


Quantum-statistical mechanics of electron-phonon system. (L)....-- 
T. Matsubara 13 (95357, 625 
A new approach to quantum-statistical mechanics... - - - 
Takeo Matsubara 14 (1955), 351 


The statistical mechanical aspect of H-theorem.....- 


Ei Teramoto and Chieko Suzuki 14 (1955), 411 


Phase Transition 


The phase transition and the piezoelectric effect of KH,PO,...... 
Shigeo Yomosa and Takeo Nagamiya 4 (1949), 263 
A note on the eigenvalue problem in crystal statistics... ... 
Yoichiro Nambu 5 (1950), 1 
The statistics of honeycomb and triangular lattice, I...... 
Kodi Husimi and Itiro Syozi 5S (1950), 177 
The statistics of honeycomb and triangular lattice, H...... 
Itiro Syozi 5S (1950), 341 
A model for the condensation phenomena. (L)...... S. Katsura 5 (1950), 500 
Some remarks on the condensation phenomena... .. . 
Shigetoshi Katsura and Hisaaki Fujita D> (1950), 997 
On the theory of cooperative phenomena...... 

Tomoyasu Tanaka, Hiroshi Katsumori and Soichiro Toshima 6 (1951), 17 
Statistics of Kagomé lattice... .. . Itiro Syozi 6 (1951), 306 
Point of condensation and the volume dependency of the cluster integrals... .. . 

Shigetoshi Katsura and Hisaaki Fujita 6 (1951), 498 


On the crystal statistics of two-dimensional Ising ferromagnets 


Tunenobu Yamamoto 6 (1951), 533 
Statistics of two-dimensional Ising lattices of chequered types. (L) 


T. Utiyama 6 (1951), 907 
Statistical mechanics of phase transition. ..... Shu Ono 8 (1952), 1 
A theory of antiferromagnetism 


Takehiko Oguchi and Yukio Obata 9 (1953), 359 


Antiferromagnetism. The kagomé Ising net 


Kenzi Kano and Shigeo Naya 10 (1953), 158 
On the state of solid hydrogen. (L) 


K. Tomita and I. Mannari 10 (1953), 367 


On the spontaneous magnetizations of honeycomb and kagomé Ising lattices 
Shigeo Naya 11 (1954), 53 


ea a! K. Ikeda 11 (1954), 336 


Ne ew ee 


On the theory of condensing systems. (L) 


On the theory of cooperative phenomena 


Shigetoshi Katsura 11 (1954), 476 


Subject Index 61 


The combinatorial method and the two-dimesional Ising model...... 


Re B. Potts and J. C-Ward 13° (1955), 38 
Itiro Syozi and Huzio Nakano 13 (1955), 69 
A theory of antiferromagnetism, II...... Takehiko Oguchi 13 (1955), 148 


Phase transition of Husimi-Temperley model of imperfect gas 


Statistical models of ferrimagnetism 


Shigetoshi Katsura 13 (1955), 571 
On the quenching of molecular rotation of ortho-hydrogen in solid state...... 
Tuto Nakamura 14 (1955), 135 


Low Temperature Physics 


On the mechano-caloric effect in liquid helium Il...... 
Sadao Nakajima and Masao Shimizu 5 (1950), 1010 
Two fluid theory of Liquid helium II below 1°K...-.. 
Sadao Nakajima and Masao Shimizu 6 (1951), 122 
A note on the pressure equation of the two fluid model of Helmy 1) see ner 
Tunemaru Usui 6 (1951), 244 
Molecular theory of liquid helium...... Morikazu Toda 6 (1951), 458 
On the liquid He®* and its mixture With aE leaenc ar 
Morikazu Toda and Akira Isihara 6 (1951), 480 
The effect of helium 3 ingredient on the wave propagation in liquid helium II 
man Sie Soichiro Koide and Tunemaru Usui 6 (1951), 506 
The effect of He® ingredient on the thermal Rayleigh disc torque. (L)..---- 
S. Koide’ and°'T. Usui’ "6 (1951), 622 
Quantum statistical theory of liquid helium. .... .Takeo Matsubara 6 (1951), 714 
Pressure effect on the second sound velocity in liquid helium [TRE 
Atsushi Kondoh, Sadao Nakajima and Masao Shimizu 6 (1951), 939 
On the hydrodynamics of degenerating Bose-Einstein gases... --- 
Sadao Nakajima © (1951), 980 
The critical velocity and frictions in the flow of liquid helium II. (T7yRaGHeS 
T. Kasuya 9 (1953), 87 
Damped oscillation in the surface film of liquid helium II. OS sya ra: 
T. Kasuya 9 (1953), 89 
Gorter’s friction and saturation of surface flow rate. (0 a aeres 
T. Kasuya 9 (1853), 90 
On the lattice vibration and the effective mass of conduction electrons.....- 
Hideo Kanazawa, Shoichiro Koide and Tamazi Noguchi 9 (1953), 288 
On a correlation between the electron assembly and the lattice waves in the 
crystal.....- Yoshiharu Kitano and Huzio Nakano 9 (1953), 370 
The field theory of superconductivity....-- Ald:s Salam 9 (1953), 550 
On the interaction of electrons with lattice vibrations. .....- 


62 Subject Index 


Low Temperature Physics (Continued) 


Hideo Kanazawa 10 (1953), 
On the state of solid hydrogen. (L)...... 
K. Tomita and I. Mannari 10 (1953), 
On the radiative interaction of phonon field with electrons. (L)....-. 
H. Kanazawa 10 (1953), 
The second virial coefficient at very low temperatures. (L)...... 
K. Hiroike 10 (1953), 
On the Bose-Einstein liquid model for liquid helium, I— He’-He' mixtures—...... 


275 


367 


75 


Ziro Mikura 11 (1954), 25 


On the Bose-Einstein liquid model for liquid helium, I—Properties under high 
pressures—s..... Ziro Mikura 11 (1954), 
On the Bose-Einstein liquid model for liquid herium, HI —Further considerations 
regarding vapour pressures of He'-He’ mixtures—...... 
Zito Mikura IL1 (1954), 
Further considerations regarding liquid helium II at high pressures. (L)...... 
Z. Mikura I1 (1954), 
On the thermal Rayleigh disk in liquid helium containing He®. (L)...... 
Z. Mikura 11 (1954), 
Vapour pressures of He*-He’ mixtures... .. . 
S. M. Bhagat and P. K. Katti 12 (1954), 
Generalization of Feynman’s theory of energy levels of liquid helium..... . 
Hirotsugu Matsuda 12 (1954), 
Some comments on the specific heat of liquid He®. (L)...... 
Z. Mikura 13 (1955), 
On the specific heat of a solution of He® in liquid He’. (L)...... 
Z. Mikura 13 (1955), 
Quantum hydrodynamics for a charged non-viscous fluid. (L)...... 
N. Mikoshiba 13 (1955), 
Quantum-statistical mechanics of electron-phonon system. (L)...... 
T. Matsubara 13 (1955), 
A general theory of Meissner effect. (L)...... T. Matsubara 13 (1955), 
The character of the roton state in liquid helium. (L)...... 
R. P. Feynman and M. Cohen 14 (1955), 
On the Bose-Einstein liquid model for liquid helium, IV —A revised model— 
A: Gee Ziro Mikura 14 (1955), 
Heat conductivity and viscosity of liquid “He. (L)...... 
B. K. Agarwal 14 (1955), 


207 


244 


503 


504 


380 


537 


120 


122 


627 


628 
631 


261 


CEH 


493 


Subject Index 63 


Miscellaneous 


On the similarity between chemical and nuclear reactions, I. (A) 


E. Kanai 3 (1948), 214 


On the thermal reactions in gas phase, I....... Eizo Kanai 4 (1949), 11 
On the thermal reactions in gas phase, II...... Eizo Kanai 4 (1949), 171 
On the theory of chemically reacting gas...... Kazuo Takayanagi 6 (1951), 486 
Generalization of statistics...... Taisuke Okayama 7 (1952), 517 


Cerenkov radiation and supersonic flows...... Tosiya Taniuti 10 (1953), 525 


7 nn natha 
_ Ligerees 


i 4 
Mays ban lier mawiel ine - 
. dese 
cy rr creation lerretad? oA Aiea 
on ae Types lanesogy oft ts 
yllaningeaty) *< wera A 
cing ta sige pga 


® 
+4 
ee aes iio irigare7Us lette modabnt am 


7 
- se) PACRere 


ii (oad er 


whe ew 7a 
hi, aires 


te 


> 
ee ee 


mew Gb ren ces «@ lew feleae iene 


é  Fespeme cel MO Cubes 


